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THE BEHAVIOUR OF THE COMPLETE EIGENSTRUCTURE OF
A POLYNOMIAL MATRIX UNDER A GENERIC RATIONAL
TRANSFORMATION*
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Abstract. Given a polynomial matrix P(z) of grade g and a rational function z(y) = n(y)/d(y),
where n(y) and d(y) are coprime nonzero scalar polynomials, the polynomial matrix Q(y) :=
[d(y)]9P(z(y)) is defined. The complete eigenstructures of P(z) and Q(y) are related, including
characteristic values, elementary divisors and minimal indices. A theorem on the matter, valid in
the most general hypotheses, is stated and proved.
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1. Introduction. A polynomial matrix is a matrix whose entries belong to some
polynomial ring R [4]. In this paper we will always assume that R is a principal ideal
domain. This condition is equivalent to R = F[x], the ring of univariate polynomials
in x with coefficients lying in some field F.

An important property of a polynomial matrix with entries in F[x] is its complete
eigenstructure, whose definition is given in Subsection The name eigenstructure
comes from the special case where F = C; in this context, polynomial matrices are
usually seen instead as matrix polynomials, that is polynomials whose coefficients
are matrices [7]. Any matrix polynomial is associated with a polynomial eigenvalue
problem (PEP); the complete eigenstructure is strictly related with the properties
of the associated PEP. More precisely, it gives the complete information about the
eigenvalues, eigenvectors and Jordan chains of the matrix polynomial, and also about
the Kronecker form of any strong linearization of the matrix polynomial [I]. Poly-
nomial eigenvalue problems arise in many applications, from mathematics, science
and engineering; both their algebraic properties and the numerical methods for their
approximate solutions are widely studied; see, e.g., [, [14], [12].

The aim of this paper is to investigate the link between the complete eigenstruc-
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tures of two polynomial matrices P(z) and Q(y) related one to another by a rational
transformation z(y) of the variable. In order to better explain the question we are
interested in, let us consider the following example, where R = C[z]. Suppose that
we have to deal with the polynomial matrix

2% — 20z 0 0
x—20 22-20z O
P(z) = 0 0 z |;
0 0 x?
0 0 0

if we choose grade(P(z))= 2 (the grade of P(x) is an arbitrary integer g such that
g > deg P(x); more details are given in Section [2), then the complete eigenstructure
of P(z) is the following:

e the elementary divisors of P(z) are (z — 20), z, (z — 20), 2%;
e there are no right minimal indices;
e the left minimal indices of P(x) are 0, 1.

16y%2—2

The rational change of variable z(y) = = 2 induces a mapping ®5, as defined in

1), such that ®(P(z)) = (y* — y)QP(%) =: Q(y), with grade(Q(y)) = 4 (see
Section B)) and

(25 — 16y2)(2y — 5)? 0 0
(y—y*)(2y —5)° (25— 16y°)(2y — 5) 0
Qy) = 0 0 (y* — y)(16y> — 25)
0 0 (163 — 25)2
0 0 0

By studying the complete eigenstructure of Q(y), we find out that

e the elementary divisors of Q(y) are (yfg)Q, (yf%), (y+%), (yfg)Q, (yf%)Q,

(y+3)%
e there are no right minimal indices;
e the left minimal indices of Q(y) are 0, 2.

Notice that :c(%) = 20, :c(:l:%) = 0, and that y = g is a root of multiplicity 2 of
the equation z(y) = 20 while y = j:% are roots of multiplicity 1 of the equation
z(y) = 0. We can therefore conjecture that if (z — z¢)*
P(z) and yo is a root of multiplicity m of the equation z(y) = o then (y — yo
an elementary divisor of Q(y). Moreover, we see that apparently the minimal indices
have been multiplied by a factor 2; notice that 2 is the degree of the considered
rational transformation (that is the maximum of the degrees of the numerator and

is an elementary divisor of

)m~€ is

the denominator).
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The main result of the present paper is the proof that the conjectures above, which
will be stated more precisely in Section[d] are true for every rational transformation of
the variable z(y) and every polynomial matrix P(z). Moreover, analogous properties
hold for infinite elementary divisors and right minimal indices.

The motivation for this work comes from the will to generalise the partial results
derived in [5], where we considered the particular case of a square and regular poly-
nomial matrix with entries in C[z] and without infinite elementary divisors, and the
Dickson change of variable z(y) = % Moreover, we wish to extend the results by
D.S. Mackey and N. Mackey [I1], who described the special case of rational transfor-
mations of degree 1, also known as Mobius transformations. The present contribution
is offered as both a synthesis and an extension of the previous works cited above.

The results provided in this paper can be used to design numerical methods for
the approximate solution of PEPs. An example in this regard, restricted to the case
of the Dickson transformation, is given in [5] for the solution of the palindromic PEP.

The structure of this paper is the following: in Section[Z] we expose the theoretical
background we are going to work within, and we give some basic definitions that we
will use later on. In Section [3] we formally define the mapping between polynomial
matrices induced by a rational change of variable and we present some intermediate
results. Our main result is Theorem [£.I] which is stated and commented in Section
[ Sections Bl and [ are devoted to the proof of our result. For the sake of simplicity,
in Sections [B] and [6 we assume that the underlying field is algebraically closed. In
Section [7 we show how the result still holds for an arbitrary field. Finally, in Section
Bl root polynomials are introduced in order to prove a technical lemma.

The first part of Theorem [£.]] was stated and proved, but only for a very special
case, in [0]. Besides the generalisation to a generic rational transformation and a
generic polynomial matrix, this paper also contains the analysis of what happens to
minimal indices and infinite elementary divisors.

2. Preliminary definitions. In this section, we describe our notation and recall
some basic definitions.

2.1. Basic facts on polynomials. Let Z be a ring and let Z[z] be the ring of
the univariate polynomials in the variable z with coefficients in Z. We denote the
degree of z € Z[z] by the letter k, and sometimes write k = deg z.

On the other hand, the grade [I0] of a polynomial z € Z[x] is any integer g =
grade(z) satisfying ¢ > k. The choice of the grade of a polynomial is arbitrary:
nevertheless, some algebraic properties of polynomial matrices depend on the grade.
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REMARK 2.1. In some sense, the degree of a polynomial is an intrinsic property
while the grade depends on its representation. In fact, informally speaking, the grade
depends on how many zero coefficients one wishes to add in front of the polynomial.

Let now g be the grade of z = Y9_  a;z' € Z[z]. The reversal of z with respect
to its grade [6] [10] is

g
(2.1) Revgyz == Zag_ixi.
i=0

The subscript g will sometimes be omitted when the reversal is taken with respect to
the degree of the polynomial, that is Revgz = Revz.

Let now F be an arbitrary algebraically closed field.

REMARK 2.2. Although the hypothesis that F is algebraically closed is useful to
state in a simpler way our results, it is not strictly necessary; see Section [7l

A well-known result that is crucial to us is that F[x] is guaranteed to be an
Euclidean domain. Given z1, 23 € F[z], not both zero, we denote by GCD(z1, 22) their
greatest common divisor; we additionally require that GCD(z1, 22) is always monic so
that it is uniquely defined. We say that z; and 2o are coprime if GCD(z1, 22) = lp[y)-

Notice that a polynomial z € F[z] can be thought of as a function z(z) : F — F.
Thus, applying (Z)), in this case the formula Rev,z(z) = 292(z~!) holds.

Let now Z™*P be the set of m x p matrices with entries in Z; the case p = 1
corresponds to the set of vectors with m elements in Z, denoted by Z™. We are
mainly interested in analysing (F[z])™*P, the set of m X p polynomial matrices with
entries in Flz]. M, (Flz]) := (F[x])™*™ is the ring of square polynomial matrices of
dimension m. A square polynomial matrix A € M,,(F[z]) is said to be regular if
det A # Op[,) and singular otherwise. If A is regular and det A € F then A is called
unimodular.

REMARK 2.3. Notice that (F[z])™*? = (F™*P)[z]; or in other words, a poly-
nomial matrix, defined as a matrix whose entries are polynomials, is also a matrix
polynomial, defined as a polynomial whose coefficients are matrices.

The notions of grade and degree can be extended in a straightforward way to
polynomial matrices, as follows: the grade (resp., the degree) of A € (Z[x])™*? is
defined as max; jgrade(A;;) (resp., as max; ; deg A;;). Analogously, the reversal of a
polynomial matrix is defined just as in (1), after replacing a; € Z with B; € Z™*P,

2.2. Characteristic values, elementary divisors, and minimal indices.
Let A € (F[z])™*P, and let v := min(m,p). Suppose that there exist Dy,...,D, €
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F[z] such that A;; = D;d;;, where ¢;; is the Kronecker’s delta. Then we write A =
diag(D1, ..., D,), and we say that A is diagonal. Notice that we use the notation
indifferently for both square and rectangular polynomial matrices.

The following theorem, which in its most general form is due to Frobenius [3], is
in point of fact valid for any matrix with entries in a principal ideal domain [4] [7].

THEOREM 2.4. Let P(x) € (F[z])™*P. Then there ezist two unimodular A(x) €
M, (Flz]) and B(z) € My(Flx]) such that

S(z) = A(z)P(z)B(x) = diag(di (), . .., d,(x)),
where d;(x) € Flz] is monic Vi < v := min(m,p) and d;(x)|diy1(x) Vi<v—1.

Such an S(x) € (F[z])™*? is called the Smith form [7,[13] of P(z), and the d;(x)
are called its invariant polynomials [4, [7]. The Smith form, and thus the invariant
polynomials, are uniquely determined by P(z). Notice that a square polynomial
matrix P(x) is singular if and only if at least one of its invariant polynomials is zero.

Using the fact that F is algebraically closed, let us consider a factorization of the
invariant polynomials over Flz]: d;(z) = [[;(z — zj)ki@ . The factors (v — ;)k®
are called the elementary divisors of P(x) [4l [] corresponding to the characteristic

value x; [4]. Notice that, from Theorem B4, i1 < iy = kj 5,) < Kj (45)-

REMARK 2.5. When F = C the characteristic values of the polynomial matrix
P(z) are often called the eigenvalues of the matrix polynomial P(x). Given an eigen-

value g, there is a Jordan chain of length ¢ at xq if and only if (x — 2¢)*
elementary divisor. The number of Jordan chains at x( is equal to the number of

is an

invariant polynomials that have xq as a root [7].

Let us now denote by F(x) the field of fractions of the ring F[z]. Let V be a vector
subspace of (F(z))P, with dimV = s. Let {v;} be a polynomial basis for V with the
property degv; < --- < degvs. Often we will arrange a polynomial basis in the
matrix form V(z) = [v1(z),...,vs(x)] € (F[z])P**. Clearly, polynomial bases always
exist, because one may start from any basis with elements in the (vectorial) field of
fractions, and then build a polynomial basis just by multiplying by the least common
denominator. Let a; := degwv; be the degrees of the vectors of such a polynomial basis;
the order of V (z) is defined [2] as >_7_; o;. A polynomial basis is called minimal [2] if
its order is minimal amongst all the polynomial bases for V', and the «; are called its
minimal indices [2]. Tt is possible to prove [2] 4] that, although there is not a unique
minimal basis, the minimal indices are uniquely determined by V.

The right minimal indices [1] of a polynomial matrix P(z) € (F[x])™*? are defined
as the minimal indices of ker P(x). Analogously, the left minimal indices [1] of P(x)
are the minimal indices of ker P(x)T.
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Given the grade g of P(z), we say that oo is a characteristic value of P(x) if Op
is a characteristic value of RevyP(x). The elementary divisors corresponding to oo
are defined [9] as the elementary divisors of Rev,P(z) corresponding to Op; if * is
an elementary divisor of Rev,P(x) we formally write that (z — 00)* is an infinite ele-
mentary divisor of P(x). Notice that the infinite elementary divisors of a polynomial
matrix clearly depend on the arbitrary choice of its grade.

We complete this section with the following definition [I]: the complete eigen-
structure of P(z) is the set of both finite and infinite elementary divisors of P(z) and
of its left and right minimal indices.

3. Rational transformations of polynomial matrices. Let n(y),d(y) € F[y]
be two nonzero, coprime polynomials. Let us define N := degn(y), D := degd(y),
and G := max(N, D). We will always suppose G > 1, that is n(y) and d(y) are not
both elements of F. We denote the coefficients of n(y) and d(y) asn; € F,: =0,...,N
and d; € F, j =0,...,D, that is n(y) = Zi\[:o nyt, dy) = Zi’;o d;yt.

Let us introduce the notation F* := F U {oo}, having formally defined oo := OETI.
We consider the generic rational function from F* to F*:

(3.1) o) = 52

The function (3.I)) induces a mapping @ ,,(y),d(y) : (Flz])™*P — (Fly])™*? defined as

Dy n(y).dy) (P(@) = Qy) := [d(y)]? P(z(y)).

Here g is the grade of P(z) € (F[x])™*P, so for any choice of g a different mapping is
defined. We will usually omit the functional dependence of ® on n(y) and d(y) unless
the context allows any possible ambiguity; also, if the grade is chosen to be g = k we
will sometimes omit the subscript g, that is ®(P(z)) := Pg n(y),d) (P(2)).

Since a polynomial matrix is also a matrix polynomial, we can write P(x) =
Zf:o Pz for some P; € F™*P §=0,...,g. Notice that following the same point of
view we can also write Q(y) = > 7_, Pi[n(y)]*[d(y)]9~".

LeEMMA 3.1. degQ(y) = deg®y(P(z)) is less than or equal to ¢ := gD +
max;. p,20(iN — D). If N # D the strict equality deg Q(y) = q always holds. More-
over, ¢ < gG.

Proof. Writing Q(y) as above, we can see it as a sum of the k£ + 1 polynomial
matrices Q;(y) = Pi[n(y)]'[d(y)]?"%, 0 < i < k, with either Q;(y) = P, = 0 or
deg Qi(y) = gD + i(N — D). Since the degree of the sum of two polynomials cannot
exceed the greatest of the degrees of the considered polynomials, deg Q(y) cannot be
greater than ¢. Notice that if N = G then ¢G > ¢ = kG+ (¢ —k)D and the maximum
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is realised by ¢ = k, while otherwise the maximum is realised by the smallest index
j such that P; # 0, and ¢ = (¢ — j)G + jN. This means that if N < G and P, =0
then ¢ < gG, while ¢ = gG if N < G but Py # 0.

Notice finally that, if i; # 2, then Q4 (y) and Q;,(y) have the same degree

if and only if D = N. Since deg@Qi, (y) # degQi,(y) = deg(Qi, (y) + Qi (y)) =
max(deg @Q;, (), deg @i, (y)), D # N is a sufficient condition for deg Q(y) = ¢. O

Lemma [31] shows that deg Q(y) < ¢ < gG. The next proposition describes the
conditions under which the equality deg Q(y) = gG holds.

PROPOSITION 3.2. Let Q(y) = ®(P(x)). It always holds deg Q(y) < ¢gG, and
deg Q(y) < gG if and only if one of the following is true:

1. N>D and g > k;

2. N < D, and there exist a natural number a > 1 and a polynomial matriz
P(z) € (Flz])™ P such that P(z) = (z — &)*P(x), where & = ngdg" if
N=D=Gandz:=0r if N <D =G.

Proof. Lemma [B] guarantees deg Q(y) < gG. To complete the proof, there are
three possible cases to be analysed.

e If G =N > D, we know from Lemma [3T] that deg Q(y) = ¢, and in this case
g =gD + EN — kD. Therefore, deg Q(y) = ¢G < g = k.

e If N =D =G, and, we get ¢ = gG. Let Q(y) = Zfzco ©,y%: then, deg Q(y) <
9G < O46 = OF[y))mxr. On the other hand Oy is the coefficient of y9¢ in
Qy) = X0 PIn()]i ()7, s0 0,6 = d& Y0, Pmisdz’ = diP(nadg').
Therefore, © ¢ is zero if and only if every entry of P(ncdél) is equal to Opyy),
or in other words if and only if P(z) = (z —ngdg')*P(z) for some a > 1 and
some suitable polynomial matrix P(z).

e If N < D = @G, recalling the proof of Lemma Bl we conclude that deg Q(y) <
gG if and only if Py = 0, which is equivalent to P(z) = 2%P(z) for a suitable
value of a > 1 and some polynomial matrix P(z). O

The grade of Q(y) is of course arbitrary, even though it must be greater than
or equal to its degree. Since degQ(y) < ¢ < gG, we shall define that the grade of
Q(y) is gG. This choice has an influence on the infinite elementary divisors of Q(y),
as they are equal to the elementary divisors corresponding to zero of the reversal of
Q(y) taken with respect to its grade, that is Rev,q)Q(y).

If one is interested in picking a different choice for the grade of Q(y), the following
proposition explains how the infinite elementary divisors change.

PROPOSITION 3.3. Let P(x) € (F[x])™*P, with k = deg P(x). Then the finite ele-
mentary divisors and the minimal indices of P(x) do not depend on its grade, while the
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infinite elementary divisors do. Namely, let v = min(m, p); z9 %dy(x),..., 297 %d, (x)
are the invariant polynomials of RevyP(x) if and only if di(x),...,d,(x) are the in-

variant polynomials of Revy P(z), for any choice of g > k.

Proof. Neither Theorem [Z.4] nor the properties of ker P(z) and ker PT(z) de-
pend on the grade, so minimal indices and finite elementary divisors cannot be af-
fected by different choices. Let S(z) = A(z)ReviP(x)B(z) be the Smith form of
ReviP(z). We have Rev,P(z) = 29 *Rev,P(z), which implies that z9-%S(x) =
A(x)Rev,P(x)B(z). Clearly d;(x)|d;(z) & 29 %d;(z)|z97*d,(z), and therefore we
conclude that 97%S(z) is the Smith form of Rev,P(z). O

Let o, 8,7,0 € F. If G = 1, @4 ay+8,vy+s is clearly invertible and its inverse, with
a little abuse of notation, is Q(y) = ®4.58-sz,vz—a(Q(Y)) = [yz — a]%)(%). The
most general case is analysed below.

PROPOSITION 3.4. Let us denote by F[z], the set of the univariate polynomials in
x whose degree is less than or equal to g. Given g, n(y), d(y), the mapping @4 n(y),a(y) :
(Flz]g)™*P = (Flyl(gq))™ P is always an injective function, but it is not surjective
unless G = 1.

Proof. Notice that ®, can be thought as acting componentwise, sending P(x);;
to Q(y)ij = ®4(P(x);;). Thus, it will be sufficient to show that, in the scalar case
¢, : Flz], — Flylya), @y is surjective if and only if G = 1. This is true be-
cause any polynomial that does not belong to the set R, := {a(y) € F[y] : a(y) =

7o ai[d(y)]?"*[n(y)]'} cannot belong to the image of ®y, and R, = F[y|,q) if and
only if G = 1. In fact, if we require that a generic r € F[y](4¢) belongs to R, we find
out that the g 4+ 1 coeflicients a; must satisfy gG + 1 linear constraints.

To prove injectivity: ®,(P1(z)) = @4(Pe(z)) = Pi(z(y)) = P2(z(y)) = Pi(z) =
PQ(IL') |

Proposition [34] tells us that, unless G = 1 (the Mobius case), not every Q(y) is
such that Q(y) = ®(P(x)) for some P(z).

A couple of additional definitions will turn out to be useful in the following. Let
xo € F*: we define Ty, as the counterimage of x¢ under the rational function z(y).

Moreover, let o, 8 € F be such that & = z¢ and a and 8 are not both zero. For
instance, we can pick (o, ) = (xo,1y) if o # oo and (a, 5) = (1F,0r) otherwise.
Consider the polynomial equation

™[R

(3.2) ad(y) = Bn(y).

Let S be the degree of the polynomial ad(y) — fn(y). Equation [B2]) cannot have
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more than S finite roots. If S < G then we formally say co € Ty, .
REMARK 3.5. Notice that there are three cases that lead to S < G:

1. N=D =G and 29 = ngdal, so that (B2)) becomes dgn(y) = ned(y): in
this case, S is the maximum value of i such that n; # zod;;

2. N <D =G and zg = Op, so that (32) becomes n(y) = 0 and S = N;

3. D < N =G and 2y = o0, so that (32)) is d(y) = O and S = D.

We now define the multiplicity mo of any finite yo € T, as the multiplicity of yo
as a solution of the polynomial equation 2)). If co € Ty, its multiplicity is defined
to be equal to G — S. Therefore, the sum of the multiplicities of all the (both finite
and infinite) elements of Ty, is always equal to G, while the sum of the multiplicities
of all the finite elements of T3, is S.

The finite elements of T3, are characterised by the following proposition.

PROPOSITION 3.6. Let yo € F and xg € F*. Then yo € Ty, if and only if
Yo is a solution of B2) for a,B : xg = 5. Moreover, a1d(yo) = Pin(yo) and

(O3 N—e )

azd(yo) = Pan(yo) if and only if S+ = %2

Proof. The definition of Ty, implies the first part of the proposition. The second
part comes from the fact that z(y) is a function. O

Proposition [3.6, albeit rather obvious, has the following important implication:

COROLLARY 3.7. xg # w1 & Ty, NTy, = 0. Equivalently, aiPs # a2B:1 if and
only if [fin(y) — c1d(y)] and [Ban(y) — a2d(y)] € Fly] are coprime.

In particular, for any finite xo € F, ®(x — x9) and d(y) are coprime.

In order to clarify the latter definitions, let us consider an example. Let F = C
and take n(y) = y* + vy — y?> —y + 1, d(y) = y*. T1 is the set of the solutions of the
equation n(y) = d(y), so in this case Ty = {—1, 1, 00}. Moreover, the multiplicity of
—1 and 1 are, respectively, 1 and 2; since S = 3 and G = 4, the multiplicity of oo is
by definition G — S = 1. Within the same example, To, = {0}; 0 has multiplicity 4
because it is a root of order 4 of the equation d(y) = 0.

4. Main result. We are now able to state our main theorem.

THEOREM 4.1. Given m,p € Ng and n(y), d(y) € Fly], let xo € F* be a character-
istic value of P(z) € (F[x])™*P, and let (x —x0)",. .., (x —x0)% be the corresponding
elementary divisors. Let g be the grade of P(x), define G = max(degn(y),degd(y))
and let gG be the grade of Q(y) = ®4(P(x)) == [d(y)]gP(%) € (Fly])™*?P. Then for
any Yo € Ty, :
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e yo is a characteristic value of Q(y);
o (y—yo)™h, ..., (y—yo)™% are the elementary divisors corresponding to
yo for Q(y), where mg is the multiplicity of yo.

Conversely, if Q(y) = ®4(P(x)) for some P(x), and if yo € F* is a characteristic
value of Q(y) with corresponding elementary divisors (y — yo)*t, ..., (y—yo)™:

o 1o = Zgg; is a characteristic value of P(x);

o mo|k; Vi < j, where mq is the multiplicity of yo as an element of Ty,, and
et —1

(x —xg)™0 "1 ..., (x—1x0)™0 " are the elementary divisors corresponding

to xo for P(x).

In addition, the following properties hold:

e the right minimal indices of P(x) are B1, ..., Bs if and only if the right
minimal indices of Q(y) are GB1, ..., GBs;

e the left minimal indices of P(x) are v1, ..., v if and only if the left minimal
indices of Q(y) are Gy1, ..., Gv,.

For any choice of the mapping ®,, Theorem E.T] gives a thorough description of
the complete eigenstructure of ®,(P(x)) with respect to the complete eigenstructure
of P(z). Notice that if z(y) is a M6bius transformation then mg = 1 and G = 1, so the
complete eigenstructure is unchanged but for the shift from one set of characteristic
values to another. This is not the case for more general rational transformations,
where other changes do happen.

The structure of the proof of Theorem [£Tlis the following. First we prove the first
part of the theorem (the statement on elementary divisors). This is done dividing the
statement in three cases:

1. zp € F and yg € F;
2. xzg € F and yg = oc;
3. xg = 0.

We first prove that the statement is true for case 1, then show that this implies that
it is true for case 2. The validity of cases 1 and 2 implies case 3.

Finally, we prove the second part of the theorem (the statement on minimal
indices) with a constructive proof: we build a minimal basis of Q(y) given a minimal
basis of P(z), and vice versa.

5. Proof of Theorem [4.1t elementary divisors. The proof relies on the
following lemma, whose statement generalises [T, Proposition 11.1]. The proof of the
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lemma and more details are given in Section [§

LEMMA 5.1. Let P(x) € (F[z])™*? and let Q(z) = A(z)P(x)B(x) where A(x) €
M, (Flz]) and B(z) € My(Flz]) are both regular, and suppose that zo € F is neither
a root of det A(x) € F[z] nor a root of det B(x) € Flx]. Then P(x) and Q(x) have
the same elementary divisors associated with xg.

5.1. Case 1. Define v := min(m,p), and let P(z) = A(z)T(z)B(z) where
A(x) and B(z) are unimodular polynomial matrices, T'(z) =: diag(d1(x),...,d,(x))
is the Smith form of P(x), and &;(z) are its invariant polynomials. Let now Q(y) :=
O(A(x))®(T(2))®(B(z)). Clearly, Q(y) and Q(y) differ only for a multiplicative fac-
tor [d(y)]*, A € N; moreover, both det ®(A(z)) and det ®(B(z)) are nonzero whenever
d(y) # Op. Notice that, if z is finite, then for any yo € T}, there must hold d(yo) # Op

(Corollary BT)). Therefore, Lemma [51]implies that Q(y), Q(y) and ®(T'(x)) have the
same elementary divisors corresponding to yq.

Unfortunately, ®(7(x)) may not be the Smith form of Q(y), because neither
®(A(zx)) nor (B(z)) are necessarily unimodular and also because ®(d;(x)) may not
be monic. Nevertheless, it has the form diag([d(y)]**01(y), ..., [d(y)]**d,(y)), where
k1 > ko >--- >k, and 6;(y) := ®(d;(x)). (From Corollary BT d;(y) and d(y) cannot
share common roots. To reduce ®(7'(z)) into a Smith form, we proceed by steps
working on 2 x 2 principal submatrices.

[d()]76: () 0

0 [d(¥)])?6; (y)
¢ = k;, with ¢ < j. If v = ¢, then do nothing; if v > ¢, premultiply the submatrix by
|:7b(;§q(y) 1F7b§§>q<y>] and postmultiply it by [Z((;’)) [d{y‘ﬁi’lqa ] , where q(y) = 6,(y)/0:(y)
while a(y) and b(y) are such that a(y)[d(y)]”0:(y)+b(y)[d(y)]?9; (y) = [d(y)]?0:(y); the
existence of two such polynomials is guaranteed by Bezout’s Lemma, since [d(y)]?0; (y)
is the greatest common divisor of [d(y)]7d;(y) and [d(y)]?d;(y). It is easy to check

that both matrices are unimodular, and that the result of the matrix multiplications
is [ [d()]?6: (y) 0

0 [d(y)]79; (y)
after having defined a unimodular diagonal matrix A € F”*” chosen in such a way
that the resulting invariant polynomials are monic, it is possible to conclude that the
Smith form of ®(T(z)) is either S(y) := A - S(y) or S(y) := S(y) - A (whichever of
the two products makes sense, depending on whether m < p or not), where

In each step, we consider the submatrix [ } , where v := k; and

] Hence, by subsequent applications of this algorithm and

S(y) = diag([d(y)]* 61 (y), - . ., [d(y)]* 6, ().

Thus, the ith invariant polynomial of P(x) has a root of multiplicity ¢; at xq if and
only if the ith invariant polynomial of Q(y) has a root of multiplicity mo¢; at yo € Ty, .
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5.2. Case 2. By definition, the infinite elementary divisors for a given poly-
nomial matrix are the elementary divisors corresponding to zero of the reversal of
such polynomial matrix. Therefore, in order to prove Theorem Il for the case
of yo = 0o, we have to analyse the polynomial matrix Z(y) := Rev,)Q(y) =
y9G[d(y)]9P(z(y~')), and find out what its relation to P(z) is, with particular
emphasis to its elementary divisors corresponding to yo = Or. Recalling Remark [3.5]
notice that there are two distinct subcases for which co € Ty, for a finite zo € F. We
will consider them separately.

5.2.1. Subcase 2.1: N = D = G, z¢ = ngdg;'. We get x(y~!) = g:/zg; and

y“d(y~1) = Revd(y); therefore Z(y) = [Revd(y)]gP(izzzgg). This means that we
can prove analogous results for Z(y) just by considering this time the new rational
transformation y — x = g‘;zggg From Remark B35 Of is a root of multiplicity
G — S for the equation Revn(y) = zoRevd(y); moreover, since we took the reversal
with respect to the degree (or also because of Corollary B7), O cannot be a root
of Revd(y). Therefore, following the proof given above, one can state that P(x) has
(x —20)",...,(x — 20)% as elementary divisors corresponding to g if and only if
Z(y) has the j elementary divisors y(G=9b  (G=9 corresponding to Op. The

thesis follows immediately.

5.2.2. Subcase 2.2: N < D = G, x¢ = Op. This time, we can write z(y~!) =
G-N G—-N
y—__Revnl) and Z(y) = [Revd(y)]? P(Yene™@)) Tt is therefore sufficient to

Revd(y) Revd(y)
consider the transformation y — x = yG’NEZX—%.

In fact, notice that Op is a solution of multiplicity G — N for the equation
y“~NRevn(y) = 0 (O is neither a root of Revn(y) nor a root of Revd(y), because
Revn(0p) = ny # O and Revd(0p) = dp # Op). Thus, P(z) has the j elementary di-

visors xf,...,x
G—N)¢
y( )1,..

? corresponding to Op if and only if Z(y) has the j elementary divisors
(G=N);

Y corresponding to Op, and the thesis follows.

5.3. Case 3. By definition, the infinite elementary divisors of P(z) are the ele-
mentary divisors corresponding to the characteristic value Or for R(z) := Rev,P(z) =
2IP(z71). But let Wy )40 = Po.dy)n(y) and U(y) = Vg(R(x)), that is to say

Uly) = [n(y)]gR(%). A simple calculation gives

Uly) = [n(y)]g[%]w([%m - [d(yngP(%) — 3,(P(y)) = Q).

One can therefore follow the proof as in the previous subsections, but starting
from R(z) and using a different transformation (notice that the equation d(y) = Op
defines both T, for the old transformation and Ty, for the new transformation).
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6. Proof of Theorem[4.Jk minimal indices. We shall only prove the theorem
for right minimal indices. The proof for left minimal indices follows from the proof
for right minimal indices and from the fact that ® and the operation of transposition
commute, that is ®,(PT(z)) = (®,(P(z))) V P(x) € (Flz])™*>.

6.1. Sufficiency. Let dimker P(z) = s, and V(z) = [vi(x),...,vs(z)] be a
minimal basis for ker P(z), with minimal indices f8; := degv; Vi = 1,...,s and
order B := Y7, f8;. For each value of i let us define w;(y) = @g,(vi(x)); we
also define W(y) := [w1(y),...,ws(y)]. Clearly degw;(y) = GB;. Suppose in fact
degw;(y) # Gp;; applying Proposition B2 (in the case g = k = £8;), this would imply
that there exists some x9 € F and some polynomial vector u(z) € (F[z])? such that
vi(z) = (x — z0)u(x). Hence, [v1(z),...,(x —x0) tv;(x),...,vs(x)] would be a poly-
nomial basis of order B — 1 for ker P(z), leading to a contradiction. In order to prove
that W (y) is a minimal basis for ker Q(y) we must show that it is a basis and that it
is minimal.

Clearly, w;(y) lies in ker Q(y) for all 4. In fact, P(x)v;(z) = 0 implies that
Q(y)wi(y) = 0. So it is sufficient to show that W(y), considered as an element
of (F(y))P**, has rank s. Notice that W (y) = V(x(y)) - diag([d(y)]?, ..., [d(y)]?).
A well-known property of the rank is that, if Ay = AsAs and Ajs is square and
regular, then rk(A;) = rk(As). Therefore rk(W(y)) = rk(V(z(y)), because the di-
agonal matrix above is regular. Let V(z) be some regular s x s submatrix of V (z),

which exists because rk(V (z)) = s. By hypothesis, det(V (z)) # Opj,], which implies

det(V (z(y))) # Or(y)- Hence, s = 1k(V(z(y))) = rk(W(y)). Then W(y) is a basis.
In order to prove that it is minimal, let us introduce the following lemma whose
proof can be found in [2].

LEMMA 6.1. Let V be a vector subspace of F(x)P, with dimV = s. Let H =
[h1, ..., hs] be a polynomial basis of order A for V and define &, i=1,...,(%) to be
the s X s minors (i.e., determinants of s x s submatrices) of H. Then the following
statements are equivalent:

e H is a minimal basis for V
e The following conditions are both true: (a) GCD(y,. .., &) = 1) and (b)
max; deg&; = A.

So, let &(y) be the s x s minors of W (y). We shall prove that (a) their GCD
is 1pp,; and (b) their maximal degree is GB = G Y.;_; 8;. By Lemma [61] these two
conditions imply that W (y) is minimal. Recall that w;(y) = ®g,(vi(z)), that is to
say w;(y) = [d(y)]%v;i(x(y)). Any s x s submatrix of W (y) is therefore obtained from
the corresponding s x s submatrix of V(z) by applying the substitution z = z(y)

and then multiplying the ith column by [d(y)]? for i = 1,...,s. Let us call (;()
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the s x s minors of V(x). From the properties of determinants we obtain the relation

&i(y) = (TTi. [dW))P) Gl (y)) = [d(y)P1Ci(z(y) = @(&()).

Now for each i let «y; := deg (;(z) and ¢; := deg&;(y) < max;j<+,(Nj— Dj)+ DB
where the maximum is taken over those values of j such that the jth coefficient of
&i(y) is nonzero (Lemma B.I]). There are two cases. If N < D = G, §; < GB, and
applying PropositionB.2] (with ¢ = B), the inequality holds if and only if (z —%)|{; (),
where £ =0p if N < D and & = ’ngdél if N = D; notice that there must be at least
one value of i for which 6; = GB, otherwise (x — &) would be a common factor of
all the ¢;(z), which is not possible because of Lemma Finally, if D < N = G,
d; = vG + (B —7;)D. Since V() is minimal we have max;(;) = B, which implies
that also in this case max;(d;) = GB. This proves condition (b).

Notice moreover that & (y) = ®5((i(x)) = [d(y)]P~7®,,((i(z)), where the first
and the second factor are coprime (because of Corollary 7). Let us prove the fol-
lowing lemma.

LEMMA 6.2. Let p,q,r € Flx] with v monic. Then, GCDg(p, q) = if and only
if GCDgyy (Pdeg p(P); Pdeg q(q)) = K - Pdegr (1), where k € F is such that k - Pgegr (1)

18 monic.

Proof. Let «a, 3 be two suitable elements of F and let us write the prime factor
decompositions p = a-[[;,(z—p;)™, ¢ = B-Hi(x—qi)ei, r=][;,(x—r;)?". Of course we
have that (z—r;)? |r if and only if there exist 41, io such that (z—p;, )™ |p, (z—qs,)%2|q,
with p;, = ¢i, =i and p; = min(m;,,0;,). We get aegp(p) = - I[;(n(y) —pid(y))™,
Dutoga(9) = B+ TL(n(y) — 0:d(y))” and Dacg,(r) = [T,(n(y) — rid(y))?". The thesis
follows by invoking Corollary B2 O

Lemma [6.2] implies condition (a). This follows from the equation GCD;(&;(y)) =
GCD;([d(y)]P) - GCDy(®+, (¢i(x))) = Ly - Liyy), Where the first 1p(,; comes from
the fact that max;(y;) = B, while the second 1g[, comes by applying Lemma to

GCD(®+, (C1(2)), - -, P+, (Cs(x))) = GCD(... GCD(®+,(C2(2)), @+, (G1(2))) - ) and
from the identity ®o(1r[y]) = Lrpy)-

6.2. Necessity. To complete the proof, suppose now that Q(y) = ®4(P(x))
for some P(z) € F[z] and that W(y) is a minimal basis for ker Q(y), with minimal
indices €; < - -+ < €5. The other implication that we proved in the previous subsection
implies that Gle; ¥V i, so define §; = &. Suppose that there exists a minimal basis
V(z) = (t1(x),...,0s(x)) for ker P(x); suppose moreover that an index ig € {1,...,s}
exists such that degv;, # Bi,- Applying the reverse implication, this would imply
that there is a minimal basis W (y) = (@1 (y), . . ., Ws(y)) for ker Q(y) whose igth right
minimal index is not equal to €;,. This is absurd because every minimal basis has the
same minimal indices.
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7. Extension to more relaxed hypotheses. For the sake of convenience,
we have so far assumed that the field F is algebraically closed. This unnecessary
hypothesis can be dropped. To see it, assume that F is not algebraically closed and
let K be the algebraic closure of F. Then (F[x])™*? C (K[z])™*P, so we can use
Theorem ] to identify the Smith forms of P(z) and Q(y) = ®4(P(x)) over the
polynomial rings K[z] and K[y]. We can then join back elementary divisors in K|z]
and K[y] to form elementary divisors in Flz] and F[y]. Of course, in this case an
elementary divisor is no more necessarily associated with a characteristic value in F.
For instance, if F = Q, then the elementary divisor 22 + 2 is not associated with any
rational characteristic value, but if we consider the field of complex algebraic numbers
K = Q then we can split it as (x —+/2i)(z + /2i) and associate it to the characteristic
values ++/2i. Similarly, the other results (e.g., Lemma [6.2]) that use the algebraic
closure of F can be straightforwardly extended to a generic field F via an immersion
into its algebraic closure K.

8. Proof of Lemma 5.3l Let P(z) € F™*Pz]. If U(x) := [ui(x), ..., us(x)] is
a minimal basis for ker P(x), we define ker,, P(x) := span ({u1(zo), ..., us(zo)}) C
FP. In general ker,, P(z) is a subset of ker P(z). It is a proper subset when ¢ is a
characteristic value of P(z), as is illustrated by the following example: let F = C and

Px) =

S O = O
8 O © O

1
x
0
0

O O O 8

Evaluating the polynomial at 0, we get ker P(0) = span({[1,0,0,0]%,[0,0,0,1]7}).
On the other hand, a minimal basis for ker P(z) is [1, —x,22,0]T, so kerg P(z) =
span({[1,0,0,0]7}).

We need now to slightly modify a definition given in [7] in order to extend it to
the case of singular and/or rectangular polynomial matrices. A polynomial vector
v(z) € (F[x])? is called a root polynomial of order ¢ corresponding to zg for P(z) if
the following conditions are met:

1. x¢ is a zero of order ¢ for P(x)v(x);
2. v(xog) ¢ ker,, P(x).

Observe that v(zg) € kery, P(z) < 3 w(x) € ker P(x) C (F(x))p s w(zo) = v(xo).

In fact, let w(z) = U(z)c(z) for some c(z) € (F(x))® and w(xg) = v(xg), then

v(xg) = U(xo)c(zo) € kery, P(z . Conversely, write v(zg) = U(xzg )c for some ¢ € F*
and notice that U(z)c € ker P(x). Hence, condition 2 implies v(x) & ker P(z).

Le(mg) € F*: otherwise, there exists an integer o > 1 s.t. d(z) := (z — x9)%c(x) and 0 # d(xo) €
Fs, 50 0 = (z0 — z0)*v(z0) = U(zo)d(x0), absurd because U(xo) has rank s.
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In [7, Proposition 1.11], it is shown that given three regular polynomial matrices
P(z), A(z), B(x) € M,(x), and if z( is neither a root of det A(z) nor a root of
det B(z), then v(z) is a root polynomial of order ¢ for A(x)P(z)B(zx) corresponding
to zg if and only if B(x)v(z) is a root polynomial of order ¢ corresponding to xg for
P(z). The next proposition generalises this result.

PROPOSITION 8.1. Let P(x) € F™*P[z], A(x) € My, (F[z]) and B(x) € My(Flx]).
Suppose that both A(xo) and B(xg), with xo € F, are full rank matrices. Then v(x)
is a root polynomial of order ¢ corresponding to xo for A(x)P(x)B(x) if and only if
B(z)v(x) is a root polynomial of order £ corresponding to xq for P(x).

Proof. Notice that if A(zg) and B(xzo) are full rank then A(z) and B(x) are
regular. In [7], a root polynomial is defined for regular square polynomial matrices, so
that condition 2 reduces to v(zg) # 0. Nevertheless, the proof given in [7, Proposition
1.11] for condition 1 does not actually use the regularity of P(x), and it is therefore still
valid when P(z) is not a regular square polynomial matrix. To complete the proof:
v(zg) € kery, A(x)P(z)B(z) < Jwi(x) € ker A(z)P(z)B(z) : wi(zo) = v(zo) &
Jws(z) € ker P(x) : wa(xo) = Blxo)v(zro) < B(xo)v(zo) € kery, P(x). To build
wa(z) from wi(x), simply put we(xz) = B(x)wi(z) and use the fact that A(z) is
regular. To build wy(z) from wo(z), let (B(x))~! be the inverse matrix (over F(x))

of B(x), which exists because B(z) is regular; then, put wy(z) = (B(x)) tws(z). O

Let v1(z),...,vs(x) be root polynomials corresponding to xg of orders £ < --- <
ls. We call them a maximal set of xg-independent root polynomials if:

they are xp-independent, i.e., vi(xg),...,vs(xo) are linearly independent;

no (s+1)-tuple of zp-independent root polynomials corresponding to xg exists;
there are no root polynomials corresponding to z( of order ¢ > /;

for all j =1,...,s — 1, there does not exist a root polynomial 9;(x) of order
EAj > {; such that 9;(x),vj41(x),...,vs(x) are zp-independent.

L

Aslong as det B(zg) and det A(xq) are nonzero, it is easy to check that vy (), ..., vs(x)
are a maximal set of zg-independent root polynomials for A(z)P(z)B(x) if and only
if B(x)vi(x),...,B(z)vs(x) are a maximal set of xg-independent root polynomials for
P(zx). The next proposition completes the proof of Lemma [B.11

PROPOSITION 8.2. P(x) € (F[z])™*P has a mazimal set of xg-independent root
polynomials, of order 1, ... L, if and only if (x — x0)", ..., (z — z0)*
mentary divisors of P(x) associated with xg.

s qre the ele-

Proof. Let S(x) be the Smith form of P(x), and recall that the inverse of a uni-
modular polynomial matrix is still a unimodular polynomial matrix [7]. Thus, in view
of Proposition Bl and Theorem 2.4} it suffices to prove the thesis for S(x). If S(z) is
the zero matrix, it has neither a root polynomial nor an elementary divisor, so there is
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nothing to prove. Otherwise, let v be the maximal value of i such that (S(x)):i # Op(a]
and for j = 1,...,p let e¢; € (F[z])? be the polynomial vector such that (e;); = d;;.
If v < p, [evt1,---,€p] is a minimal basis for ker S(z) and, being of order 0, also for
kery, S(z). Suppose that vi(x),...,vs(x) is a maximal set of zg-independent root
polynomials for S(x). Let k < v be the largest index such that (vs(zo))r # Op: there
must exist such an index because vs(xg) & kery, S(z). Let (S(2))kx = (v — x0)"0(x),
with 0(zg) # Op. We get (S(z)vs(x))r = (& — 20)"0(x)(vs(z))k, s0 p > £s. Actually,
= Ls, or e would be a root polynomial of order greater than ¢s, which is absurd.
Then let k' < v be the largest index not equal to k and such that (vs—1(zo))r # O (if
such and index does not exist, then vs_1(z) is, up to a vector lying in ker,, S(x), a
multiple of e; and thus 51 = /,: in this case, replace without any loss of generality
vs—1(x) by a suitable linear combination of vs_j(x) and vs(x)). Following an argu-
ment similar as above, we can show that (S(z))wr = (x — 20)%10(x), 0(x0) # Op.
We repeat the process until we find all the s sought elementary divisors. There can-
not be more, otherwise dimker S(xo) — dimker,, S(z) > s (notice in fact that each
elementary divisor associated with xg corresponds to a nonzero diagonal element of
S(z), say (S(x))i;, such that (S(zg)):; = Or). Then it would be possible to find an
(s 4+ 1)-tuple of xg-independent root polynomials, which is absurd.

Conversely, it is easy to check that e,_sy1,...,€, are a maximal set of z-
independent root polynomials. 0

REMARK 8.3. Root polynomials carry all the information on Jordan chains [7].
Let v(x) = Zf:é(ac—aco)ivi, v; € F™ be a root polynomial of order ¢ corresponding to
xg for P(x). It is possible to prove that then w(y) = Zf;é [d()] 1 n(y) —zod(y)]) vs
is a root polynomial of order mof corresponding to yo for Q(y). The latter formula
relates the Jordan chains of Q(y) at yo to the Jordan chains of P(z) at xo.

9. Conclusions. We have shown that if P(x) and Q(y) are polynomial matrices
whose entries belong to the ring of univariate polynomials in x (resp. y) with coef-
ficients in any field, and if P(x) and Q(y) are related by a rational transformation
x(y), then the complete eigenstructures of Q(y) and P(x) are simply related.
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