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PERTURBATION ANALYSIS OF Ag?)s ON BANACH SPACES*
FAPENG DU! AND YIFENG XUE?
Abstract. In this paper, the perturbation problems of Ag )S are considered. By virtue of the

gap between subspaces, we derive conditions that make the perturbation of A;? )s stable when T, S

and A have suitable perturbations. At the same time, explicit formulas for perturbation of Ag?)s and
new results on perturbation bounds are obtained.
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1. Introduction. In recent years, there have been many fruitful results concern-
ing the quantitative analysis of the perturbation of the Moore—Penrose inverses on
Hilbert spaces and Drazin inverses on Banach spaces. For example, G. Chen, M. Wei
and Y. Xue gave an estimation of perturbation bounds of the Moore—Penrose inverse
on Hilbert spaces under stable perturbation of operators, which is a generalization of
the rank—preserving perturbation of matrices in [4, [I5]. Meanwhile, many perturba-
tion analysis results of the Drazin inverse on Banach spaces have been obtained in
[1L 2] B] and [9], respectively, by means of the gap—function. Recently, G. Chen and
Y. Xue gave some estimations of the perturbations of the Drazin inverse on a Banach
space and a Banach algebra in [I3] and [I6], respectively, under stable perturbations.

Let X, Y be Banach spaces and let B(X,Y) denote the set of bounded linear
operators from X to Y. For an operator A € B(X,Y), let R(A) and N(A) denote
the range and kernel of A, respectively. Let T be a closed subspace of X and S be a
closed subspace of Y. Recall that A% )S is the unique operator G satisfying

(1.1) GAG =G, R(G)=T, N(G)=S5.
It is known that (LJ]) is equivalent to the following condition:
NA)NT={0}, AT+S5=Y
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(ct. 6 [7]). It is well-known that the five common kinds of generalized inverses (the
Moore-Penrose inverse AT, the weighted Moore-Penrose inverse AL ~» the Drazin
(=1)

inverse A", the group inverse A9 and the Bott-Duffin inverse A( L)l ) can be reduced

to an Ag?)s for certain choices of 7' and S (cf. [5l [6] [7]).

The perturbation analysis of A% )s has been studied by several authors (see [12]
I1), |17, 18]) when X and Y are finite—dimensional. A lot of results pertaining to
error bounds have been obtained. But when X and Y are infinite-dimensional, there
is little known about the perturbation of Ag% )S if ', S and A have small perturbations

respectively. In this paper, using the gap—function 5(, -) of two closed subspaces, we
give upper bounds of Hf_lg?,)’ o and Hflg?,{ g — A% )S|| respectively. The main result is

the following:
Let AJ/ A=A+ E € B(X,Y)and let T C X, S CY be closed subspaces such

that Ag?)s exists. Let 77 C X, S’ C Y be closed subspaces with §(T,T") <

2K
(1+k)(4+ k)

1

(1+r)2
~ 1 _

and (S, 5") < 3T Suppose that HA(T2)S||||E|| < . Then AS“Q'),S' exists

and

(1+6(5", )AL

1 (1+ /)3T, T7) — kb(S",S) — (1 +8(5", S)) | AL || Bl

|47 s — ATl _ A+ m)@T.T) +3(5',5) + (1 +3(5", S) AT 2]

IATS T 1= L+ R)S(T,TY) — kb(S",S) — (1+56(5", S))IAT S| E|

(2
IAT o

IN

where k = || A]| HA%2 )S | is called the condition number of Ag? )S These results improve
Theorem 4.4.5 of [14].

2. Preliminaries. Let Z be a complex Banach space. Let M, N be two closed
subspaces in Z. Set

S(M,N) = {;up{dist(x,]\f) |z e M, ||z|| = 1}, ﬁi }g?

where dist(z, N) = inf{||z — y|||y € N}. The gap 6(M,N) of M, N is given by

d(M,N) = max{d6(M,N),d(N,M)}. For convenience, we list some properties about
(M, N) and §(M, N) which come from [§] as follows.

PROPOSITION 2.1. Let M, N be closed subspaces in a Banach space Z. Then

(1) §(M,N) =0 if and only if M C N;
(2) 6(M,N) =0 if and only if M = N;
(3) O(M,N) = 5(N, M);
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(4) 0<6(M,N)<1,0<(M,N)<1.

An operator A € B(Z, Z) is group invertible if there is B € B(Z, Z) such that
ABA=A, BAB=B, AB= BA.

The operator B is called the group inverse of A and is denoted by A9. Clearly,
R(A9) = R(A) and N(A9) = N(A).

LEMMA 2.2. Let A€ B(X,Y). Let T C X, S CY be closed subspaces such that
Ag)s exists. Let G € B(Y, X) be an operator with R(G) =T and N(G) =S. Then

(1) R(AG) = AT, N(AG) = S and R(GA) =T, N(GA)NT = {0},
(2) GA and AG are group invertible and Ag?)s = (GA)IG = G(AG)I.

Proof. (1) Using AT +S =Y and N(A)NT = {0}, we can obtain the assertion.
(2) The assertion follows from [5, Lemma 3.1]. O

LEMMA 2.3 ([I0, Theorem 11, pp. 100]). Let M be a complemented subspace of
X. Let P € B(X,X) be an idempotent operator with R(P) = M. Let M’ be a closed

subspace of H satisfying §(M, M') <
H=R(I-P)+M.

————. Then M’ is complemented, that is,
1+ P

Let A € B(X,Y). Let T C X and S C Y be closed subspaces such that Ag)s
exists. Put k = || A]| ||A§?)S|\ The symbol x will be used throughout the paper.

LEMMA 2.4. Let A€ B(X,Y). Let T C X and S CY be closed subspaces such
A 1
that Ag?)s exists. Let T' be a closed subspace of X such that §(T,T") < o Then
' K

(1) §(ar, ATy < — 0T
1— (1+r)3(T,T)
(2) N(A)NT" = {0}.

Proof. (1) First we show 6(AT, AT") < || A|[[| AT |6(T, T") < w6(T, T").

Let z € T. Then z = A(TQBSA:L' and ||z|| < ||A§?)S||||A:EH For any y € T, we have
[Az — Ay|| < [|Allllz = yl|. So

dist(Az, AT") = inf |[Az — Ay|| < ||Al| inf ||z —
ist(Az, AT') = inf |[Az — Ayl < [|A] inf [lz —y]

= ||A|ldist(z, T") < ||All||z]|6(T, T")
< AN AP | Azl dist(T, T").

This means that §(AT, AT') < k6(T,T") < KS(T, 7).
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kO(T, T’ .
Next we show §(AT’, AT) < & = ) when §(T,T") < .
1— (14 k)o(T, T") 1+w

For each 2’ € T’ and x € T, we have

[A2"]| = [[A(z" =z + 2)[| = [|Az]| = [Allf]2" — =]

2 _
> | AZG )1l — | Afll2 — ]
2 —_ 2 _
> |AD || — A 2’ — ]| — Al |2’ — ]

2 —_ 2 _
> [|ATS 2| — (IATS I + LAl 1 — 2],
Thus,
(A=Y + LAl — 2| = [ AZS]~ 1| — | A=’
and consequently,

2 _ 2 _
AT '] — [ A2’ < |2/ | (1ASS 2 + [|AINS(T”, T),

that is,
(2.1) A 1Az = [L— (1 + | AIIAL ST, T)]l|2" )
Therefore,
dist(Ax', AT) < | A|dist(«',T) < || A|[||2’|6(T", T)
LAl Az'[|| AR5 18T, T")
= 2 ~ b
1— (1+ | AT ST, T7)
N /
o, 6(AT, AT) < —OTT) o §(m 1) < —
1— (14 K)d(T,T) l+k

The final assertion follows from above arguments.

(2) From (21)), we get that N(A)NT’" = {0}. O

3. Main results.

LEMMA 3.1. Let A€ B(X,Y) andlet T C X, S CY be closed subspaces such

A 1
that A(T2)s exists. Let T' be closed subspace in X with 6(T,T") < CESER Then

Ag?,)’ g exists and the following hold:

(1) AD g = AP+ (I - AT A)F(I+(AG)? AF) "1 (AG)?, where G, H € B(Y, X)

are arbitrary operators such that

R(G)=T, R(H)=T', N(G)=N(H)=S and F = H — G.
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(1 + H)S(Ta T/) ||A(2) H
1—(1+r)bT,T) "°
1AT |
(3) 14D sl < LS :
1— (1+r)8(T, T")

2 2
2) 1A% s — AZ%| <

Proof. Put Pargs = AA%)S. Then Par s is an idempotent operator onto AT
along S. By Lemma 2] (1), we have
kO(T,T") 1 1

S(AT, AT') < - < ,
( )< 1— (A +x)6T,T) 1+K = 1+|Pars]

when §(T,T") < So AT’ is complemented and AT' + S =Y by Lemma 23]

1
(14 k)2

Consequently, Ag?)y 5 exists by Lemma 241 (2).

Let G, H € B(Y, X) with R(G) =T, N(G) = N(H) =S and R(H) =T'. Then
by Lemma 221 we have

AP = G(AG)? = (GAYG, AF) g = H(AH)? = (HA)IH.
Put F = H —G. Then S C N(F).
Now we show that I + (AG)9AF is invertible. Let y € N(I + (AG)YAF'). Then
y = —(AG)? AFy € R((AG)?) = R(AG) = AT.
Hence,
AAL y =y = —(AG)? AFy = AAT sy — (AG)? AHYy.
So (AG)YAHy = 0. This indicates that
AHy € R(AH)NN((AG)?) = AT'n S = {0}.

From AHy = 0, we get that y € N(AH)NAT = SNAT = {0}, i.e., y = 0. Therefore,
I+ (AG)9 AF is injective.

Note that N((AG)?9) =S and AT'+ S =Y. So
AT = R(AG) = R((AG)9) = (AG)IAT' = R((AG)I AH),

and consequently, for any y € Y = S + AT, there is y; € S and y2 € R((AG)9AH)
such that y = y1 + y2. Choose z € Y such that yo = (AG)AHz. Write z = z1 + 22
where z1 € AT and 29 € S. Since N(H) = S, y2 = (AG)9AHz;. Set & = y1 + 2.
Then

(I + (AG)IAF)E = (I — AAT, + (AG)IAH )¢
= (I — AATY)E + (AG)IAHE = y1 + (AG) AHz
=n+ty2=1y,
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that is, I + (AG)9AF is surjective. Therefore, I + (AG)9AF is invertible and I +
AF(AG)Y is invertible too.

Put
D = AP + (I - AZGA)F(I + (AG)I AF) "L (AG)".

It is easy to verify that DAD = D and N(D) = S. Since (I + (AG)IAF)"Y(AG)Y =
(AG)?(I + AF(AG)?)~" and

D = AP + (I — ATSA)F(I + (AG)IAF) Y (AG)?
= G(AG)? + (I — G(AG) A)F(I + (AG)? AF) "' (AG)? AG(AG)?
= (G+ G(AG)YAF + F — G(AG)?AF)(I + (AG)? AF) " (AG)?
= H(I + (AG)?AF) " (AG)?
— H(AG)Y(I + AF(AG)?)~ ",

by Lemma 221 (2), we have that
R(D) = R(H(AG)?) = H(AT)=H(AT +S)=R(H)=T".
Thus, A} g = D.

Put W = Ag?'),s — Ag?)s Forany £ € Y = AT' + S, there is u € AT and v’ € S
such that £ = u +u'. Choose x € Y such that u = AA%?,)SJJ. Since dist(Ag,)Sx, T) <
|‘A¥,)7S$||5(TI, T), for every € > 0, we can find y € Y such that

2 2 2
IAT s — AL syll < | A g2 ||8(T, T) + .
Set v = AA%)Sy. Then

2 2 2
lu— ]| = || AAY) go — AATy|| < | AlI| AT gz |6(T", T) + || Alle.

Consequently,
2 2
IWell = [Wul| = [|AT su — AT su
2 2 2 2
< [|AP) gu — AL gol| + AT gu — AP0
2 2 2
< |IAP) gz — ALyl + [ ADg ]l lw — o]
(3.1) < (1+#)| AR g2 |6(T", T) + (1 + w)e.
Since

2 2 2 2
(3.2) 1AD) x|l = | AR qull = |We + ARsell < AL IEN + [Well,
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it follows from (3] and (3.2) that
IWel < 1+ m)IAZSIIEN + IWENST', T) + (1 + w)e,

(1+ K)3(T",T)
(L4 r)o(T",T)

and hence, |[W¢|| < = |\A§?g|\|\§|\ by letting € — 0T. Therefore,

145 — ARy < LDy 40
SUS T T RS, T)

Furthermore,

IAZ sl = 1w + AT%| < [W| + [ AT
(14 K)d(T",T)
— (1 +r)(T",T)
1A |
1— (1 +r)6(T,T)

2 2
1A + [ AZS

LEMMA 3.2. Let A€ B(X,Y) andlet T C X, S CY be closed subspaces such
A 1
that Ag?)s exists. Let S” be a closed subspace in'Y such that 0(S5,S") < CE Then
’ K

A(TQ)S/ exists and the following hold:
(2) (2) (2) g g 44 __
(1) Arls = Ar g+ Ay s(I+(AG)YAF) Y (AG)9AF (1 AAT,S), where FF = H—G
and G, H € B(Y,X) are arbitrary with R(G) = R(H) =T, N(G) = S and
N(H)=5".
1+8)6(5,S), 2
5 A<2)_A<2>/<( 005, 5) ) 42
@) 148% — Ay | < S 2L IAR.
1+ 5( ) (2) Al
K 6(5",5)
Proof. Let Pg a7 = I — AA(2) be an idempotent operator from Y onto S along
AT. Since ||Ps,ar] <1+ HAHHA SH =1+ &, we have §(5,5") <

(&HA%QH_

= 14| Ps, ATH
Y = AT 4+ S’ by Lemma 23 Noting that N(A) N T = {0}, we get that A(T’)S, exists.

Using the facts:
AT +S=Y =AT+S', NA)NT={0}

and the similar method appeared in the proof of Lemma Bl we can deduce that
I+ (AG)9AF is invertible and so is the operator I + AF(AG)Y.
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Put D = A (I + (AG)?AF) "' (AG)9AH. Then R(D) C T, ' C N(D) and

AP + AT (I + (AG)I AF) Y (AG)TAF (I — AATY)
= AP + ATS(I + (AG)IAF) Y1 + (AG)IAF — I)(I — AATY)
= AP (I + (AG)PAF) M I + (AG)IAF — (I — AAL)))
(3.3) = AR (I + (AG)P AF) "1 (AG)? AH.
Clearly, DAD = D by (33). In order to obtain Ag% )S = D, we need only to prove
that T C R(D) and S’ D N(D).
Since AT +S5 =Y and N((AG)9) =S, R(H) =T, it follows that
R((AG)?) = (AG)Y AT = R((AG)?AH),
and hence,
R(D) = AT (I + (AG)YIAF) ' R((AG)?) = R(ALS(AG)I(I + AF(AG)?)™Y)

= ATGR((AG)?) = AQGAT = AQ (AT + S) = R(AT)) = T.

Now let z € N(D) and put y = (I + (AG)YAF) 1 (AG)YAHxz. Then y € S and
y € R((AG)?) = AT. So y = 0 and consequently, (AG)?AHz = 0. But this means
that AHz € ATNN((AG)Y9) = AT NS = {0}. Thus, AHz = 0 and Hz = 0. Since
N(A)NT = {0}, it follows that € N(H) = S’. Therefore,

AP = A1 + (AG)? AF) ™ (AG)? AH.

Put B' = I — AAY),, B =1— AAY). Note that
2 2 2 2 2 2 2 2
W= AR, — AR = D — AP, AN, — AD (AN, — 442

So, W = APW(AAY)y — AATY,) = AP%(B' — B). Since B'¢ € §', V¢ € Y, we

have dist(B’¢,S) < 6(57,9)||BE||. Thus, for any € > 0, there is u € Y such that
|1B’¢€ — Bu|| < 0(5’,5)||B’€|| + € and so that

IAYG(B'E — Bu)|| < 8(5", 8)| B'E|AL ] + | AL Je.

Noting that A(T27 )SB = 0, we have

IWell = AP (B'e — Be)|| = | AT (B'€ — Bu)|
< 8(8", 9)IBEN AL, + |AT s e.
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But || B'E| < [l¢]l + Al AZs¢ — Well < (1+ w)llg] + 1Al We]. Thus,

(34)  [Wel <88 SIALN + m)lEl + IANWED + ALy e
@) indicates that |W]| < %m‘?) | and
AR5 < AT+ W) < H815) ey g
—Ré(s, 8T

We now present our main result of this paper as follows.

THEOREM 3.3. Let A € B(X,Y) and let T C X, S C Y be closed subspaces
such that Ag?)s exists. Let T' C X, S" CY be closed subspaces such that §(T,T") <

and §(S, ") <

1
- respectively. Then Ag?,{ o exists and the following hold:

_
(1+k)?
(1) AP g = AT+ (1 — ATGAF(I + (AG)PAF) "} (AG)*
+{AT + (I - ATSA)F(I + (AG)? AF) "1 (AG)%}
x (I + (AG)TAF) Y (AG)IAF(I — AATL)(I + AF(AG)?)~!
(L+R)(O(T,T") +5(5", 5) A2,
1— (1+&)6(T,T") — k6(S5", )
1+(§(S/,S) ” (2) ”
1— (14 K)S(T,T') — k(5" S)
where G,G, H € B(Y,X) are such that R(G) T, R(G) = R(H) = T', N(G) =

2 2
2) AT g — AT <

(3) 1A% o <

N(G) =S, NH)=S"and F =G -G, 71— G.
Proof. Since & (T, 7" < ﬁ, it follows from Lemma[3.1] that Ag%) g exists and
P .
lANIAS 5]l < <14k,
- (1 + K)é(Ta TI)
R 1 1
5(S,9") <

<
2
2414k o4 || A|AR sl
Thus, by Lemma [3.2] we have that Ag/), o exists and
(35) AR = AP ¢+ AP (I + (AG), AF)TH(AG), AR (I — AAG) )

by Lemma B2} where G, H € B(Y, X) with R(G) = T', N(G) = S and R(H) = T,
N(H)=S"and F = H — G. By Lemma 311 we have

(3:6) APl = AT+ (= AZSAF( + (AG)TAF) ™ (AG) AAT .
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Combining (30 with B.0G]), we get that

AR o = AT +( I — ATGA)F(I + (AG)T AF) 1 (AG)
+{AP) + (I~ ATSA)F(I + (AG)IAF) 1 (AG)?}
x (I + (AG)TAF) Y (AG)IAF(I — AATL)(I + AF(AG)9) ™!
By Lemma Bl and Lemma B.2] we have
14T 5 — ATKN < 14505 — AR sl + 1A 5 — AT
<1+ AN AT sI1)é(s" ) 4@ 4 (1+H)5(T, 1) |4,
—AAR lI3(s7, 8) T 1= (14 ®)A(T,TY)
(1 +K)3(S", 5)(1 78<T,T'>> A
{1—(1+r)(T,T") - feé(S’ S)HL = (1 +r)o(T, T")}
(1+m)O(T,T") 1A
— (1+K)(T,T")
(14 r) (T, T") 4+ 5(5", )

= - 20| AR,
1— (1+r)(T,T") — k6(S", S)

2
1A o/

IN

1A 5 — ATl + I AT sl
(14 r)((T, T") + 5(5", )
T 11— (1 +R)(T,T) — K6(S,S)
1+6(5,S)
T 11— (1 +R)(T,T") — K6(S",S)

2 2
IAS ]+ 14D |

2
1A%, O

LEMMA 3.4. Let A, A= A+E € B(X,Y) and T C X,S CY be closed subspaces
such that Ag?)s exists. If ||A§?),S|\|\E|\ <1, then

7(2 2 —14(2 2 2) \—
Ay = (1 + ALSE) AL = AT+ BATY) ™

and
(2)
(2 A7 sl 2 2 1A 11212
ARG < —=FE AR - AQy | < — S
1= (A7l E] 1- HAT,sHHEH

Proof. HA%Q) IE|l < 1 implies that (I 4+ A(2) E)~! exists. Since

(I +APSE) AP = ALG(I + BATY),
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we have
(I + AQE)TAR = AP (I + BAY)) ™

Put B = (1+ AF5E)'AP%. Then R(B) = R(AY%) = T, N(B) = N(AFs) = S
and B(A + E)B = B. Therefore, A7y = (I + AT E) ' AL with

A2 17 + Ay ARy < —ArS]
@B sl < ————
1- ||A(T)s||||E||
@
o e IAGLEE)
IAR — ARG = [ — (I + ARG E) T ATGEAT | < W'
- T,S

We close this section by giving the perturbation analysis for Ag )S when 7', S and
A all have small perturbations.

THEOREM 3.5. Let A,A=A+E € B(X,Y) andletT C X, S CY be closed sub-

spaces such that Ag)s exists. Let T' C X, S’ CY be closed subspaces with S(T, T <

a 1 2) 2K
do(s, 8"y < ——. 8 that || Al El< —————. Th
an ( ) ) 3+k uppose tha H T,SHH H (1+I€)(4+,‘€) en

_
(1+k)?
(1) AR g = (L + APRE + (I - AQGA)F(I + (AG)IAF) ™Y (AG)E
+{AP) + (I — ATSA)F(I + (AG)IAF) L (AG)7}
x (I + (AG)7AF) Y AG)YIAF(I — AALL)(I + AF(AG)?) ' E] !
x [ADs + (I — AP AVF(I + (AG)IAF) L (AG)?
+{AP + (I = ATSA)F(I + (AG)IAF) " (AG)*}
x (I + (AG)IAF) Y (AGYIAF(I — AATS)(I + AF(AG)?)~1);
(1+5(5", )AL ,
L— (L+R)J(T,T") = r8(S", S) = (14 5(5", ALK E
1475 — AT .- (L+R)@(T.T) +5(5".5) + (1 +5(5". 9) [ A7 5 || 2]

) 475/ <

(3) (2) ’ SeQr 5(qr (2) '
AT sl — (L4 R)O(T, T") = k(5. 8) — (1+8(5", 9)) | AL S || E|
where, F = G — G, F = H G and G,G,H € B(Y, X) are arbitrary such that
R(G)=T, R(G)=R(H) = (G) N(G)=S and N(H) = S".
( (1+3(8", 8) | AL

Proof. We have A 2,) , exists and A(Q,) Al < ~ =
4 s Izl < 1— (14 r)(T,T") — k6(S", S)

(1+r)(4 + &) |ATSIE)
2K

Theorem 33 Thus, HA(TQ,)VS,HHEH < < 1 and hence A(TQ,)’S,
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exists with Ag?,)’ o =U+ Ag?,{ S,E)_lAg?,)’ o by Lemma B4l It follows from Lemma
B and B2l that

AD) o = [[+ AQGE + (I - ATSAF(I+ (AG)IAF) Y (AG)'E
+{ATS + (I - ATSA)F(I + (AG)TAF) " (AG)%}
x (I+ (AG)7AF) YAG)Y AF(I — AAQ)(I + AF(AG)?) ' E]
x [ADs + (I — AT AVF(I + (AG)IAF) L (AG)?
+{ASS + (I - ATGA)F(I+ (AG)PAF)L(AG)%)
x (I + (AG)PAF) Y AG)IAF(I — AAL)(I + AF(AG)?)™Y.

Furthermore,
2)
A gl < — ot
/7 ’ -~ 2
L= A7) s 1B

(1+5(5", )AL
1~ (1+&)3(T, T7) — kb(S", S) — (1 +8(5", S))IAL || Ell

IN

Notice that

(2 2 2 — 2 2
Ay — ARy = (1 + AT ) AR~ A,
2 — 2 2 2
=+ A(Tf),S/E) 1(A(T/),S’ -+ A(T/),SIE)A(T,)S)
2 — 2 2 2 2
= [+ AP o BNAD 5 — AT — AP 5 BATY,).

Thus, we have

- _ 2 2 2

1A 5 —ATKN < (I + AR o B) I (1AF) 5 — AT%N + 1A 5 EATS])
1

< - 0
— 2

1| AZ s 1Bl

(L+R) (ST, T +8(S", 8)+(145(S", )| AL || Bl
T (14+R)(T, T~ k(S", ) — (1+3(S", 9)) | A% | Bl

2 2 2 2
(1A g — AZGI + 14D o I ENAZS1)

1AS]I.
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