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REPRESENTATIONS FOR THE DRAZIN INVERSE
OF BLOCK CYCLIC MATRICES*

M. CATRALT AND P. VAN DEN DRIESSCHE?

Abstract. A formula for the Drazin inverse of a block k-cyclic (k > 2) matrix A with nonzeros
only in blocks A; ;41, fori =1,...,k (mod k) is presented in terms of the Drazin inverse of a smaller
order product of the nonzero blocks of A, namely B; = A;jy1---A;_1,; for some i. Bounds on
the index of A in terms of the minimum and maximum indices of these B; are derived. Illustrative
examples and special cases are given.
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1. Introduction. We consider k-cyclic (k > 2) block real or complex matrices
of the form

0 Ap 0 --- 0
0 0 Ao
(1.1) A = ,
0 0 0 - Ap_y
_Am 0 0o - 0
where A1a, ..., Ag1 are block submatrices and the diagonal zero blocks are square. It

is easily verified that for any matrix A of the form (LII), the Moore-Penrose inverse
At of A is given by

0 0 - 0 Al

Al, 0 0 0
(1.2) At =0 A - 0 0|,

00 - AL, 0
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where A;rj denotes the Moore-Penrose inverse of the block submatrix A;;. Note that
if each of the blocks A;; is square and invertible, then (I2]) gives the formula for the
usual inverse A=! of A. We present a block formula for another type of generalized
inverse, the Drazin inverse, of matrices of the form (IIl). Unlike the Moore-Penrose
inverse, the Drazin inverse is defined only for square matrices.

Let A be a real or complex square matrix. The Drazin inverse of A is the unique
matrix AP satisfying

(1.3) AAP = AP A
(1.4) AP AAP = AP
(1.5) ATTIAD = A

where ¢ = index A, the smallest nonnegative integer ¢ such that rank A?t! = rank A9.
If index A = 0, then A is nonsingular and AP = A=!. If index A = 1, then AP = A#,
the group inverse of A. See [I], [2], [6] and references therein for applications of the
Drazin inverse.

THEOREM 1.1. [2) Theorem 7.2.3] Let A be a square matriz with index A = q. If

p is a nonnegative integer and X is a matrix satisfying XAX = X, AX = XA, and
APTLX = AP then p > q and X = AP.

The problem of finding explicit representations for the Drazin inverse of a general
2 x 2 block matrix of the form
Ay Agp

(1.6) A=
Asr Agp

in terms of its blocks was posed by Campbell and Meyer in [2] and special cases of
this problem were the focus of several recent papers, including [3]-[10], [13], [14] and
[15]. In [4] and [14], representations for 2 x 2 block matrices matrices of the form
(L8) with A;; and A being square zero diagonal blocks were presented. Such block
matrices were called bipartite (or 2-cyclic), and in this article, we extend the results
given in [4] to general block k-cyclic matrices as defined in (I]).

2. Drazin inverse formula for block cyclic matrices. Let A be a block k-
cyclic matrix of the form given in (II]). For our Drazin inverse formula we introduce

some notation that is also used in writing powers of A. Fori =2,...,k—1, let B; be
the square matrix defined by
(2.1) Bi=Ai41 Ap—1 kA Arz - A1,

with By = A19A423 - Ap—1,x Ak and By, = Ap1A12 -+ - Ag—1.k, i, subscripts are taken
mod k. For ease of notation, we define the matrix product

(2.2) Ay = AjiriAivrive - Aj_1 g,
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for j # i. Whenever it arises, we use the convention A;_,; = I, an identity matrix. For
example, if £ =4 then Ay_,3 = Agz, Azy0 = Az4As1 412, Asy1 = Ax3A34 A4, and by
(H) B3 = A3y Ay A10As3. Observe that B; = Ai—>jAj—>i7 for any j € {1, . k’}\{’t}

LEMMA 2.1. For A given in ({I1l) and with the notation above, for p > 0,

B> 0 0
0 BY 0
(23) A= ? ,
0 0 BY
BfAIHQ 0
0 BYAy 5
(2.4)  AkPHL = :
0
_BzAk—n
[ 0 BYA1 3
0 0
Akpt2 — :
By A1 0
0 BPAy_s
and so on, until
[0 0 0
BEAy 0 0
(2.5) Abpth—1l 0 BY A3, 0
0 0 BY Ap k-1

LEMMA 2.2. For all i 7&], BZkA'L—U = Ai—UBf

Proof.  BfAis; = (AisjAjui)fAin; = AijAji(AisAjL) 1A, =

Aiﬂj (Aj%iAi%j)k = Ai%jBf u

LEMMA 2.3. For all i # j, BPA,,; = Ai_>jBJD. Hence, if £ # i,j satisfies

Aisj = AigApsy, then BPAi; = Ai s jBP = Ai o BP Ay
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PT’OOf. B,LDAZ*U = (Ai%jAj*)i)DAi*)j = Ai%j (AjHiAiﬂj)D = A,LH]BJD, where
the second equality is due to [4, Lemma 2.4]. O

With the above notation, we now give a formula for the Drazin inverse of a k-cyclic
matrix A given by (LI)).

THEOREM 2.4. Let A be as in (I1]) with associated matrices B; defined as in
(21) and Ai—; defined in (22). Then, for alli=1,... k,

0 0 0 Al—n‘BiDAi—Hc_

Ao iBPA; 0 0 0

(2.6) AP = 0 AsiBPA; o -+ 0 0
i 0 0 coo ApsiBP Ak 0 |

Moreover, if index B; = s;, then index A < ks; + k — 1.

Proof. Denote the matrix on the right hand side of (ZG) by X. Performing block
multiplication gives

A12A2—>iBiDAi_>1 0 e 0
AX = 0 A23A3~>iBiDAi~>2
: 0
L 0 T 0 AklAl—m'BiDAi_m_
_AIQAQHiAiHIBlD 0 e 0 ]
_ 0 Az3As i Ai 2 BY
0
i 0 - 0 ApAiid; o, BP |
(by Lemma [Z3])
B, BP 0

0 B,BP
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and by using Lemma [2.3] again

A1iBP A A

0 0
XA — 0 As;BP A, 1 Ao
0
i 0 0 AkaiDAHkquka_
_B1DA1—>iAi—>kAk1 0 0 ]
B 0 BP Ay i Ai 1 Avs
0
i 0 0 BkDAk—n‘Ai—ﬂc—lAk—l,k_
[BPB, 0 0 BB 0 - 0
0 BP B, 0 ByBY ... 0
0 0 B By 0 0 ByBP
— AX,

since BP B; = B;BP by ([3J)). Also, block-multiplying X with AX gives

XAX = X(AX)
0 0 0 A+ BF B.BY
As 1 BP B, BP 0 0
0 As_oBY B BY 0
0 0 Ak—k-1Bi 1Br-1Bf 0 ]

= X, by Lemma[Z3 and since B B; B” = BP by (T4).

Let ¢ be any integer in {1,...,k} and suppose that index B; = s; = s. Then using

@3) and Lemma [Z7]

Aks+k x Ak(s+1)
[ 0 0 0 A1 Bt BP A |
Aoy BST'BP A4 0 0 0
0 0

= 0 As—m'BerlBiDAi—m

: Ak—>iBis+1BiDAi—>k—1 0
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Since index B; = s, it follows by (LH) that Bf"'BP = Bf. Thus, using Lemma
and Ay;A;; = Agj for £ # j,

0 0 .- 0 A1 B; |
ApiBS 0 e 0 0
Akstkx  — 0 AS%QBS . 0 0
0 0 AwaBp, 0|
Aks-‘,—k—l7

from (ZF) by using LemmaZ2 By Theorem [Tl index A < ks+k—1and X = AP. 0O

Thus, the Drazin inverse of a k-cyclic matrix is reduced to calculating the Drazin
inverse of the smallest order Drazin inverse of any of the matrix products B;.

COROLLARY 2.5. If A of the form in (L) is nonnegative and has at least one
BZ-D > 0, then AP is nonnegative.

The following example illustrates Theorem [Z4] and Corollary

EXAMPLE 2.6. Let

ol Lio
22 0 | A | 0

0[0 011
A = = 001423

0(0 011
As;1 1 0 | 0

110 o]0

Then Bl = A12A23A31 = 1,BQ = A23A31A12 = %Jg (Where J2 is 2 x 2 all ones
matrix) and By = Az Aj2As3 = 1. Note that index By = 0 and BP = B1_1 = 1.
Using Theorem 2.4]

b 0l0 01
0 0 BP A5 Aqs ool
AD = AggAnglD 0 0 = = A2-
5 110 010
0 As1BP Ay, 0 A
2 2

In fact, rank A = rank A%, hence AP = A% = A? agreeing with Theorem 2.2 in [I1].

3. Index of A in relation to the indices of the block products. With A
as in (X)), for j > 0, by (23) and 24),
(3.1) rank A¥ = rank B{ + rank Bg + .-+ +rank Bi
(3.2) rank A¥*H1 = rank B{Au + rank B%Agg + --- 4+ rank BiAkl.
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The following rank inequality is used throughout the proof of Lemma 3.2l and can
be found in standard linear algebra texts (see, e.g., [12] page 13]).

LEMMA 3.1. (Frobenius Inequality) If U is m xn, V isn xp and W is p X g,
then

rank UV +rank VW < rankV +rank UV W.

LEMMA 3.2. Let A be as in {I1l) with associated matrices B; defined in (21),
and let s = index B; > 1 for some i € {1,...,k}. Then rank A*~*+1 < rank A*s—*.

Proof. Let s = index B; for some i € {1,...,k}. From 32,
rank AFS—FH1 = pank AR(s=D+1

= ranka71A12 + rankB§71A23 + rankB§71A34 4.
+ rank BzflAkl,

where the terms can be reordered as

rank BfflAMH + rank Bf;llAi+1,i+2 + -+« + rank BZ*lAk1 + rank Bf*1A12 4
(3.3) +rank Bf [ A; 1.

Using Lemma [Z2] the first two terms in the expression in (33]) can be written as
rank Ai,i—i—l B,f;ll + rank B,f;ll Ai+1,i+27
and using the Frobenius inequality (Lemma [3T),

-1 -1 -1 -1
rank BZS Ai,i-{-l + rank Berl AH_L,H_Q S rank Berl + rank Ai7i+1Bi§+1 AH_LH_Q

= rank Bf;ll + rank Bf_lAi_>,H_2,
where the equality is again due to Lemma Thus,

rank AF*7F+1 < rank Bf;ll + rank BfilAi_)iJ’_Q + rank Bf;;Ai+27i+3 + -
(34) +ranka:11Ai,1,i.
Applying Lemma and the Frobenius inequality again to the second and third
terms on the righthand side of the inequality in ([3.4]) gives

rank BfflAiHHg + rank Bf_:; Ait2,ivs < rank Bf_:; + rank AZ—HHng_;;.
Continuing in this manner gives

rank A*7F+1 < rank Bf;ll + I“ankaJ:Q1 + ... +rank Bf:ll +
(35) rank Ai_”‘_lBisjllAi_Li.
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Using Lemma [Z2] the last term on the righthand side of the inequality in (&3]
becomes

rank BfflAiﬂi,lAi,lﬂ- = rank Bflez- = rank B] < rank Bffl,
since index B; = s. Thus,

rank A¥=F+1 < rank B{[ 4+ rank By} +---rank Bj ' +rank B} ' + - --
rank Bf:ll + rank Bf_l

= rank A*G—1 = rank AFs—F,
where the equality follows from (31)). O

THEOREM 3.3. Let A be as in [IL1)) with associated matrices B; defined in (21)).
Then, the following statements hold.

(i) If index B; =0 for alli=1,...,k, then A is nonsingular and index A = 0.
(i) If index B; = s; > 1 for some i € {1,...,k}, then index A > ks; — k + 1.

Proof. The first statement follows immediately from (Z3]) and BJ]). For the sec-
ond statement, let index B; = s; > 1 for some i € {1,...,k}. Then rank A*si=F+1 <
rank A**=% by Lemma .2l From the strict inequality, index A > ks; — k + 1.0

The next result follows immediately from Theorem B.3(ii).

COROLLARY 3.4. Let A be as in (1) with associated matrices B; defined in
(21). If index A < 1, then indexB; < 1 for all i = 1,...,k. That is, if the group
inverse A* exists, then the group inverses Bz# exist for all i =1,...,k.

Note however that the converse to Corollary B4 is false (see, e.g., [4, Example
4.3]).

REMARK 3.5. If A of the form () is nonnegative and all matrices with the
same +, 0 sign pattern as A that have index 1 have at least one Bz# nonnegative, then
these group inverses are nonnegative (Corollary L) and A is conditionally S*GI in
the notation of Zhou et al. [15].

COROLLARY 3.6. Let A be as in (1)) with associated matrices B; defined in
(Z1), and let s = min index B; and s’ = max indexB; > 0. Then ks’ —k+1 <
1<i<k 1<i<k
index A<ks+k—1. If s =0, then index A = 0.

Corollary leads to a result about the indices of B; that is of independent
interest.

THEOREM 3.7. Let A be as in [I1l) with associated matrices B; defined in (21),
and let sp = index By for £ € {1,...,k}. Then |s; —s;| <1 foralli,je{1,...,k}.
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Proof. Let s = min index B; and s’ = max index B;, and suppose that s’ = s+t
1<i<k 1<i<k

where ¢ > 0. By Corollary 3.6,
k(s+t)—k+1<index A <ks+k—1.
It follows that
k(s+t)—k+1<ks+k—1,
or equivalently,
k(t—2)+2<0.

As k > 2, the inequality above is possible only if ¢ < 1. Thus, s’ —s =t < 1 and
|index B; — index B;| < 1 for all ¢, 5. 0

The next result gives tight bounds on index A in terms of the minimum index of
the block products B;. The proof is immediate from Corollary B.6] and Theorem [3.71

THEOREM 3.8. Let A be as in [I1l) with associated matrices B; defined in (21),
and let s = 121321@ index B;. Then, exactly one of the following holds:
(i) index B; = gfor alli=1,...,k, or
(i) index B; = s + 1 for somei=1,... k.
If (i) holds, then ks — k + 1 < index A < ks+ k — 1. If (ii) holds, then ks + 1 <
index A <ks+k—1.

The above result generalizes bounds found in [4, Section 3] and shows that if
k =2 and (ii) holds, then index A = 2s + 1.

We now give examples that illustrate Theorem 3.8

EXAMPLE 3.9. Let A be the matrix in Example Using the notation in
Theorem B8, s = 0 = index B; = index Bs and indexBs = 1 = s + 1. Applying
the result with & = 3 gives the bounds 1 < index A < 2. Since rank A = rank A?,
index A =1 = ks + 1, which is the lower bound of Theorem 3.8 case (ii).

ExaMPLE 3.10. Let

Fol1 —1]lo o o]
olo o1 o 2
0 |An] 0
0lo o1 =1 o
A = = 0 | 0 | Ag
1lo olo o o
As; ] 0 | o
1o olo o o
1lo olo o o
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3 5 0 1 2
Then By, = 3,B; = 0] and B3 = [0 1 2]|. Note that indexB; = 0 and
01 2
BP =B/t = 3. Using Theorem 2.7]
_ . o2
00 0 |0 3 3
110 0O |0 0 O
. 0]0 0 |0 0 O
0 % f% 0 0 O
0|+ —4]0 0 0
1 1
i 0 5 —3 0 0 0 ]

Using the notation in Theorem B.8, s = 0 = index By and index By = index B3 =1 =
s+ 1. Applying the theorem with k = 3 gives the bounds 1 < index A < 2. It can be
computed that index A = 2 = ks + k — 1, which is the upper bound of Theorem [B.8]
case (ii).

ExaMPLE 3.11. Let

where B is a square matrix and I is an identity matrix of the same order as B. Note
that B; = B for all i. Suppose that index B = s. Then index A = ks, the midpoint
of the interval [ks —k + 1, ks+ k — 1] in Theorem B.8 case (i), and from Theorem [Z7]

0 0 BPB
BP 0 0 0
AP = 0 BPB ... 0 0
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EXAMPLE 3.12. Let

0 F 0
0 F
A = ;
o o o0 .- F
_F o o0 -- 0_
where F is a square matrix. Then index A = index F and B; = F* for i = 1,...,k.

Setting index A = ¢ and index B; = s gives s = [%] Thus, index A can take any

value in the interval [ks — k + 1, ks], which is half the range given in Theorem [3.8 case
(i).
ExamplesB.IT and B 12 have B;, and thus index B;, the same for all . The follow-

ing result determines index A in this case, and the necessary and sufficient conditions
reduce to the result of [4, Theorem 3.5] for k = 2.

THEOREM 3.13. Let A be a block k-cyclic matriz of the form in (I1) with
associated matrices B; defined in (211), and suppose that s = 1r<rlj£1k index B; > 1.
_’L_

Then index A = ks if and only if

(i) index B; = s for alli=1,...,k, and

(ii) rank B < rankBj.*lAj_U‘_l for some j € {1,...,k}.

If (i) holds, then rank Bf = rank B for all i,j = 1,...,k. If (i) holds but (ii) does
not hold, then index A < ks.

Proof. Suppose that index A = ks. Then rank A" < rank A¥*~!. Tt follows,
using (Z3), @5) and @), that YF  rank Bf < 2%  rank BS 1A, ,; ;. Thus,
rank BY < rankB;-*lAj_U‘_l for some j € {1,...,k}, hence (ii) holds. Suppose on
the contrary that (i) does not hold. Then, for some j € {1,...,k}, indexB; =
s+ 1 (by Theorem B.8). Thus, rank B > rankijH, hence by ([Z3) rank A% =
Zle rank B > Zle rank Bf™' = rank A¥(*1 . This implies that rank A* >
rank A¥** 50 index A > ks, a contradiction. Hence, (i) and (ii) must hold.

For the reverse implication, suppose that (i) and (ii) hold. Then rank A% =
Zle rank Bf < Zle rank B 7' A; ;1 = rank ARGTUHED = pank ARl where
the strict inequality is due to (ii). Thus, index A > ks. Note that since rank Bf >
rank Bf A;_,; > rank Berl and rank Bj A;,; = rank A;,; B; (by Lemma [22)), it fol-
lows using (i) that rank Bf"'l = rank B} = rank B; A;,; = rank A;,; B = rank B;'H
for all 4,7. Thus, rank A* = Zle rank B} = Zle rank Bf A;;11 = rank Akt
using BI) and B2]) . Hence, rank AR = rank A***1 and so index A < ks. This
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proves that index A = ks. The last two statements of the theorem follow from the
proof above. O

The result of Theorem B3 is illustrated by Example BII} since rank B <
rank BS ' Ay_,; = rank By ', it follows that rank A = ks. Example also illus-
trates Theorem I3, since rank A* = rank A***1 and rank F*® < rank F*(s—1) k-1
= rank F**~1 if and only if index F' = index A = ks; otherwise index A < ks.
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