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A NOTE ON POWER BOUNDED MATRICES*

R.E. HARTWIGT AND P. PATRICIO#

Abstract. The concept of focal power is used to examine when a nonnegative power bounded
matrix is periodic.
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1. Introduction. A complex n X n matrix is power bounded — shortened to PB
— when there is a nonnegative M such that the inequalities |(A¥);;| < M hold for all
i,7€{1,...,n} and k € N.

A special subclass are the periodic matrices A, for which A*t" = A* for some
nonnegative integers h and k.

All A12

Given a block matrix A =
{ Az1 Az

] with Aj; square, we say it is (1,1)-

k-9
focused (as defined in [7]) if A% = [ A‘?H 0 ] for all k, in which case A is said to

have focal power.

We say A is convergent to the matrix X = [z;;] if the sequences (A¥);; converge
to x;; as k — co. A matrix is convergent if it is convergent to some matrix. This is a
special case of convergence as defined in [4, Definition 10.1], for the matrix sequence
{A, A%, A3, .. }. In particular, we say A is zero convergent when A is convergent
to the zero matrix. We distinguish between convergence and zero convergence (i.e.,
convergence to the zero matrix) of A. Needless to say, A can be power bounded
without being convergent, as seen from the example A = —1.

We denote the rank, the range and the nullspace of a matrix A by rank(A),
R(A) and N(A) respectively. The spectrum and the spectral radius of A are denoted,
respectively, by o(A4) and p(A). For A € o(A), its algebraic multiplicity is denoted by
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n(A) and its index by in(X). The index in(A) of A is defined as in(0) and permutation
similarity is denoted by pfr .

Given a matrix A with spectrum o(A4) = {\1,..., s}, we define the spectral
components of A as Z7 = (A— M)/ (I — (A= \eI)(A— )\kI)D)j—ll, where X denotes
the Drazin inverse of X (see [3]). When in(A) = 1, X becomes the group inverse of
X and is denoted by X#. In particular, when j = 0, Z(A) = I—(A—Xe)(A— e )P.

The question of when a matrix is PB is an old one, and has been examined by
numerous authors, e.g., [9], [11], [10], [12], [13]. Likewise, periodic matrices have also
been investigated, as for example in [6]. On the other hand, focal power has only
recently been introduced [7], and appears naturally in the study of PB matrices.

In this paper, we first address the general complex case with aid of the Jordan
form and its spectral properties. In addition a special canonical form is used. We sub-
sequently derive results for block triangular matrices, and lastly, consider nonnegative
matrices.

For a real nonnegative matrix A, we may combine the Frobenius normal form
(FNF), or the irreducible normal form [8] page 506], with the critical normal form
(see Section[) to obtain a block upper triangular form for nonnegative PB matrices.
We give a direct proof that avoids minimal polynomials or generalized eigenvectors.
An alternative approach is to use the structure of the diagonal entries in the matrix,
which is addressed at the end of this paper.

When A is nilpotent, then A is clearly periodic and PB. Recalling that a nilpotent
matrix is characterized by the fact that all its powers have zero trace, we may conclude
that if A is not nilpotent then there exists a power of A with nonzero trace. Moreover
when, in addition, A is nonnegative then it has a FNF of the type

0 7 ?
0 0
Fs =

An important matrix in applied matrix theory is the basic circulant matrix

"o LT
1 0

Q=101 0
0 1 0
L 4 nXn
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It is nonnegative, irreducible and bounded, but it is not convergent. It is periodic
because Q" = I.

For a nonnegative matrix A with p(A) < 1, the existence of positive right or
left eigenvectors associated with the Perron root is not a necessary condition for a
nonnegative matrix to be PB, as seen from the following example.

. 10 .
ExAMPLE 1.1. The matrix A = 0 1 with p(A) = 1, shows that A can
2
be convergent (and thus, be PB) without having a positive left or right (Perron)
1
eigenvector. Indeed, [ 0 ] is a right and left eigenvector of A associated with the

eigenvalue p(4) = 1.

As a special case, we examine nonnegative PB matrices whose powers have diag-
onal entries that are 0 or 1 exclusively. We use the concept of (1,1) Focal Power to
show that these matrices must be periodic. Indeed, some power must be idempotent.
This simplifies and extends in part some of the results of Yang and Zhang [14].

The stochastic matrix P = shows that for a matrix to be periodic,

= OO
O = O

1
1
2
1
2

it does not suffice for it to be PB, nonnegative, with 0-1 diagonal entries. Indeed,
because P3 = P2 + (1/4)P — (1/4)I, P is not periodic.

2. General results. For a square matrix A, we define its geometric and Cesaro
sums respectively by

1
GnN(A) =T+ A+ + AV and Cy(A) = NGN(A)

The Jordan form can be used to establish the following theorem.
THEOREM 2.1. Let A be a square complex matriz and X € o(A).

1. The following are equivalent, as N — oo:
(a) AN is bounded;
(b) AN/N —0;
(c) for A€ o(A), |\ <1 and |A =1=1in(A) =1;
(d) The Cesaro sums Cn(A) converge.
2. The following are equivalent, as N — oco:
(a) AN —0;
(b) The geometric sums Gn(A) converge;
(c) p(A) < 1.
8. The following are equivalent, as N — oco:
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(a) AN is bounded and 1 ¢ o(A);
(b) Gn(A) is bounded;
(c) Cn(A) = 0;
(d) M <1, #1and |\ =1=in(A\) =1.
4. The following are equivalent:
(a) A is convergent;
(b) IN <1 and |A=1=X=1 with in(\) = 1.

We next recall (B, Lemma 1.2]) that if A is a matrix with minimal polynomial
Ya(A) = (A= 1)°f(A) such that ged(A — 1, f) = 1, then
N-1
(21) Gy(A) =Y A =T -APU-AY) +Z( ) A—1)Z0.
=0

Now suppose 4 is PB, which ensures that the group inverse (I — A)# exists (see

If 1 € 0(A) then I — A has an inverse and

N-1
(I-A)Y A=T-A"=Gy=(1-A)1(I-A")
=0

On the other hand, if 1 € o(A) then we have m; = in(1) = 1, ie, Ya(A) = (A—1)f(N)
with f(1) # 0, which gives

Gn(A) = (I — AT - AN)Y + NZy = (I — A)#(I — AN) + N[I — (I — A)(I — A)*].

Another tool to study PB matrices is the RCNZ (row-column-nonzero) canonical

form
P Q@ 00
0 0 00
A—
R S 0 0]
0 0 0 0
P . .
where RS has no zero row or column. It is easily seen that
p* P1Q 0 0
o 0 0 0 0
RP*1 RP*2Q 0 0 |’
0 0 0 0

and hence, that A and P have a similar behavior, namely,
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N'is (zero) convergent if and only if PV is (zero) convergent,

i) A
ii) Ais PB if and only if P is PB,
(111) AN /N — 0 if and only if PN/N — 0,
) Gn(A) is bounded if and only if Gy (P) is bounded,
) Tr(A*) = Tr(P*) etc.

Moreover, A is periodic, say A* = A**t? for some nonnegative integers h and k,
if and only if Pk phth  pk=l1Q = pk=1+hQ and RP* = RPF-1th,

3. The block triangular case. Before we turn to the general nonnegative case
let us give a few preliminary results dealing with block triangular matrices.

A 71 C
LEMMA 3.1. Let M = | 0 X 7?7 | withp(A) <1land p(D) <1. Then, M
0 0 D

is PB if and only if X is PB.

Proof. The necessity is clear, so suppose that X is PB. Then its minimal polyno-
mial is given by ¢ x (z) = f(x)g(z), where f only has distinct roots on the unit circle
and all the roots of g are inside the unit circle. Now because

Lem(va, ¥x,¥p)|[Yam|vabx ¥p,

we see that fl|Ya|f - g-1a-¥p, and hence, ¥y = f(x) - h(x), where all the roots
of h lie inside the unit circle. This means that M has inherited the property that all
eigenvalues on the unit circle have index 1, as desired. O

Let us start with the simplest case where M = [ 1(4)1 g } . It follows by induction
AN 'y
that MY = [ 0 DN ],Where
N—1
N(A,C,D) =Y ANTFICDF = ATy +CDN .
k=0

We note that M is PB if and only if A and D are PB and I'y is bounded for all N.
In particular, Theorem 1] ensures that, for each Ay € o(A),A\p € o(D), we have
[Aa] <1, [Ap| <1 with index at most one on the Perron circle [A| = 1.

If in addition u”A = au” and Dv = v with a,d # 0, then u/Tyv =
(u’'Cv)Sy, where

[ NoN-1 ifa=4§
—hk=1lgk _ N _sN

OO et
= a—0

I
M7
Q
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LEMMA 3.2. Sy is bounded for all N if and only if either « = § with |o| < 1 or
a # 0 with |a] <1,]0] < 1.

We may therefore state that:
if Iy is bounded for all N then u’T yv = (u’'Cv)Sy is bounded for all N.
This leads to

COROLLARY 3.3. (uT'Cv)Sy is bounded for all N if and only if eitheru’ Cv = 0
with Sy arbitrary, or u" Cv # 0 and Sy is bounded for all N.

For the general block triangular case, suppose that

A X1 Cl AN XN CN
? ? 0 |7 ?
M=]0]0 < Y; and M¥=1| 0 [0 ? Yy
0|0 [ 0|0 .
010 0| D 0 (0 0| DN

We shall show by induction that Cy = T'n(A,C, D) + Zy for some Zy. Indeed,
first observe that it holds for N = 2 with Z; = 0. Now assuming it holds for N,
we see that Cyy1 = ACx + X1Yn + CDYN = (A'y + ODV) + (AZy + X 1Yy) =
I'ny1(A,C, D) + Zny1.
We may now draw several easy conclusions for nonnegative matrices.
e Since Zy > 0 we have
N—1

(3.1) Cn >Tn(A,C,D) =Y ANF1CDF,
k=0

e Ifu>0,v>0and 'y >0, then u’Tyv =0 if and only if I'y = 0.

e If we fix k > 1, then by applying () to (M*)" we see that
Cyi > Ty (A%, C, DY), for k=1,2,3,...

e If M is PB so is M*, and hence, Oy« and T'n(A*, Cy, D¥) are bounded for
all V.

This yields

A C

THEOREM 3.4. S M =
uppose [ 0 D

} >0 and M is PB, withu’ A =u” and
Dv =v, where u > 0,v > 0. Then

(i) M* is PB and uT Ak =u”, DFv =v fork=1,2,..., and



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 23, pp. 625-645, July 2012

A Note on Power Bounded Matrices 631
(i) Cr =0.

Proof. Condition (ii) follows from the fact that we may apply Corollary B3] to
the matrices M*, A* and D*. Indeed, since a* = 6* = 1, Sy» cannot be bounded
and we must have u” Cv = 0, which ensures that C;, = 0. O

4. The Frobenius and critical normal forms. Let us now turn to the Frobe-
nius normal form (FNF) of our matrix M. Recall that with a nonnegative matrix M
we may associate the digraph Gy = (V, ), where V. = {S1,...,S,} is a set of nodes
(sites), and € = {(S,.,S},)} is the set of arcs (pairs), such that the pair (S;,S;) € €.
That is, we draw an arc from S; to S; and write S; — S, exactly when m;; # 0. If

there is a path from S; to S;, we write S; —» S; and if there is no path we indicate
this by S; 4 §;.

We define the equivalence relation on V, by S; ~ S; if and only if S; = §;
or S; —» S; and S; — S;. The equivalence classes {Vi,...,V,} are called the
“condensed nodes” of G. The condensed graph G7,; of M is obtained by drawing an
arc from Vj, to Vg, p # ¢, if and only if there is some arc in G)s from a node in V), to
some node in V. The condensed graph has no cycles and the condensed nodes can
be relabeled such that the matrix M is permutation similar to its FNF

i Ay - ?
0 Ag
4
Fy = 0 0 0 A pa ? (A;; irreducible or 01x1).
L 0 AU)U) i

Thus, the block A, of Fis is nonzero if and only if there is an arc from V,, to V. For
convenience we shall shorten A;; to A;.

If MV is bounded, so is Fﬁ. Hence we know, for any eigenvalue A\ of M, that
[A] <1 or A =1 with in(\) = 1.

This means that the diagonal blocks in F' can be separated into “singular blocks”
with p(A4;) = 1 and the remaining “nonsingular” blocks with p(A;) < 1. Therefore,
no nonsingular block contains any eigenvalue on the unit circle.

Consider two singular blocks Ag and A, with p < ¢ with positive eigenvec-
tors u and v associated with their spectral radius. Then the submatrix M,, =
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?
A, 7 Cpy
o 7 7 has powers that are also bounded. Moreover, if
0 0 A,
k (k)
. Ap Cpq
= ? ?
M o 7 7 |,
0 0 AF

then by Theorem 3.4l we may conclude that Cz(,];) =0forallk=1,2,...

In terms of the condensed graph of M, this means that there is no k-step path
in G}, from a singular node V, to any singular node V;. Since k is arbitrary, that
means that there is no path (no access) from V,, to V.

We now permute the FNF further to the “critical normal form”, in which we take
the “critical nodes” V; to be those nodes for which p(4;) = 1.

Suppose that

i W, Vi
Vl Al Alq

per
Ve 0 Ay

and that V, is the first critical node in the sequence (V1,...,V,,). We now partition
Vinto V=V, UV U VZE, where V= = {V;; V; — V};} contains all the (condensed)
nodes that have access to V; and V,:E = {V;; Vi 4 Vi} is made up of all the nodes
that have no access to Vi. If U and W are two subsets of nodes of the graph (i.e., of
V), then we write U — W, if u — w for some u € U,w € W, and U 4 W otherwise.
We now note that:

(i) V,:E # V= otherwiseif x — y withx € Vljé andy € V,7, thenz — y — V4,
which cannot be.

(ii) Vi # Vi otherwise we have a loop in G*.
(iii) Vx € VZE, since otherwise we have a cycle G*.
(iv) V7 /4 Vi by definition.

v) Vie €{Vi,..., Vi b and {Vigr, ..., Vi } C V,f because the later nodes have
no access to V.
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If we rearrange the nodes in V', keeping the indices in increasing order, we arrive at

Viy Ay, ?
Vi { : ?
‘/;.7‘— 1 0 Airf 1
M = Vi 0 Ay
er
P Vi, |0 0 | 0D,
V7 { :
Vie | O 0 i |

We may repeat this by selecting a first critical node in the matrix D, while keeping
the same increasing ordering, etc. Labeling the nodes according to the critical nodes,
we end up with

M, ?
0 M,
M ~ F = ,
per
M | ?
0 T
with p(T) < 1, where
Vl(i) A(l’i) ?
: K Uz V;
M; = : : _ =
v ) 4@ ) [ 0 A, }
Ti— ri— i
o 0 ALY
is again block triangular for ¢ = 1,...,s. In addition:
(i) each corner block AS-? = A,, ineach M;,7=1,...,s, corresponds to a critical
node V;.,, i =1,...,s; 4
(ii) each of the upper nodes Vj(l) with j =1,...,7; — 1, has access to corner node
v,

(iii) T is block triangular but contains no critical nodes.
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Consider the form

u, W ? ?

0 A | X1 Xio|Xon Xoo |- | Xa X2

0 | U W
0 A, | Y VYo Yoo Yo
Us V3
!

F = 0 A |- |Za Sal?
U, Vs ?
0 A, |2
L0 B ER

where the critical blocks A, correspond to the critical nodes V..

Since the singular node V,., has no access to the other singular nodes we can
conclude that X;; = 0 and X;» = 0. Likewise, all Y;; = 0,Z;; = 0,... That is, the
block rows containing the A,, do not contain any other nonzero blocks, except for
the last block column. This means that we may permute the singular nodes, by first
taking the odd block rows, except the last one, and then every odd block column,
except the last one, followed by taking every even block row and then every even
block column. This leads to

THEOREM 4.1. A nonnegative matriz M is convergent (respectively, power
bounded) if and only if it is permutation similar to a matriz of the form

A
(4.1) M =10
0

oUW
NiE Q

where

(i) A and T are block upper triangular;
(i1) the diagonal blocks A;; and Tj; are irreducible or 01x1;
(m) p(A“) <1, p(Tn‘) <1;
(tv) D = diag(Dn,...,Dy), in which D; = A,, is irreducible, p(D;) = 1 and D;
is convergent (respectively, power bounded);
(v) B, C and E are arbitrary.

Since Du = 1 u, for some u > 0, it is easily seen that, for all N, the convolution
N-1 N-1
product Y. AN~F=1BDF is bounded exactly when Y AN~*~1Buis bounded. This

k=0 k=0
suffices to show that if p(A) < 1, then the matrix M’ in (&) is also power bounded. O
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Given a nonnegative matrix A, let m(A) be the number of eigenvalues of A (in-
cluding multiplicities) on the Perron circle {\ : |A\| = p(A)}. We now may state

LEMMA 4.2. The following are equivalent for A > 0:

(i) AN >0 for some N.
(i) A is irreducible and w(A) = 1.
(iii) A is irreducible and (A/p)N converges to some L > 0.

In which case, lim(A/p)N = %, where Au = pu and ATv = pv.
N viu
Proof. This follows from [8, Theorem 8.5.1] and from [8, Theorem 8.5.2]. O
For the irreducible central matrices D; as in (1)), we need the following result.
LEMMA 4.3. Let D be nonnegative irreducible with p(D) = 1. Then

(a) The following are equivalent:
(i) D is convergent.
(ii) DN >0 for some N.
(ii) n(D) =1.
uv’
In either case, D* — —7— for some positive u,v.
vlu
(b) If D is irreducible then D is PB if and only if U=*DU = P, for some irre-
ducible stochastic matriz P, and U = dg(uy, ..., u,) with u; >0

Proof. (a) This follows from Lemma 2]

(b) By the Perron-Frobenius Theorem Du = 1-u, where u > 0. Since De = u,
where e = [1,1,...,1]7, we now obtain U='DU = P with Pe = 1-e, as desired. 0

Example [Tl shows that Theorem [£1]is best possible.
We note in passing that for a nonnegative PB matrix, a;; < p(A) < 1.

If M is periodic, then there is a first power of M, say M®t"_ that is equal to an
earlier power M?, and thus,

Mb _ Mb+h )

This means that z°(2" — 1) is the minimal polynomial for M with p(M) = 1 and h is
the Boolean period of M. Consequently, the matrices A and T in the canonical form
of equation (@) must be nilpotent and D® = D", Let us next focus on one of the
direct summands in D = diag(D1,...,Dy).

Consider a nonnegative, irreducible matrix D such that p(D) = 1 and D® = D*+".
It is known [5, pp 53-54], [2, Theorem 2.20] that D is permutation similar to its cyclic
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form
0 X; O 0
0 0 X
D = = '
per 0 0 0 X |7
X; 0 0

where the diagonal blocks are square and f will be referred to as the Perron period
of D.

It further follows that B/ = diag(Bo, B1,...,Bf_1), where each B; is such that
B > 0, for some ¢;, and hence, m(B;) = 1. If we set ¢ = maxz{e;}, then E/¢ is
a direct sum of positive matrices. In addition p(B;) = p(Bo) = [p(E)}f = 1. This
means that

(4.2) Ap(z) =a™ (@ — 1) [T/ =)™,

where ng is the algebraic multiplicity of the eigenvalue 0 and 0 < || < 1.

On the other hand, if D = D'*" then the minimal polynomial of D is given by
Y(x) = 2°(2" — 1), which has h distinct roots \; on the unit circle. This means that
Ap(x) takes the form

(4.3) Ap(x) = 2™ (x — M)k - (2 — Ap)Pn.

Identities ({2]) and ([@3]) show that the v; must be absent and that all k; = 1. Tt
then follows that f = h, i.e., the Perron period and the Boolean period are equal.

Next, we observe that E is also periodic with E* = E*hs for s = 1,2,... Two
cases can occur.

Case (I). If b < h then multiplying through by E"~® shows that E" = E?". This
means that E"® = E?'¢ = diag(B§,..., B;_,), in which each B is a positive idem-
potent.

Case (II). When b > h, we write b = gh + r, where 0 < r < h. Then E* =
(EM4 . E" = (E™")71 . E". Post-multiplying by E"~" then shows that (E")i+! =
(EM)@+2 = (EM)a+3 = ... and thus, (E")9T! = (E"*)2(a+2) This means that we
again have a block diagonal idempotent matrix with positive diagonal blocks. Thus,
we have the following result:

COROLLARY 4.4. A matriz is periodic, nonnegative irreducible with spectral ra-
dius one if and only if it has a power that is permutation similar to a direct sum of
positive idempotents.
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We recall in passing that
LEMMA 4.5. A positive idempotent matriz must have rank one.

Proof. Let E = E? be positive n x n. Then the Jordan form of E is of the form
I. ®0,_,. Since E > 0, it follows from the Perron-Frobenius theorem that » = 1. 0

A positive periodic matrix must have a Boolean period of one and a minimal
polynomial of the form 2’(x — 1), but it need not be idempotent. For example,
consider any positive stochastic matrix with trace one and rank two.

1/6 1/3 1/3
EXAMPLE 4.6. The matrix A = | 1/6 1/3 1/2 | is positive, periodic, but
1/4 1/4 1/2

not idempotent.

Let us now turn to a special nonnegative PB case, in which we capitalize on the
fact that the two periods are equal.

5. Entries in nonnegative PB matrices.

5.1. Basics. We begin by listing some of the pertinent facts about a nonnegative
matrix M = [m;].

(1) p(M) is an eigenvalue of M and there exists a nonnegative eigenvector asso-
ciated with p(M).

(2) mi; < p(M).

(3) If M= {g g} >0and MY = [ gz gz } then Ay > AN,
(4) (M™)i > (my)N for N =1,2,...

(5) anmﬁgTr(MN) for N=1,2,...

Next, consider a nonnegative power bounded (nnPB) matrix M. First, some
general results.

LEMMA 5.1.

(i) If A,B >0 and A+ B is PB, then so are A and B.

(i) If M = { g g ] is nnPB, then so are A and D.

(iii) If M is nnPB then so are all principal submatrices of M.

Proof. (i) Clearly, (A + B)N > AN,
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" A0 0 C|. . .
(i) If M = [ B 0 } + [ 0o D ] is PB, then (by part (i)), so are its two

s o] [

B 0 P ], which guarantees that A is

components. It is clear that [

PB.
(iii) Clear by permuting rows and columns. O

Let us now turn to the diagonal entries of a nnPB matrix.

5.2. Diagonal 3ntries of a nonnegative PB matrix. Let M = [m;;] be a
nnPB matrix.

Using Theorem [2.J] and the nonnegativity, we may conclude that

This also follows from the fact that (mg;)" < (M™);;, which is bounded.

Our aim is to use the diagonal entries of M to investigate power boundedness and
at the same time to relate the three concepts of PB, focal power, and convergence.

The two main cases to be considered are when some m;; = 1 or when all m;; < 1.
Only in the former case does focal power play a role. In the latter case there is little

82 } which

we can say about the form of M, as seen from the example M = [ -

has eigenvalues {1,0.6}.
We next have
LemMA 5.2. If M is nnPB, then, for all natural numbers k, N,
(i) mf; < ma,
(i) Xn: mk < Tr(M), and
(iii) =1 = (MN);; = 1.
Proof. (i) and (ii) follow from the inequalities (&.1]).

(iii). M* is also PB with (M*);; < 1. Hence, 1 = (m;;)N < (M"M); <1.0

10
we cannot reverse the conditions of (iii).

The matrix M = { 01 ] has the property that (M?);; = 1 while m;; = 0; thus,

We now introduce the parameters uy = #{i : (M*); = 1} and t,, = Tr(MF).
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Then it easily folows that

uy Sup <t < n.

We note that the sequence {t;} need not be increasing, as seen from M =

[ (1) (1) } Also, if M is not nilpotent, then some ¢; must be nonzero.
Suppose that v = max{ui} and w = max{t;} and let A = {i : u; = v} and
I'={i: Tr(A") = w}. Clearly, if u, = v then u,x = v for all k > 1.

LEMMA 5.3.

(i) If M = I + X is nnPB, with X > 0, then X = 0.

;
(i) If M = [ ItX : ] is nnPB, with X > 0, then X =0,

(iii) If M = [ Lo ] is nnPB, then M is (1,1) focussed.

B D
Proof. (i) MN = (I + X)N > I+ NX. For M to be power bounded, we must
have X = 0.

(ii) Since I + X is nnPB, this follows from part (i).

I+X Cn

(iii) M7 has the form { By Dy

] > 0. By part (ii) X must vanish. O
COROLLARY 5.4. If M is nnPB and all m;; =1, then M = I.

5.3. Unit diagonal entries. Suppose now that M is nnPB and has some di-
agonal elements m;; = 1.

Applying Lemma (53] (ii), we may permute the rows and columns of M so that

L, C
M~ M=|""
per |:B D:|’

where D is also nnPB and all d;; < 1. From Lemma [5.3] (iii) we know that M’ is (1,1)
Iu1 CN

focussed and that M'N = [ By Dy

} . Moreover, we also know, using [7, Theorem

1.1], that, for all N,

(1) ¢DNB = 0,

(2) Byx = GNB=(I+D+---+ D" 1)B is bounded,
(5.2) 3) Oy = CGy=CI+D+---+ D 1) is bounded,

(4 Dy = DN+ Xywhere Xy = Y. DPBCDA.

p+g<N-—-2
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For convenience we do not distinguish between M and M’.
It should be noted that:

(i) Condition (1) implies that CBy = 0= CnB.

(i) X% =0 (by (1)).

(ili) X is increasing with N.

(iv) Xy < GyBCGy, which is bounded by (2) in (52). Therefore, Xy converges.

(v) Taking traces shows that Tr(DPBCDY) = Tr(CDPT?B) = 0, and hence,
that

Tr(D,)=Tr(D"),r=1,2,...

We next need

LEMMA 5.5. Gy (F)B is bounded for all N if and only if FVB is bounded and
ZY(F)B = 0.

Proof. If Gn(F)B is bounded for all N then so is (I — F)GyB = (I — FN)B,
and hence, FV B is bounded as well. Next we post-multiply (Z1]) by B giving

N P (N,
(5.3) GN(F)B=(I-F)YI-F")B+ ]Z::O <j+1>ZlB,

in which the left hand side and the first term on the right hand side are bounded. Now
pre-multiply by Z{nl_l. This leaves us the bounded term N Zf“_lB. This cannot
be, unless Z™ ' B = 0. Next we multiply by Z"' ™2 etc., implying eventually that
Z9(F)B = 0.

Conversely, if Z)(F)B = 0 then the second term on the right hand side of (5.3)
vanishes, while the first term is bounded because FN B is bounded. O

Let us now apply the previous Lemma to the block matrix M.

L, C
B D
(1,1) focussed, D is PB and Z9B = 0= CZ?, where ZY =1 — (I — D)(I — D)*.

PROPOSITION 5.6. The matrix M = [ ] > 0 is PB if and only if M is

Proof. We have seen that if M is PB then necessarily, D is PB, M is (1,1) focussed,
and Gy B and CGy are bounded, for all N. The latter ensure that ZYB =0 = CZY

by [&3).

Iul C'N
By Dy
Cn are bounded by Lemma 5.5 and Dy = DY + Xy is bounded because D is PB
and (ili) Xy < GyBCGy is also bounded, for all N. O

Conversely, if M is (1,1) focussed then MY = [ } in which By and
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A special subcase is when p(D) < 1, which includes the case where D is nilpotent
and p(D) = 0. In this case DV — 0, By — (I — D)™!'B, and Cy — C(I — D)~L.
In addition, Dy = DY 4+ X in which DY — 0 and Xy = Z DPBCD? is

p+q<N-—-2
monotone increasing and is bounded above by (I — D)"'BC(I — D)~! and as such,

converges.

This leads to

COROLLARY 5.7. If M = [ Lc } is (1,1) focussed, ZY(D)B = 0= CZY(D),

B D
and p(D) < 1, then MY converges to Z9(M).

5.4. No unit diagonal entries. Let M be PB with all m;; < 1, as was the case
with the matrix D in the previous setting. It is not clear if a power of M can have unit

diagonal entries. We may or may not have p(M) = 1. For example M = [ ? é }

has eigenvalue of {.6,.4}, and thus, is zero convergent.

0 ¢
b 0
|be| < 1. Indeed, M?* = (bc)*I. This example also shows that for a nnPB matrix
some of its entries may be larger than 1.

We may even have a zero diagonal, as seen from the example M = { ] with

Let us now turn to a special class of PB matrices where we keep the diagonal
entries under control and can effectively employ the trace concept. This in turn allows
us to bring the previous “diagonal” argument to a more transparent conclusion.

6. The semigroup case of nonnegative PB matrices. Consider a nonneg-
ative PB matrix M for which (M*);; = 0 or 1 (only), for all powers k = 1,2,...
Our aim is to show that such a matrix must be periodic, and that a power of M is
permutation similar to an idempotent matrix.

If M is nilpotent, then M is periodic and the idempotent is zero. So let us assume
that M is nilpotent in what follows.

First we need some simple observations.
If M is nnPB and m;; = 0 or 1, then mfi =my; and up =ty forall k =1,2,...,
and hence, we can combine the two parts of Lemma [5.2] in

(6.1) Tr(Mk)ZZmZ:ZmM:TT(M) fork=1,2,...,
i=1 i=1

ie., t; <t for all k. In general, for a nnPB matrix, we saw that 0 < m;; < 1 and
hence the assumption that m;; can only equal 0 or 1 is an extremal condition.
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Because of the assumption that (M*); =1 or (MF*); = 0, we see that for every
k=0,1,...

Mr ~

per

Itk + X3 ?
A

where t, = Tr(M*), Xy >0, (Xi)i = 0 and (Ny);; = 0. Lemma ensures that
X = 0 and we may state that for all K =0,1,...

I ?
Mk ~ k
per |: ? Ny :| ’

with (Ng)i;; = 0. Using the same argument, we see that for r =1,2,. ..

(6.2 oty = | 5]

which has Tr(M*") > t; and has at least t;, ones on its diagonal.

Next we return to the case where k = 1, M ~ M’ = L O ,t =14 =
per B D

Tr(M), B= By, C =Ch, and (D);; = 0. Then from (6.2]), we may conclude that

T A nNr o __ It Cr
(63) w s o= g,

which is (1,1) focussed and has Tr(M") > t.
In addition we know that

(i) Tr(D")=Tr(D,) =Tr(M") = Tr(M) <n —t,
0 1

(ii) Tr(D") may oscillate, as seen from D = [ 10

} with D? = I.
Since M is nonnegative non-nilpotent, there exists a power of M, say M", with
Tr(M™) > 0 (recall that M is nilpotent if and only if all powers have zero trace!).
We now focus on
(a) w = max{Tr(M¥);k € N} = maz{t;} and (b) I = {i; Tr(M?) = w}.

The set I' must be nonempty. Now suppose that r € T, i.e., Tr(M") = w. By
(1) applied to M™, we see that

w=Tr(M") <Tr(M™) <w for all s,
and thus, rs € I" for s = 1,2,... This means that

(6.4) r+TCT.
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Thus, I' is an additive subsemigroup of N.

I, L
Next, let M™ ~ Y = [ I? }, where (1); = 0. By (6.3) we see that
per n

(6.5) Y= [ Lo Li ]

K; i

so that Tr(Y?) = Tr(M"™) = w + Tr(n;) for all i = 1,2,... By the maximality of w
we conclude that Tr(n;) =0 for all i = 1,2,... In addition, we see from (2] that

(i) Ly'K = 0foralli=0,1,...,
(4i) L;y = LI+n+n*>4---+n"1),
as well as
(6.7) ni=n+ Z nP K Ln9.
p+g<i—2

The identity (67) implies that 0 = Tr(n;) = Tr(n') for i = 0,1,... That is, n is
nilpotent, say of index in(n) = s.

We now claim that matrices of the form (6] are in fact periodic. Indeed, it is
clear that K; — (I —n) 'K and L; — L(I —n)~! so both sequences are bounded.
Moreover, from (6.7)), we see that if i = 2s + ¢ + 2, then we may split the sum into

S KL+ Y. PKLye.
p+q<2s 25<p+q<2s+t

In the second summand, either p > s or ¢ > s, and hence, this term vanishes. Thus,
7; reduces to just a finite (bounded) sum. Let us now take ¢ = s and partition Y* as

VS — |: Iy, L(I_n)_l ]
(I — 77)_1K Ns
where n, = . nPKLni. Using the fact that Ly K = 0 for all j, we see that

pt+q<s—2
(ns)? = 0 in addition to L(I —n)~1n, = 0. Likewise if we use (6.6)) then it follows that

ns(I —n)" K =0 and L(I —n) 2K = 0. We now apply the following trivial result

LEMMA 6.1. If G = { l{) g} with R? = 0,QP = 0,RP = 0 and QR = 0, then

G? is idempotent.

It now follows that for s = in(n), Y2* is idempotent and hence is periodic. We
have thus shown that if M is nonnegative power bounded, with (M*);; = 0,1, then
M?$ is idempotent.
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Conversely, if M™ is idempotent then it is trivially power bounded. Moreover, it
follows that M is also PB. Indeed, for any £k € N, let k = tm + o with 0 < a < 7.

n
Further let [(M"™);;| < Ky for all 4, j, t, and let Ky = maz{)_ [(M*)y;|;j =
j=1

L,...,mya=0,1,...,m —1}. Then |(M*);;| < K1K> for all 4, j, k.

7. Remarks.

(a) To accommodate “large” entries besides (possible) zero entries, in a nnPB
matrix M, it is not surprising that M has to be periodic.

(b) One instance where our matrices do have 0-1 power diagonals is furnished
when the entries in M come from a sub-semigroup S* of R* for which the
following implication holds [14]:

(i) S* +5* C 5%, (i) S*-S* C §*, (iii) 0,1 € S*, and (iv) z € S*, 2 #0 =
x> 1.

(c¢) The eigenvalues of a periodic matrix are either zero or lie on the unit circle.
On the other hand, the eigenvalues of an irreducible nonnegative matrix lie
symmetrically around the unit circle. This means that the index of primitivity
m(A) equals the periodicity.

(d) Can the zero-one structure of the diagonals of the powers be used to obtain
a canonical form for PB matrices?
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