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THE M-COMPETITION INDICES OF SYMMETRIC PRIMITIVE
DIGRAPHS WITHOUT LOOPS*

YANLING SHAO', YUBIN GAOT, AND ZHONGSHAN LI#

Abstract. For positive integers m and n with 1 < m < n, the m-competition index (generalized
competition index) of a primitive digraph D of order n is the smallest positive integer k such that for
every pair of vertices z and y in D, there exist m distinct vertices v, v, ..., vm such that there exist
walks of length k from z to v; and from y to v; for each ¢ = 1,...,m. In this paper, we study the
generalized competition indices of symmetric primitive digraphs without loops. We determine the
generalized competition index set and characterize the digraphs in this class with largest generalized
competition index.

Key words. Competition index, m-Competition index, Scrambling index, Generalized compe-
tition index.
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1. Introduction. For terminology and notation used here, we follow those in
BL5]. Let D = (V, E) denote a digraph on n vertices with the vertex set V = V(D)
and the arc set E = E(D). Loops are permitted but multiple arcs are not. A walk in
D is a sequence w = vy - - - v such that for 1 < i < k, there exists an arc from v;_1
to v;. A digraph D is called primitive if there exists a positive integer k such that for
any pair of vertices u and v, there is a walk of length k from vertex u to vertex v.
The smallest such k is called the ezponent of D, and it is denoted by exp(D). It is
well known that D is primitive if and only if D is strongly connected and the greatest
common divisor of the lengths of all the cycles in D is 1.

The length of a walk w is denoted by I(w). The distance from vertex u to vertex
v in D is the length of a shortest walk from w to v, and is denoted by dp(u,v)
(or simply d(u,v)). For X C V(D), set d(u,X) = minyex d(u,v). The notation
u -5 v indicates that there is a walk of length k from u to v. For distinct r vertices
V1,03, ..., VU, the notation C). = v1vs - - - v,.v1 means that C,. is the r-cycle consisting
of the arcs (vy,v1) and (v;,vi41),1 < ¢ < r —1. Let D be a primitive digraph of
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order n. For positive integers m and n with 1 < m < n, we define the m-competition
index (generalized competition indez) of the primitive digraph D, denoted by ky, (D),
as the smallest positive integer k such that for every pair of vertices x and y, there
exist m distinct vertices vy, va, ..., v, such that x k, v; and y LN v; in D for each
1=1,...,m.

Akelbek and Kirkland [T}, 2] introduced the scrambling index of a primitive di-
graph D, denoted by k(D). Kim [5] introduced the m-competition index as a gener-
alization of the competition index. In the case of primitive digraphs, the definitions
of the scrambling index and 1-competition index are identical, i.e., k(D) = k1 (D).

For a positive integer k and a primitive digraph D, we define the k-step outneigh-
borhood of a vertex x as

N*(D*:2) ={v e V(D) |z -5 v}.
The k-step common outneighborhood of vertices x and y is defined as
NH(D*:z,9) = NY (D" : ) n NT(DF : ).
The local m-competition index of vertices x and y is defined as
km(D : 2,y) = min{k : [INT(D" : z,y)| > m, for all t > k},
and the local m-competition index of x is defined as

k(D :x) = k(D : x, .
(D) = max {kn(D:2.0))

Then we have

km (D) = xg‘lfaz)j(j) km(D :x) = x,ynel%}((D) Em(D : x,y).

The m-competition index is a generalization of the scrambling index and the
exponent of a primitive digraph. It was known that for 1 < m < n (for example see

1),
k(D) = k(D) < ks(D) < -+ < kn(D) = exp(D).

A symmetric digraph is a digraph such that for any vertices u and v, (u,v) is an
arc if and only if (v,u) is an arc. An undirected graph (possibly with loops) can be
regarded as a symmetric digraph.

There has been interest recently in generalized competition index [5] [6] [7, [@]. Let
SY denote the set of all symmetric primitive digraphs of order n without loops. In
this paper, we study the m-competition indices of digraphs in SO with n > 6. We

determine the m-competition index set for S?, and characterize the digraphs in S9

n’

with the largest m-competition index.
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2. The generalized competition indices for special graphs. In this section,
we study the generalized competition indices for some special graphs. Let S, (r)
denote the set of all symmetric primitive digraphs of order n having a cycle of odd
length r but no cycle of any odd length less than r.

LEMMA 2.1. Let G € S,(r) and C,. be an r-cycle in G. For any positive integer
k and any vertex u € V(C,),

INT(G* : w)NV(C,)| = min{k + 1,7}.

Proof. Set C,, = vyvy - --v,v1. Note that for any positive integer k and any vertex
Vi € V(Cr),

Vi Uity v ooy Uity Vi 2y Vil o o+ Vi ke if k is even
NJr(Gk :vi)ﬂV(C’r) { { iy Vi42, s Vitk, Vi—2,Vi—4, s Ui }7 . ) )
{Vig1,Vi43, - -, Vigk, Vi1, Vim3, ..., Vi—k }, if k is odd,

where the vertex subscripts are taken modulo r. Then

k+1, if1<k<r—1,

+ k.o, =
INT(GF - v) NV (C,)| {7“7 if k>,

that is, INT(G* : v;) N V(C,)| = min{k + 1,7}. O

Now, we study the graphs in Figure 1, where r is odd with 3 <r <n — 1, and

1<i<n-—r.
V1 Ur+1
Ur  Urgl  Urg2 Ur4i—1 Ur+i+1
\.

Figure 1. Graphs G,;.

Un

THEOREM 2.2. Let G, be primitive graphs as shown in Figure 1. For 2 <m <
n—1,

I+ [H2=2] if 2<m<r-1,
km(Gri) =4 1+m—1, if r<m<r+1-1,
20+ 71 —1, if m>r+1.

Proof. We prove the statement case by case.

Case 1.2 <m<r-—1.
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Let C, be the only r-cycle in G,;. For any v;,v; € V(G,;), note that

-1
d(v;, Cr) <1, d(v;,Cy) <1, and r 5 < {

Ifi>r+1land j > r+1, then by Lemma [ZT]

INT(G, ﬂ—?J L, v5)|
WG v
@ g v

_ |N+(G7L7%J L) V(G|

-2
= min{ {%J +1,r}

V+m2J

> {Whlzm

If i <r+1, then l — d(v;,C;) > 1. By Lemma 2]

IN*(G, H‘L—J v) NV (C)|
l_d(v“cr)-l- %
IN*(G,, B

B IN*(G, l‘ﬂwj :

s ) NV(CH], i r<i<r+l
v;) NV (Cy), if i<r—1

-2
%JH,T}

= min{l — d(v;, Cy) + { 5

—2
> min{ {%J Lo

_ V—l—m—2

2.
|+

So,ift <r+1lorj<r+]l, then

l+\_7+7” 2J

INT(G, L i ;)|

> NG v nvien)

:‘(NJF(GITJ;VMLQ i)mV(cT))m(NﬂG”W’"*zJ b)) NV(C))|
>[N+ (@, &y nvie )|+ |+ A QJ;uj)mV(CT))\—r

-2
22{%J+3r2m.



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 23, pp. 457-472, May 2012
The m-Competition Indices of Symmetric Primitive Digraphs Without Loops 461

Therefore, kp, (Gri) <1+ LHZ@—#J :

We now show that ky,(Gr 1) > 1+ L”‘";—QJ —1.If L”‘";—QJ — 1 is even, then

NrelTE L avien

7l

= {vp, V2,04, ... ,Ul—wﬂgqj_l,vr,g, Up—dyeey 1)7,_|—7v+7;72j+1},

r+m—2
Ve Ly nvien)

= {v1,vs,... JU| reme2 |y Vr—1, V=3, - - ,UT_L%&J},
and
(N+(GTL’;+7§72J71 Sup) N V(C’,.)) N (N"’(Gl;%J dup) N V(C’,.))
{ {UT_L%&J,...,ULWJ}, if m > 3,
?, if m=2.

If LH'";—QJ — 1 is odd, then the result follows in a similar manner. Thus,

|N+(Glrﬁv+7gizjil L Upls Uppi—1)|

= @ v v

= ‘(NJF(Gi:LwJﬂ tUpgr) N V(C,.)> N (N+(G$L¥Jil P Uppi-1) N V(Q«))‘
- ‘ (NWG,LT?_QJ” L0) NV(C)) 0 (N*(G,L,;H;’_?J o) V(G

<m-—1.

S0 ki (Gry) > 14 | ZF2=2] — 1. Then ky,(G,y) = 1+ | =H2=2] .

Case 2.r<m<r-+1{-—1.

For any v; € V(G,,), we will show that {vi,va,...,vm} C N*(Giﬁm_l : v;). First,
consider a vertex u € {Vy41, Vrpi41,---,Un}. Note that w = wv,qy—1 - - vy, is the walk
from u to vy, of length r 41— m. Since r +1—m and | +m — 1 have the same parity,
and r +1—m < [+ m — 1, we have v, € N+(Giﬁm71 : u). Note that there exist
two walks w; and ws from w to v; (1 <4 < m — 1) such that [(wy) < 14+ m — 1,
l(we) <l+m—1, and I(w1) and l(wz) have different parity. So v; € N*(Gi’l ).

Next, for any vertex v;, 1 < i < r 41— 1, we can show {v1,ve,...,0n} C
N+(Giﬁm*1 : v;) similarly. Then |N+(Gi,ﬁm71 :v;,v5)| > m for any v;,v; € V(Gyy),
and kn, (Gry) <l+m—1.

We now show that k,,(G,;) > 1+ m —2. If | + m — 2 is even, then

N (Giﬁ"“2 D Uptl)
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=V(Gr)\{vk |m<EkE<r+1—1, and k= (I +r —1)(mod 2)},
NHGH 2 s o)

={v1,v2, .., i1\ {vok [ Mm+1<EkE<r+1-2 and k = (I +r — 2)(mod 2)}.
Therefore,
N+(Giﬁm72 S Upg—1) N N*‘(Giﬁmf2 s Upgr) = {v1,v2, ., Um_1 )

If I+m—2is odd, then the result follows in a similar manner. So kn,(Gr;) > I+m—2,
and kp, (Grp) =1+m — 1.

Case 8. m >r +1.

On the one hand, it is easy to see that for each vertex v;, N (Gilf"“_1 cv;) = V(Gra),
80 km(Gr1) <20+ 7 —1. On the other hand, since

|N+(G3fl+r72 cUpgr)| = {1, 02, Vg1 =T+ L1 <m,

we have ky, (Gr;) > 21+ r—2, and k,,(G,,;) = 2l +r — 1. This completes the proof. O

COROLLARY 2.3. For2<m<n-—1,

n—r—i—LmﬁJ, if 2<m<r-—1,
n—r+m-—1, if r<m<n-1.

G = {

Next, we study the graphs in Figure 2 , where r is odd with 3 <r <n — 3, and
1<i<n—r-2.

V1 Un—1

Ur  Urgl  Urg2 Vpgi—1 Un—2

® Uryi
Figure 2. Graphs @T,l.

THEOREM 2.4. Let @,.J be primitive graphs as shown in Figure 2. For 2 < m <
n—1,

I+ [&=2=2]4+1, if 2<m<r—1,
km(@,l): l+m, if r<m<r+1-1,
20+, if r+l<m<n-—1.
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Proof. We prove the statement case by case.
Case 1.2 <m<r—1.

Let C, be the only r-cycle in G,.;. Note that d(v,,C,) =1+ 1, d(v;, C,) < [ for any
v; # Up, and

T_lg V—l—m—Z

<r—2.
2 2 J—T

For any v; # v,, by Lemma 2.1]

l+|-7'+7;L72J +1

|N+( D Vi, Up)]
> N @ J“:w,vnmww
7+7n 2 7+7n 2
‘NJF ”L oy ave, ‘NJF ”L o ynvie)| - r
—9 —9
:min{l—i—v—’—? J—|—1—d(vi,C,«)—i—l,r}—i—min{V—i_?; J—i—l,r}—r
—9 _9

zmin{{%J ro.r)+ {%J +1-7
2{#J +3—r>m.

For any v; # vp, and vj # vy,

l+L7+7n 2J+1

|N+( 1 Uz'7Uj)|
> v @ ) nven)

>[Nt @ lem I nvie |+ [V ,}%J“:%)mvwﬁ)‘w
22min{q%2_2J+2),r}—r

o[22 ) 2

Therefore, ky, (G,;) <1+ L_T+7721_2J + 1.

Now, we will show that k,,,(G,.;) > | + LT'H;_QJ If LH"” 2J — 1 is even, then
s
NT(G, cu) NV(C)
= {Ur; V2,V4,y... ,UL7v+7éL72J71,UT,2, Up—4y.. .y UT7L7v+7éL72J+1},

| rtm—2
NG Ly nvien

= {vl,vg, - ,UL7+7572J sy Ur—1,Upr—3, ... ,UT7L7.+7§72J },
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and
sl gl
(N (Gry Sup) N V(C’,.)) N (N (G Sup) N V(C’,.))

B {U7‘_|—T+7;L—2J7...7U|-7‘+7‘;,—2J}, if m > 3,
| o if m = 2.

If L”‘";—QJ — 1 is odd, then the result follows in a similar manner. Thus,

_ r4+m—2
N @ o)
. r+m—2
@l v
| mtm=2 g | mtm=2
_ ‘(N*(GTLJ R ﬂV(CT)) N (N+(G,L,l Lo mV(CT))‘
<m-—1.

S0 km(Gry) > 14 [“2=2| . Then ky,(Gry) =1+ | =2=2] + 1.
Case 2.r<m<r-+1{-—1.

For any v; € V(G,.;), by similar arguments as in Case 2 of the proof of Theorem 2.2}
we have

{v1,v9,...,0m} C N'W@iﬁm S U;).
S0 ki (Gry) <1+m.

Now, we will show that km(ar,l) >l+m—1. If l+m — 1 is even, then

N+(§i§m71 tUp)

={v1,v2, ..., pp—1, U \{oe | M <k <r+4+1-2, and k= (I +r —2)(mod 2)},
NY@A T o)

={v,ve,.. ., 01\ {og |m+1<k<r+l-1, and k= (I 4+ r — 1)(mod 2)}.

Therefore,

—l+m—1 —l+m—1
N+(G,.7lm D Un) N N+(G,.7lm P Un—1) = {V1,V2, .., U1}

If I+m—1is odd, then the result follows in a similar manner. So kn,(Gr;) > I+m—1,
and ky, (Gry) = 1 +m.

Case S.r+1<m<n-—1.

On the one hand, it is easy to see that for each vertex v;, V(G,.;)\{vn} C N* (Gfll” :

v;), 80 ki (Gr1) < 214 r. On the other hand, since

—2l+r—1
NY G ton) = {vi, v, vt} U {on

—2l+r—1
N+(Gr,l " I’Un_l):{’ljl,’ljg,...,’l}n_l},
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we have
—2l+r—1 —2l+r—1
+ . + . — —
INT(G,., tun) NNT(G tUn—1)| = {v1,v2, . vppa | =r 4+l -1 < m.

So, km (@T,l) > 2l +r —1, and kn(Gyr) = 20 + r. This completes the proof. O

Now, we consider the graph G, as shown in Figure 3, where r is odd with 3 <
r <n.

U1

). .

Ur—1

Figure 3. Graph G,.

THEOREM 2.5. For2<m<n-—1,

| ==L i 2<m<r—1,
r—1, if r<m<n-—1.

fnlGr) = {

Proof. We prove the statement case by case.
Case 1.2 <m<r-—1.

Write C). = vivs - - -v,v1. Note that for any integer 1 <! < r — 1 and any vertex v;,
if r <4 <mn, by Lemma 21]

INF(GL - v) NV(C)| = |NHGL :v,)nV(C)| =1+ 1.
If 1 <i<r—1, by Lemma 2T]

INT(GL :v)) NV (C)| =14 1.

For 2 <m <r—1, and any v;,v; € V(G,), noticing that = < |=2=1| < — 1,

we have

r+m—1 J

Nl )

O e
> [N*(Gy cvg,0;) N V(G|
r+m—1 rtm—1

> ‘NJF(G,I:TJ :vi)ﬂV(CT)‘Jr‘NJF(Gl‘ =) cv) NV(CH)| =7

and so kn,(G,) < |21,
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Now, we will show that kp,(Gr) > [ 2= | — 1. If | “2=L | — 1 is even, then
r4m—1 |
N+(G,L e D)

= {’1)2,’1)4, oo av\_%J_lavrf%vrféb cee 7UT_L%J+1} U {vraerrla o 7vn}7

rdm—1|_
N+(G.,L 2 J ! :’Ul)

= {’Ul,’U3, ce ,’ULTJFZLAJ,U,«_l,U,-_g, .. .,U7‘_Lr+7;,—1j+2}.

If | =22=1| — 1 is odd, then
NrELTE )

= {’U17’U3, ce ,ULT+7;71J71,U,«_1, Upr—3,.-- 7UT*LT+7§71J+1}7

r+m—1|__
NrETET )

= {vg,vg,... V| ramet |5 Ur—2, Ur—d, .- ,UT7L7.+7§—1J+2} U {vp, Upg1ye -y Unt
Then
rtm—1]
N*(GEL =l Uy, V1)
rtm—1]_ rtm—1]_

e ) anr el )

= {UT_\_T+7‘;1,71J+1, ’U,,,_I—r+72n—1J+2, ce ,’Ul—r+7;,71J },
and

rtm—1]_ -1
|N+(G,L ] DU, 1) =2 {%J —r<m-—1.

rdm—1|_
The fact that |N+(G,L 3=t :vp,01)| < m—1implies that k, (G,) > | =5 | -1
Therefore, ky, (G,) = [“H2=L] for 2 <m <r —1.

Case 2.m<m<n-—1.

It is easy to see that for each vertex v;, N+(G;I—1 ;) = V(G,). Sor—1=k,._1(G,) <
km(G,) <r —1, and we have k,,(G,) =7 — 1.

The theorem follows. O

Now, we consider the graph G, as shown in Figure 4, where r is odd with 3 <
r<n-—1.
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U1
Un—1
Un
Ur—1

Figure 4. Graph G,.

THEOREM 2.6. Forr<m<n-—1, k,(G,) =r.

Proof. On the one hand, it is easy to see that NT(G. : v;) = V(G,) for each
vertex v; # v, and N*(G.. : v,) = V(G,)\{vn}, 50 kpn(G,) < 7. On the other hand,
we have

—r—1

Nt (G, :v,) = {vn,v1,2,...,0r_1},

—r—1

N+(GT :Un_1)={U1,U2,...,Un_1},
and
—r—1 —r—1
INT(G, " :v,)NNT(G,  :v,1)| = {v1,v2,...,001} =7 —1<m.

Therefore, k,,,(G,) > r — 1, and the theorem follows. O

3. The generalized competition index set of SY. For 1 < m < n, let
En(r) = {kn(G) | G € Sp(r)}, Em = {kn(G) | G € S%}. Tt is known that E,, =
{2,3,...,2n—4}\ S, where S; is the set of all odd numbers in {n—2,n—1,...,2n—5}
(B]), and E1(r) = {52, 55241, ... ,n— "3} (Theorem 3.3 in [4]). Note that 1 < 252,
and n — TTH < n — 2 for any odd number r > 3. We have Ey(r) C F1(3) for any odd

r with 3 <r <mn,andso E; ={1,2,...,n —2}.

In this section, we show that

B {1,2,...,n4+m—4}, if2<m<n-2,
" {2,3,...,n+m—4}, ifm=n-1

We also characterize the graphs in SO with the largest generalized competition index
n+m —4.

THEOREM 3.1. For any graph G € S,,(r), 3<r<n—-1,and2<m<n-1,

n—r+ |22 f 2<m<r—1,

k‘m(G)Sk’m(Gr,n—r):{ n+m—r—1, if r<m<n-—1.

Proof. Let C, be the cycle in G of length r. For any v;,v; € V(G), let P; be the
shortest path from v; to C;, P; the shortest path from v; to Cy, V(P;))NV(C,) = {u;}
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and V(P;) NV(C,) = {u;}. Then {(P;) < n —r, and [(P;) < n —r. Consider the
following cases.

Case 1.2 <m<r-—1.

For any v;,v; € V(Q), it is clear that [(P;)) <n—r—1or I(P;) <n—r—1. Without
loss of generality, we assume that [(P;) <n—r—1 and I(P;) < n—r. By Lemma[2T]

NG ) v
> |N+(Gn—r+|—r+7;72j_l(Pi) : Uz) N V(C7')|
=min{n —r + {LT;MJ —U(P)+1,r}

LZ”J(W,T)H,T}

) )
— min{ {%J t1,r) = {%J 41

zmin{nrJrL

2
Similarly,
. r+m—2 — 2
N =] ) nvie)] > {%J +2.
Therefore,
g | TEm=2

INF(Gm ] 0y))

> NF(G T g nv(e)

> ‘N+(G"—T+L”?”J L o) V(O + ‘N+(G”—T+L”2“J L0 V(G| =7

-2
22{%J+3r2m,

and 80 kn, (G) <n—r+ | 2222
Case 2.7 <m<n-—1.

For a vertex z € V(Q), if d(z,C;) < n—r—1, then from z to each vertex v € V(C,),
there exist two walks of lengths [; and I3, respectively, such that [; and ls have
different parity and max{ly,l2} <n —1. So V(C,) C NT(G"™! : x).

If d(x,C,) = n — r, denoting by P, the shortest path from x to C,, V(P;) N
V(Cy) = {uy}, then from z to each vertex v # wu, € V(C,), there exist two
walks of lengths [; and [o, respectively, such that l; and [ have different parity and
max{l1,l2} <n —1. So V(Cr)\{uz} € NT(G" ! : z). Note that d(z,u,) =n—1r <
n—1,and n —r and n — 1 have the same parity. Hence, {u,} C N*(G"~!: z), and
we have V(C,.) C Nt (G" 1 : ).
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Therefore, for any v;,v; € V(G) and any integer k with k >n — 1,

k k .
v; — U, v; — u, for each vertex u in C.

So, for m =71, kpp(G) <n—1=n+m—-r—1.Forr4+1<m<n-—1, since G
is connected, there exist m — r vertices uy,ua,...,Um—r € V(G)\V(C,) such that
d(ug, Cr) <m—rfort=1,2,...,m —r. Then

n+m—r—1 n+m—r—1
Vi o Uy, U ug, fort =1,2,...,m—r.

Thus, kn(G) <n+m —r—1.

By the above discussions, we see that Theorem 3.1 holds. O

THEOREM 3.2. For any G € S%, and2<m <n-—1,

Em(G) <n+m—4.

The equality holds if and only if the graph G is isomorphic to Gz p—3.

Proof. Let G € SU. Then there exists an odd number r with 3 < r < n such that
G € Sp(r).
Case 1. 7 = 3.
By Theorem B], we have k,,(G) <n+m—4for2<m<n-—1.

Now, we assume that G is not isomorphic to G3 n_3. We will show that k,,(G) <
n+m-—5bfor2<m<n-—1.

Take C3 to be a 3-cycle in G such that max,cy () d(u, C3) is the smallest. Since
G is not isomorphic to G3,,—3, we have that max,cy () d(u,C3) <n —4.

For any v;,v; € V(G), let P; be the shortest path from v; to C,, P; the shortest
path from v; to C,, V(P;) NV (C,) = {w;} and V(P;) NV (C,) = {u;}. Then I(F;) <
n —4, and [(P;) <n —4. Consider the following cases.

Subcase 1.1. m = 2.
If I(P;) = I(Pj) = n — 4, then G is isomorphic to G3 ,—4, and k,,(G) = n — 3.
If (P) <mn—5orl(P;) <n—25, then, without loss of generality, we assume
I(P;) <n—>5and [(P;) <n—4. By Lemma [2T]
INT(G™"3 1 v;) N V(C3)]
> [NT(G37UP) ) N V(Cs)
=min{n -3 -1(F;) + 1,3}
> min{n —2— (n—4),3} = 2.
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Similarly, |[N*(G"=3 : v;) N V(C3)| = 3. Therefore,
INF(G"? 2wy, v5))
> INT(G" 2 1 v, v;) NV (Cy))
_ ‘ (N+(G"*3 05 N V(cg)) N (N*(G"’3 Lv;) N V(c3)) ‘ >,
and so k., (G) <n —3.
Subcase 1.2. 3<m <n—1.

For a vertex z € V(G), if d(x, C;) < n—>5, then from z to each vertex v € V(C,), there
exist two walks of lengths [; and [3, respectively, such that {; and Iy have different
parity and max{l1,l2} <n —2. So V(C,) C N*(G"2: x).

If d(x,C3) = n — 4, denoting by P, the shortest path from x to Cs, with V/(P,)N
V(C3) = {uy}, then from z to each vertex v # u, € V(Cs3), there exist walks of
length n — 2. So V(C,)\{uz} € N*(G"~2: ). Noting that d(x,u,) =n —4 <n —2
and n — 4 and n — 2 have the same parity, so {u,} € N*(G""? : z), and we have
V(C3) C Nt (G" 2 : z).

Therefore, for any v;,v; € V(G) and any integer k with k > n — 2,
k k .
v; — U, v; — u, for each vertex u in Cs.

So, for m = 3, kpn(G) <n—2=n+m—-5 Forr+1 < m < n—1, since G
is connected, there exist m — 3 vertices uy,ug,...,um—3 € V(G)\V(C3), such that
d(Cs,u) <m—3fort=1,2,...,m—3. Then

-5 -5
v; nms U, Uj s ug, fort =1,2,...,m—3.

Thus, kn(G) <n+m —5.
Case 2. r > 5.

If r < n — 1, then by Theorem B1] k,,(G) < n—r+ LW;—*QJ < n4+m — 4 when
2<m<r—1,and k,(G) <n+m—-r—1<n+m—4whenr<m<n-—1

If n is odd and r = n, by Theorem 28 k,,(G) = L”"’Tm_lj <n+m-—4.
The proof is now complete. 00

LEMMA 3.3. Letr be odd with3<r<n-—1. For2<m<n-—1,

(=t |stm=d ] p o [TEB22 ) i 2<m <71,

{r—1,r,...,n+m—r—1}, if r<m<n-—1.

En(r) 2 {
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Proof. By Theorem 2.2 taking 1 <! < n — r, we have

{14 [H2=2| . n—r+ 222, if2<m<r—1,
{m,m+1,....m+n—r—1}, iftm=r,
{m+1,...om+n—r—1}U{r+1}, itm=r+1,
{m+2,....m+n—r—1}U{r+1,r + 3}, ifm=r-+2,

{m+n—-—r—-2m+n—r—1}
U{r+1,r+3,...,2n—r — 5}, ifm=n-—2,
{m+n—r—-1}u{r+1,r+3,....2n—r -3}, ifm=n—1.

By Theorem 2.4, taking 1 <1 <n —r — 2, we have

{14 [H2=2| . n—r4 222 -1}, if2<m<r—1,

{m+1,....om+n—r—2} iftm=r,

{m+2,....om+n—r—-2}U{r+2}, ifm=r+1,
En(r)2< {m+3,....m+n—r—2}U{r+2,7+4}, ifm=r+2,

{m+n—r=2}U{r+2,r+4,...,2n—r—6}, ifm=n-3,
{r+2,r+4,....2n—r — 4}, ifm=n—-2n-—1.

By Theorem [Z5,
|t ], i 2<m<r—1,
r—1, if r<m<n-1.

En(r) 2 {

By Theorem 28] for r <m <n—1, E,,(r) 2 {r}.

By the above discussions, we have

{L’“*'";_lJ,L""’ZI_lJ+1,...,nfr+L%J}, if 2<m<r-—1,
{r=1,r...,n+m—r—1}, if r<m<n-1.

Em(r) 2 {

THEOREM 3.4.

B _ {1,2,...,n+m — 4}, if 2<m<n-—2,
™ {2,3,.. ., n+m — 4}, if m=n-—1.

Proof. By Lemma with r = 3, we know E,, 2 {2,3,...,n 4+ m — 4} for
2 <m < n — 1. For the complete graph K,,, it is clear that

1, if 2<m<n-2,

ot - { |

, if m=n-1.

Note that for any G € S9, k,_1(G) > 2. By Theorem [3.2] the theorem follows. O
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