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AN EXTENSION OF THE CLASS OF MATRICES ARISING
IN THE NUMERICAL SOLUTION OF PDES*

CHENG-YI ZHANG', SHUANGHUA LUO#%, JICHENG LI, AND FENGMIN XUY

Abstract. This paper studies block matrices A = [A;;] € Ckmxkm where every block A €
CFk*E for 4,5 € (m) = {1,2,...,m} and A;; is non-Hermitian positive definite for all i € (m). Such
a matrix is called an extended H—matrix if its block comparison matrix is a generalized M —matrix.
Matrices of this type are an extension of generalized M —matrices proposed by Elsner and Mehrmann
[L. Elsner and V. Mehrmann. Convergence of block iterative methods for linear systems arising in
the numerical solution of Euler equations. Numer. Math., 59:541-559, 1991.] and generalized
H—matrices by Nabben [R. Nabben. On a class of matrices which arise in the numerical solution
of Euler equations. Numer. Math., 63:411-431, 1992.]. This paper also discusses some properties
including positive definiteness and invariance under block Gaussian elimination of a subclass of
extended H —matrices, especially, convergence of some block iterative methods for linear systems
with such a subclass of extended H—matrices. Furthermore, the incomplete L DU —factorization of
these matrices is investigated and applied to establish some convergent results on some iterative
methods. Finally, this paper generalizes theory on generalized H—matrices and answers the open
problem proposed by R. Nabben.
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1. Introduction. Elsner and Mehrmann in [5l [6] proposed a generalization of
Z—matrices. They call a block matrix A = [4;;] € C*™**m 4 generalized Z—matrix
if the blocks A;; € C*** are Hermitian and the off-diagonal block matrices A;;, i # j
are negative semidefinite. This class of matrices is denoted by Z¥ . They also propose
a generalization of M —matrices, i.e., a block matrix A = [4;;] € ZF is called a
generalized M —matrix if there exists a positive vector u = (uy,us,...,un,)? such
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that the matrix Z;nzl ujA;; is positive definite for all i € (m) = {1,2,...,m}. The
class of generalized M —matrices is denoted by M%. In [5], the properties of this
class of matrices were discussed, especially, the convergence of some block iterative
methods for generalized M —matrices was proved. These classes of matrices arise not
only in the numerical solution of 2D and 3D Euler equations in fluid dynamics [2, [9]
and in the study of invariant of dynamical systems [I4] but also in the discretizations
of a class of PDEs associated to invariant tori [3] [].

An extension for generalized M —matrices was presented by Nabben in [14] [T5] [T6]
and Huang et al. in [13]. Let DY, := {A = [A;;] € Ck™*km | A, € C*¥F is Hermitian
for i,5 € (m) and A;; is positive definite for all i € (m)}. A block matrix

A = [Ai;] € DE, is called a generalized H—matrix if there exists a positive vector
uw = (u1,uz,...,um)’ such that the matrix u;|A;| — D iy jzi wilAiz| is positive def-
inite for all ¢ € (m), where |4;;| := (AgAij)%. Furthermore, Nabben [14] gave some

significant results for this class of matrices, such as the convergence of the associated
block Gauss-Seidel method, the incomplete block L DU —factorization, the invariance
under Gaussian elimination and an equivalence theorem for a subclass of generalized
H—matrices. Recently, Huang et al. [I3] presented some new and interesting equiv-
alent conditions for generalized H—matrices and gave an improvement on Definition
5.1 in [14]. Zhang et al. in [I9] study the convergence of some block iterative meth-
ods including block Jacobi method, block Gauss-Seidel methods, block JOR-method,
the block SOR-method and the block AOR-mehtod for the solution of linear systems
when the coefficient matrices are generalized H—matrices.

However, these classes of matrices, such as generalized Z—matrices, generalized
M —matrices and generalized H—matrices, are some very special classes of matrices
with very strict conditions. For example, the off-diagonal block entries of this class of
matrices need to be Hermitian and the diagonal blocks need to be (Hermitian) positive
definite. But, for a general matrix, the results about these classes of matrices can
not hold (see [2], [8, [10]). As was proposed by R. Nabben [I4], it is an open problem
if this construction can be generalized to the class of matrices with non-Hermitian
off-diagonal blocks, and if similar results can be proved for such matrices.

The purpose of this paper is to give a further extension of generalized H —matrices
and to propose a class of extended H—matricess (FH —matrices) with non-Hermitian
off-diagonal blocks and non-Hermitian positive definite diagonal blocks, and further-
more, to discuss some properties of a subclass of H—matrices including positive defi-
niteness, invariance under block Gaussian elimination, especially, convergence of some
block iterative methods for linear systems with such a class of matrices. Lastly, this
paper also investigates the incomplete L DU —factorization of these matrices. Hence,
this paper answers the open problem of R. Nabben.
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The paper is organized as follows. After introducing some notations and prelimi-
nary results about generalized H —matrices and extended H —matrices in Section[2 we
discuss in SectionBlsome general properties of the subclass of EH,’fL We establish that
the class of block matrices A € QF, satisfying n(A) + n(A#) € ME is non-Hermitian
positive definite. In Section [, we show that the subclass of EHF, is invariant under
block Gaussian elimination. And in Section Bl we study some iterative methods, par-
ticularly, the block Jacbi method, block Gauss-Seidel method, block JOR-method,
block SOR-method and block AOR-method as well. In the rest of Section B, we in-
vestigate the incomplete L DU —factorization for a subclass of EH—matrices, which
is applied to establish some results on convergent iterative methods. Conclusions are
given in Section

2. Preliminaries. Let C™*™ (R™ ™) be the set of all n x n complex (real)
matrices. We denote by C™ the set of all n—dimensional complex vectors; R’} the set
of positive vectors in R™; AT the transpose of A; A the conjugate transpose of A;
p(A) the spectral radius of A; Re(z) the real part of the complex number z.

DEFINITION 2.1.

1. A matrix A € C™*" is called Hermitian if A¥ = A, skew-Hermitian if A7 =
—A.

2. A Hermitian matrix A € C™*" is called Hermitian positive (negative) definite
if 21 Az > 0 (2 Az < 0) for all nonzero + € C™ and Hermitian positive
(negative) semidefinite if 2 Az > 0 (27 Az < 0) for all x € C™.

3. A matrix A € C™*" is called positive (negative) definite if Re(z Ax) > 0
(Re(xf! Az) < 0) for all nonzero x € C™ and positive (negative) semidefinite
if Re(xf Az) > 0 (Re(2 Az) < 0) for all z € C™.

Let A > 0 and A > 0 denote A being (Hermitian) positive definite and (Her-
mitian) positive semidefinite. Analogously we write A < 0 if —A > 0 and A < 0 if
—A > 0. Furthermore, for A, B € C"*" we write A> B, A> B, A< Band A<B
fA-B>0,A-B>0,A—-B<0and A— B <0.

DEFINITION 2.2. (See [12] [13] [14])

1. Let A = (ai;) € C™*™ be given. Then there exist two unitary matrices P €
C™* " and Q € C™ " such that A = PXQ | where ¥ = diag(oy,02,...,0,) €
R ™ with oy > 00 >---> 0, > 0.

2. Let A = (a;5) € C™*™ be Hermitian positive semidefinite. Then there exists
a unitary matrix U such that A = UAU¥ | where A = diag(\1, A2, ..., \n) €

R™ " We define vA := UvVAUY, where VA = diag(v/ 21, vV, -, vVAn ).
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3. Let A = (a;;) € C™*™ be given. Then we define

21 1Al = VATA=QxQH € C"™" and
' |AH| = AAE = pypH ¢ gnxn,

where P, Q and Y_ are defined as 1. It follows from (Z1)) that |A®| = |A| =
VAA if Aisnormal. In particular, we have |A| = A if A is Hermitian positive
semidefinite.

LEMMA 2.3. (See [I1I]) Let A € C™*™. Then A is positive definite if and only
A 4 A is Hermitian positive definite.

DEFINITION 2.4. (See [1,[18]) Let A = (a;;) € R™*™. Then

1. Ais called a Z—matrix if a;; <0 for i # j; :1 2,...,m;

2. Ais called an M —matrix if A is a Z—matrix, A= = (a”) ex1sts and @;; > 0
foralli,j=1,2,...,n

3. Ae C™*™ is called an H—matrix if p(A) = (p;;), where

i { |aiil, if =y,
Y —laij], if i # 7,

is an M —matrix.

We denote the class of n x n M —matrices and the class of n x n H—matrices by
M, and H,, respectively.

DEFINITION 2.5. We set P(m) = {(i,4) | 4,5 € (m),i # j}. For a subset
E C P(m) and a matrix A € C*™>k™ e define a block decomposition A = Mg — Ng
of A by the following block matrices Mg = [M;;] with

Aij if (i,j)e Eori=j
2.2 M;; = » ’ ’
(2:2) I { 0, otherwise,

and NE = [NU] with

(2.3) Nij = { 7217 if (i,5) € B,

otherwise.
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For A € C*™*k™m we use the standard block decomposition A = D — L — U with

[ Ay - 0 0
D = ,
0 Asfl,sfl 0
L O 0 Ags
(2.4)
0 e 0 0 0 A - Ay
I - Ay 0 0 U=
: . . : 0 0 Asfl,s
L As1 - As—12 O 0 0 0

The following notation and definitions for block matrices was introduced by Elsner
and Mehrmann [5] 6] and Nabben [14].

DEFINITION 2.6. Let A = [4;;] € C*™**™ with A;; € C***. Then, we define
the block graph G4 of A as the nondirected graph of vertices 1,2,...,m and edges
{i,7}, i # j, where {4, j} is an edge of G4 if A;; # 0 or Aj; # 0. By E(G4) we denote
the edge set of G4. A is called block acyclic if G 4 is a forest, i.e., G 4 is either a tree
or a collection of trees. A vertex of G4 that has less than two neighbors is called a
leaf.

DEFINITION 2.7.

1. Zk = {A = [A;] € Ckmxkm | A, € CF** is Hermitian for all i,j € (m)
and A;; <0 forall i # 34, i,j € (m)}.
2. Z,,]% = {A = [At]] S Zﬁq | A >0, i€ <m>}
3. MF ={A ¢ Z’% | there exists uw € R such that ) ujA;; >0 for all i €
=1

J
(m)}, where R denotes all positive vectors in R.

4. DE = {A = [A;;] € Ckmxkm | Ao e CF*k s Hermitian for all i,j € (m)
and Ai; >0 for all i € (m)}.
5. HY = {A € Dk | u(A) € ME}, where u(A) = [M;;] € C™F*™k is defined as

M;; = { i, %f P=7
—|Ayl, i iF# ]
We now present a further extension of definitions such as generalized H —matrices.
DEFINITION 2.8.

1. QF = {A=[A;] € Ckmxkm | A, € C*¥F for alli,j € (m) and Ay; is non—
Hermitian positive definite for all i € (m)}.
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2. For A € QF

m?

we denote by n(A) = [n;;] € C™**™* the block comparison
matrix of A, which we define as

| H(Aw), if i=4,
TIE Ayl i A,
where

1
H(Aii) = 5 (As + A7),

the Hermitian part of the matrix A;; for all ¢ € (m).
3. EHF = {A € QF | n(A) € ME}. Moreover, a block matrix A is called an
EH-matrix if A € EHE .

According to Definition 7] and Definition 8 DF, c QF

> and consequently,
HE c EHY,.

3. Positive definiteness. In this section, some results on positive definiteness
for the matrices in QF, are presented to generalize the results of [14]. The following
lemma will be used in this section.

LEMMA 3.1. Let A€ C™ "™ and 0 < o < 1. Then, the matriz Za(t) defined by

~ A e AT
An(t) = :
®) aeA |AH|
is positive semidefinite for all t € R.

Proof. Tt follows from Definition that there exist two unitary matrices P €
C™™ and Q € C™*" such that A = PXQ, where ¥ = diag(oy,09,...,0,) € R™"
with 01 > 09 > -+ > 0, > 0, and (2] holds. Then it is easy to see that

o = [ [ 1L S 8

et A |AH| 0 P e’y by 0 P
Y aeT?y H
N { e’y Y ]% ’
(3.1)
where € = [ Cg p } is nonsingular since () and P are both unitary. Then we have
with (3) that
Y ety
-1 —1\H
An(t = .
CaLOE | Gy "
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I 0 . N . L
Let X = Y- , where I is the n X n identity matrix and X7 is the
—aeYY I

Moore-Penrose generalized inverse of the matrix . Since

—ae?TNTY + ae'Y = —ae PY 4 aeY = 0,
—ae YN 4+ ae Y = (—aeNYTY 4+ e ) =0 and
Y —a2EEty =Y -2 >2 - % =0,

one has

X Ay (1) (&)X [ > —ITIE4 Y

—“XEtE4+Y -3ty
¥ 0
0 0]

Let U = X% 1. Since ¥ > 0, it follows from (3.2)) that

(3.2)

v

¥ 0

U/L(t)UH{ 0 0

E

and consequently, A, (¢) > 0. O

THEOREM 3.2. Let a block matriz A = [A;;] € QF,.

1. If there exists a vector v = (v1,v2,...,vm)T € R such that
(3.3) vilAii + A = > vi(| Ayl + AL = 0
j=1,j#i

for alli € (m), then A > 0.
2. If n(A) + n(AH) € Mk then A > 0.

Proof. We define V' = diag(viIx,valk,...,vnly), where I is m x m identity
matrix. Multiplying the inequality B3] by v;, we have
m
V(A + A = 3T willAyl+ 1ALy >0, i=1,2,...,m,
j=1j#i
which shows that VAV satisfies

m
(3.4) v Aa + A = D (lidiu| + (054,00 5]) 2 0
J=1,5#i
for all ¢ € (m). Let B = VAV = [B;j], where B;; = v;A;;v; for all 4,5 € (m). Since
v; is a positive real number for each i € (m), B € QF . Tt follows from (3.4)) that the
matrix B satisfies

m

(3.5) Ri(B) = (Bii +Bll) = Y (By|+Bjil) >0, i=1,...,m.

J=1.#i
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As a result,
B+B"=A+> R+ Sy,
i>j i<j
where
A = diag{Rl(B)v~-~aRm(B)}a
[0 0 0 0 0 0
0 -+ |By] 0 --- Bg 0 --- 0
0 0 0 0 0 0
(3.6) Rij =
0 B 0 |Bg 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0 |
and
[0 0 0 0 0 07
0 |Bg 0 By 0 --- 0
0 0 0 0 O 0
(3.7) Sij = : R
0 Bff 0 |Bij/l 0 -+ 0
0 0 0 0O 0 --- 0
L 0 .- 0 0 --- 0 0 - 0|

Since () implies A > 0 and Lemma B.1] gives R;; > 0 and S;; > 0, B+ B >0
and consequently A = V1BV ! > 0. This completes the proof of 1. Using the same
method as one of the proof of 1, we can prove the conclusion of 2. [0

THEOREM 3.3. Let A = [A;j] € QF,. For E C P(m) and t € R, define
(3.8) Ay = Mg+ MJ — (¢" Ng + e *NH),

where A = Mg — Ng and Mg, Ng as in (2Z2) and (Z3). If n(A) + n(AT) € MF,
then Ay > 0 for allt € R.
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Proof. Since n(A)+n(A") € MP,, there exists a vector v = (v1,va, ..., v)T € RT
such that

(3.9) vilAsi + A = > vi(| Ayl + |AR]) > 0
j=1,j#1

m
Jj=1j

for all ¢ € (m). Similar to the proof of Theorem B2 multiply the inequality (33) by
v; and define V' = diag(vi I, valk, . . ., Um 1), where Iy, is m x m identity matrix, such
that B = VAV satisfies

m
(3.10) v (As + A = D (lidigog] + (v A50) ) > 0
J=1,j#i
for all i € (m). Let B = VAV = [B;;] with B;; = v;A;;v; for all 4,5 € (m). Then
following (I0), we have
(3.11)  Ri(B)=(Biu+B[)— > (Bl +|Bjil) >0, i=1,...,m.

J=1,j7#i

Furthermore, according to (B:8)), we have
B =VAV =V[Mg+ MY — ("Ng + e * NIV
and

By = A+ ¥ Ry+ X Sy+ X R+ X Sy,
(i,j) € E (i,j) € E (i,5) ¢ E (i,4) ¢ B
> i< > i<

where A, R;; and S;; are defined in (3.6) and (B0), respectively, and

[0 0 0 0 0 07
0 -« Byl 0 - e‘i¢Bg 0O --- 0
0 --- 0 0o --- 0 0 --- 0
Ry = Do : RS : : ;
0 --- e“f’Bij 0o --- |Bg 0O --- 0
0o - 0 0o .- 0 0 --- 0
L O 0 0 0 0 0 J
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ro - 0 0o --- 0 0 --- 0
0 IBf}’ 0 -+ €e¥B; 0 --- 0
0o --- 0 0o --- 0 0 --- 0
gij = : : : . : :
0 e*“PBg 0 --- Byl 0 -+ 0
0o --- 0 0o --- 0 0 --- 0
L 0 - 0 0o --- 0 0 -+ 0|

Since (BII) yields A > 0 and Lemma B indicates R;; > 0, Si; > 0, R;; > 0 and
Si; > 0, By > 0 and hence A; > 0. This completes the proof. [

COROLLARY 3.4. For every A = [A;;] € QF, with n(A) +n(A") € MF and every
E C P(m), we have

1. Mg+ Ng > 0. In particular, A >0, 2D—A >0, D—L+U >0, D-U+L >
0, where D, L and U as in (27).
2. Mg > 0.

Proof. Using Theorem [B.3], we can obtain the proof of this corollary. O
THEOREM 3.5. Let A = [A;j] € QF, with n(A) +n(Af) € MF. Define
A(d,¢) = D+ D" — (L + e LH) - B(e'?U + UM,

where A=D—L—-U, D, LandU asin (24). If0<a <1 and0 < f <1, then
A(¢,(p)>0.

Proof. The proof of this theorem follows the proof of Theorem B3 n(A4) +
n(AH) € MF implies that there exists a vector v = (v1,v2,...,0m)7 € R such
that (9 holds for all i € (m). Multiply the inequality (39) by v; and define V =
diag(vi1y, ... ,vmIk), where Ij, is m x m identity matrix, such that B = V AV satisfies
BI0). Let B = VAV = [B;;] with B;; = v;A;jv; for all 4,5 € (m). Then, B310)
yields BI1). Since A= D—L—-U,wehave B=Dp—Lg—Up =VDV-VLE-VUV.
As a result,

B(¢,p) = Dp+DJ —a(eLp+e ®LE) = B(e"Up + e~ *U})
VA, o)V

and we have

(3.12) B(¢, ) :A+Z§ij +Z§ija

>3] i<j
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where A is defined in (3.6) and

[0 0 0 0 0 0
0 -+ [Byl 0 -+ ae B 0 0
0o --- 0 o --- 0 0O --- 0
Ry = : : S
0 Oé@id)Bij 0 |BZI;I 0O --- 0
0 0 0 0 0 0
L O 0 0 0 0 0 |
[0 0 0 0 0 07
0 |BH 0 Be*B;; 0 - 0
0 0 0 0 0 0
§ij = o : : . : oo
0 --- 5671'@35 0o ... | Bij| 0 --- 0
0 0 0 . 0 0 0
L 0 .- 0 o --- 0 0 -+ 0|

BI0) yields A > 0 and Lemma Bl indicates Ru > (0 and §ij > 0. As a result,
B(¢, ) > 0 follows directly from [BI2) and consequently A(¢, ) > 0. O

4. Invariance under block Gaussian elimination. Similarly, the results pro-
posed by Elsner and Mehrmann [5] and Nabben [I4] can be generalized to show that
a class of acyclic matrices in EHY, are invariant under block Gaussian elimination.

LEMMA 4.1. (See [14]) An (m+n) x (m + n) matric P is partitioned as

A DH
reln o]

where A € C™*™  C € C™"" and B, D € C™*™. If P is positive definite, then the
Schur complement with respect to A, P/A = C — BA='DH s positive definite.

THEOREM 4.2. Let A = [A;;] € QF, be block acyclic with n(A) +n(A%) € Mk.
Assume that {s,l} is an edge of Ga, where s is a vertex that has only one neighbor,
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and let L = [L;;], U = [U;;] € C*™**k™ pe defined by

1, if =7,

Liy; = — A AL, if i=1, j=s,
0, otherwise,
1, if =7,

Uij = *A;;Asl; if 1=1, j=s,
0, otherwise.

Then,
A=[A;]=LAU € Q& n(A) +n(A) e M¥
and A is block acyclic.

Proof. The proof of this theorem follows the proofs of Theorem 3.24 in [5] and
Theorem 3.6 in [I4]. Multiplication with L from the left changes only elements in row
I and multiplication with U from the right changes only elements in column [. Thus,

A'__ L Aij; if 7’;]7&17
N Aij — AZ‘SA;SIASJ', if 1=1 OI‘j =1.
Now suppose that {l,j} is an edge of G4 for j # I, s. Then {j, s} is not an edge of

G 4, since otherwise {l,j},{s,7}, {l, s} would be a cycle of G 4. Thus, the only blocks
in A which are different from the corresponding blocks in A are

(41) 2(15 =0, A;l =0, 1?1” = A — AlSA;slAsl.

Again, Ay = Ay — A AL Ag = [A(s,1)] /Ass is the Schur complement of the matrix

A(s,l) = { iss id ] € OF with respect to the non-Hermitian positive definite
Is u

matrix Ag. Since n(A)+n(AH) € MFE | TheoremB2shows A > 0 and hence A(s,[) >

0 for A(s,l) is a block principal submatrix of A. Therefore, Lemma 1] gives that

Ay = [A(s,1)]/Ass > 0. Obviously, A is block acyclic and A = [A;;] = LAU € QF,.

It remains to show that n(A) +n(A”) € ME. So we have to show that there is a

positive vector v = (vy,...,v,)T € R™ such that
~ ~ m ~ ~
vil A+ Af) = > vi(| Ayl + |A%]) > 0
J=1,j#1

for all i € (m). Since n(A) +n(A”) € MFE | there exists a vector u = (u1,...,un)T €
R™ such that

m

(4.2) ui(Ay + AN — Z u;(|Ai| + |A%]) > 0

J=1,j#1i
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for all i € (m). Setting v = u we have for i # [, s,
~ ~ m ~ ~
vil A+ A = > vi(| Ay + |AL]) > 0,
J=1,j#i
and for ¢ = s, it follows from ([@I]) that

m
va(Aii + A = > wi(|Ag] + |AL]) = vs(Ai + AfT) > 0.

j=Li#s

For ¢ = [, from (@) we have

u(Ai+ A0 = Y (| Ayl +]AH))

J=1,5#l m
= u(du+AD) - > vi(lAyl+ AT
J=1;#l,s
(4.3) = oA + Af) + (Al + 1AT) = X |4yl +]A])
. j=1j#1
= v+ AL — Y v(|Ayl+ |Afl[ )
j=1,j#

+os(JAs| + |AZ]) — 0 [Ais Al At + (As A Ag)H.

Since n(A) + n(A%) € ME, from [@2), setting v; = u; for all i € (m), we have

m
w(Ai + A = Y7 v (|4 + A)) > 0.
J=TgAl

Then, the sum of the last two lines of (3] is Hermitian positive definite if

(44) US(|AlS| + |A5 ) — U [AlsAs_slAsl + (AlsA;slAsl)H]

. .. .. . . VsAgs v Agl :|

is Hermitian positive semidefinite. Let B = 8 e 0k,
p [ v su(lAs| + AL ?

Then, with n(A) +n(A)” € M}, the matrix

Ags + ATY (| Ass] + |AH))
B + B H _ [ US( ss ss S sl
n(B) +n(B) oAl + 1A w(|Aw] + |AH)

satisfies the condition (3] of Theorem It then follows from Theorem that
the matrix B > 0. Hence, the Schur complement of B with respect to the matrix Ay,

1 v? _
B/vs(Ass)] = §UI(|AIS| + |Ag|) - U_lAlsAsslAsl >0
comes from Lemma A1l Thus,

1
§US(|Als| + |Ag|) - AISAS_SIASI Z 0



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 23, pp. 422-444, May 2012

An Extension of the Class of Matrices Arising in the Numerical Solution of PDEs 435

and then
'Us(|Als| + |AZ ) - Ul[AlsA;slAsl + (AlsA;slAsl)H] >0
which indicates that (@4) holds. O

This theorem shows that the class of block acyclic matrices satisfying n(A) +
n(A") € MF is invariant under block Gaussian elimination.

5. Convergence on iterative methods and the incomplete block LDU—
factorization. Consider the solution methods for the system of km linear equations

(5.1) Az =b,

where A = [A;;] € CF™*k™ is an m x m block matrix with all the blocks A4;; € Ck**,
b, x € C*™>*1  The class of systems arises not only in the numerical solution of 2D
and 3D Euler equations in fluid dynamics [2], 9 [14], but also in the discretizations of
PDEs associated to invariant tori [3] [4].

In order to solve system (B.1]) using block iterative methods, the coefficient matrix
A = [A;j] € Ckmxkm ig split into

(5.2) A=M N,

where M € C*F™X*™ is nonsingular and N € C*™**k™  Then, the general form of
block iterative methods for (B.I]) can be described as follows:

(5.3) 20D = MTIN2® + M~ i=0,1,2,....

The matrix H = M !N is called the iterative matrix of the iteration (5.3)). It is well-
known that (53)) converges for any given 2(°) if and only if p(H) < 1 (see [IT]), where
p(H) denotes the spectral radius of the matrix H. Thus, to establish the convergence
results of block iterative methods, we study the spectral radius of the iteration matrix
in iteration (&.3)).

In the following, the splitting and the iteration matrices for some special block
iterative methods of (B.1]) are listed, respectively.

Let (m) = {1,2,...,m} and £ C P(m) = {(i,j) | i,j € (m), i # j}. Consider
the E—block iterative method that is defined by the splitting

A= Mg~ N and Hp= M, 'Ng
is the iteration matrix, where Mg and Ng are shown in (22) and 23).

In the case of standard block decomposition A = D — L — U, the block Jacobi
method is defined by the splitting (5.2), where

M=D N=L+U, and H;=D'(L+U),
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is the iteration matrix, and the forward and backward block Gauss-Seidel methods
are defined by the splitting (2.2]), where

M=D-L N=U and M=D-U N=1L,
respectively, where D, L and U as in (24]), and
Hpas = (D —U)"'L

are the iteration matrices of the forward and backward block Gauss-Seidel meth-
ods, respectively. The Jacobi overrelaxation method (JOR-method) is defined by the

splitting (5:2)), where

1 1
M=-D, N=[--1)D+L+U]

w

where w € R and D, L, U as in (24]), and
(5.4) HjoRrw) =M 'N=(1-w)+wD (L+U)

is the iteration matrix. The SOR-method (see [16]) is defined by the splitting (5.2)),
where

M=1p-1, N=[(i-1D+1
w w
and
(5.5) HsoRr(w) =M 'N = (D —wL) '[(1 = w)D + wU]

is the iteration matrix. The AOR-~method (see [7]) is defined by the splitting (£.2)),
where

M= é(D —rL), N= i[(l —w)D + (w—r)L +wU],
and
(5.6) HaoRr(rw) =M 'N=(D—-rL)""[(1-w)D+ (w—r)L+wl],

is the iteration matrix, where r and w are the acceleration parameter and the overre-
laxation parameter, respectively.

In [5] 14l 19], the convergence results on some block iterative methods including
the E—block iterative method, the block Jacobi method, the forward and backward
block Gauss-Seidel methods, the block JOR-method and the block SOR-method are
established for the class of generalized M —matrices and generalized H—matrices. In
this section, we not only establish convergence of these iterative methods for matrices
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in EHY | but also discuss the convergent behavior of the block AOR-method. Fur-
thermore, we will show that the incomplete L DU —factorization leads to convergent
iterative methods.

The following lemma will be used in this section.

LEMMA 5.1. (See [14]) Let A, M, N € C™*™ with A= M — N. If for allt € R
(5.7) Ay =M+ M7 — ("N + e N > 0,
then p(M~*N) < 1. If A; >0 for all t € R, then p(M~1N) < 1.

THEOREM 5.2. Let A = [A;j] € QF,. For E C P(m), let Mg, Ng as in (Z2)
and (Z33). If n(A) +n(AT) € ME, then p(M,'Ng) < 1. In particular we have:

p(HJ) <1, p(Hpgs) <1, p(HBgs) < 1.
Proof. Using Theorem and Lemma B the proof of this theorem can be
obtained immediately. O

The following theorems will present the convergence results on the JOR-method
and SOR-method for the matrices in QF,.

THEOREM 5.3. Let A = [Ay;] € QF, with n(A) +n(A") € ME. Let H;op(. and
Hsop(w) be as in (5.4) and (23). If 0 <w <1, then

p(Hjorw) <1, p(Hsorw)) < 1.

Proof. Assume that A\ and p are any eigenvalues of H;jor(,) and Hsop(w), re-
spectively, and |A| > 1, |u| > 1. For these eigenvalues the relationships below holds
(58) det(HJOR(w) - )\I) =0 and det(HSOR(w) - [LI) =0

or after performing a simple series of transformations

(5.9) det(P) =0 and det(Q) =0,
where
w

5.10 P=D- —(L+U
( ) A—1+ w( +U)
and

wh w
5.11 =D - L
( ) @ p—1+w p—14+w
Suppose
(5.12) aei® = — =

A—1+4w
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: MW ; w
(5.13) Be¥ = — N = ——
p—14+w p—14+w

We will prove

@l

o=l = g St

and

_ w| _
=B = —1 <1 = |ye™| =
f= 1Bl = o <1 v = el

B I
=1+ wl

To prove these inequalities it is sufficient and necessary to prove that

(5.14) A—14w|>|w]
and
(5.15) = 1wl 2wl 14w >l

We prove (514). If A= = ge®, where ¢ and @ are real with 0 < ¢ < 1, then the
inequality in (B.14) is equivalent to

14 ¢* — 2¢(1 — w) cos O — 2¢°w > 0.

Since the expression in the brackets above is nonnegative, (514 holds for all real 6
if and only if it holds for cosf = 1. Thus, we have

(1-q)[(1—q)+2qw] >0
which is true.

Next, let us prove (5.I5). Set u~! = pe’”, where p and ¥ are real with 0 < p < 1.
Then, the first inequality in (5I0) is equivalent to

(5.16) (1+w) + (1 +whp? —2pcost — 2¢°w > 0.

Since the expression in the brackets above is nonnegative, (5.16) holds for all real 6
if and only if it holds for cos§ = 1. Thus, (B16) is equivalent to

(1 =p)[(1+w)(1—p)+2pw] >0,
which is true.

The proof of the second inequality in (5I5]) is similar to the proof of the inequality
EI4). Thus, 0< a<1,0< B <1and0 <~ <1 It follows from (EI0) and (EI2)
that

P=D—ae"(L+U)
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and it follows from (EI1]) and (BI3) that
Q=D — BeL —~e™U.

Hence, it follows from Theorem 3.5 that both PH¥+P > 0and Q¥ +Q > 0. So P > 0
and @ > 0 come from lemma 2.3 and consequently, both P and @ are nonsingular
which contradicts (£.9) and consequently (5.8). Thus, p(Hjorw)) < 1, p(Hsorw)) <
1.0

Now, we establish the convergence result of the block AOR-method (See [7]).

THEOREM 5.4. Let A = [Aj;] € Qp, with n(A) +n(A") € My, Let Haor(rw) be
as in [@8). If0<r <1 and 0 <w <1, then p(Haor(rw)) < 1.

Proof. The conclusion can be proved by contradiction. We assume that there
exists an eigenvalue A\ of Hop(r, «) such that [A\| > 1. Since

HaoR(r, w) = (D —rL) (1 = w)D + (w — r)L + wU],

we have
det(HaoR(r, w) — M)
= det {(D —rL)"[(1 - w)D + (w — )L + wU — A\(D — rL)]}
_det[(A—1+w)D —(r(A—=1)+w)L —wU]
(5.17) det(D *;L)l
dot [p- MOV Hw, @y
14w Altw © A-ltw
N det(D —rL)
= 0.
Since det(D —rL) #0and A —1+w # 0 for [A| > 1 and 0 < w < 1, we have that
(5.18) det(Q) =0,
where
r(A—1)+w w
d =D— _
(5.19) @ A-1+4+w A—l—i—wU

In fact, the coefficients of L and U in (BI9) are not more than 1 in modulus. To
prove this it is sufficient and necessary to prove that

(5.20) A—14w>[r(A—1)4w| and |A—1+w| > |w|.
Let A= = ge??, where ¢ and 6 are real with 0 < ¢ < 1 since |A| > 1. Then the first
inequality in (B20) is equivalent to
AN=14+w?—|r(A—1) +w|?
AP[L =@ =)A= |r = (r = w)A 1]
02|t = (L= w)ge | — |r = (r —w)qe™|?
> 0.

(5.21)
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Since
_ _ 012 __ _ _ 2 _ : 2
[1—(1—-w)ge)* = [1—(1—-w)gcosb)*+ [(1 —w)gsinb]

= 1-2(1-w)gcosh + (1 —w)?¢?

and
i0)2 [r — (r —w)gcos)? + [(r — w)gsin6)?
= 72 = 2r(r —w)gcosf + (r — w)?q?,

|r — (r —w)ge

(E21) is equivalent to
7 [|>\ —14wP—|r(A-1)+ w|2}
(522) = |:1 — 2(1 — W)qCOSH + (1 — w)2q2i| — |:7"2 — 2r(7‘ — W)QCOSH + (7" _ w)2q2i|

(1—7r)+(1—-7%¢% - (1 —7r?)2qgcosf + (1 —r)2qwcosd — (1 — r)2¢*w
0.

AV

B22) clearly holds for r = 1. For 0 < r < 1, we have 1 — r > 0. Therefore,

q2[|)\71+w|2 Ir(A —1) +w|2}
(5.23) = (1—72)+ (1 —72)¢*> — (1 —r?)2qcosd + (1 — r)2qw cos § — (1 — 7)2¢°w
(1—-r) {(1 +7)+(1+7r)¢% = [(1+7) — w]2qcosf — 2q2w}
0.
E23) is equivalent to

(5.24) (T+7r)+ (1 +7r)g® —[1+7r) —w]2gcosd — 2¢%w > 0.

AVAI

Since 0<r<1,0<w<land0<¢q<1,(l+7r)—w>0 and consequently
[(147) —w]2gcosd < [(1+7)— w]2q.
As a result,

)+ (1+7)¢? — [(1+7) —w]2gcosd — 2¢°w
1+7)+(1+7r)¢ —[(1+7r)—w]2¢—2¢°w
(I4+7r)+(1+r)g* — (1+7)2q
=(1+7)(1-q)?*>0,

which shows that (524]) holds for all real 6.

(1

1V +

The second inequality in (5.20) is equivalent to
(5.25) 14+ ¢* —2¢(1 — w)cosf — 2¢°w > 0.
Since 0 < w <1 and 0 < ¢ <1, 2¢(1 —w) >0 and consequently

2¢(1 —w)cosf < (1 —w)2q.
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Therefore,

1+ ¢ —2q(1 —w)cosh — 2¢°w
>1+4¢* - 2¢(1 -~ w) — 2¢°w
= (1-¢q)* +2qw(1 —q) >0,

which shows that (28] holds for all real §. This proves the second inequality in
G.20).

Now, let

w:r()\fl)er o _ w
ac A—14w '’ pe A—1+w

Then it follows from (£.20) that we have

@l

[rA=1) +w] B
AN—1+w| ~

i |r i
o = |ae’®| = =1 +o <1, B=|Be?|=

Thus, from (5.19), we have
Q=D —ae'L — Be'¥U,

where 0 < @ <1 and 0 < B < 1. It follows from Theorem 3.5 that Q + Q¥ > 0 and
Hence, @ is nonsingular which contradicts (5I8)), and consequently (5I7). Therefore,
p(HAOR(T, w)) <10

In what follows, we will discuss the incomplete block LDU-factorization (IBLDU-
factorization) for the matrices in C™k*™¥_ In a complete block LDU —factorization
of a matrix A € C™F*™k_ we have

A= LDU,

where D is a block diagonal matrix, L a low block triangular matrix and U an upper
block triangular matrix. In an incomplete block L DU —factorization of a matrix
A € CmkxmE e have the form

A=LDU - N,

where D is a block diagonal matrix, L a low block triangular matrix but some zero
block in low triangular part and U an upper block triangular matrix but some zero
block in upper triangular part. In these block matrices L and U, zero blocks may
occur in arbitrary off-diagonal places, which can be chosen in advance. Let

PCPm)={(,j)|1<4,j<m, i#j},
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where P gives positions of zero blocks in matrices L and U. Then the matrices L, U
and N in the incomplete block L DU —factorization have the following structure

Li;=Uy;=0, if (i,j)€P,
Ny; =0, if (i,§) € P.

It follows that some results will be presented to determine whether a matrix A € QF,
admits an incomplete block LDU —factorization and whether the related iterative
method converges.

THEOREM 5.5. Let A = [A;;] € QF, be block acyclic with n(A) + n(Af) €
MPE . Then, A admits an incomplete block LDU-factorization for all P C P(m) and
p((LDU)™IN) < 1.

Proof. Consider the construction of the LDU-factorization for example in [I3].
Obviously, A = [4;;] € QF, with n(A) + n(Af) € MF remains true even if we delete
some off-diagonal blocks of A. With Theorem 2] the matrix A, which we obtain after
one step block Gaussian elimination, is also block acyclic and we have A = [EU] €Ok
with 5(A) + (A7) € M¥*. Thus, A admits an incomplete block LDU —factorization,
that is, A = LDU — N. Since A = [A;;] € QF with n(A) + n(A7) € ME

n,, it follows
from Theorem [5.2] that p((LDU)"'N) < 1.0

For a matrix that has a block graph which contains cycles, one step of Gaussian
elimination can destroy the structure of the off-diagonal blocks if k # 1. However, for
an arbitrary matrix A € QF we can choose a subset E C P(m) such that Mg = [M,;]
is block acyclic. Here as in (2.2])

Mij:Aij; if (i,j)GEOTi:j,
M;; =0, otherwise.

Since Mg is block acyclic, we have with Theorem [5.3] the factorization

(5.26) Mg = LDU,

where L is a strictly block lower triangular, U is a strictly block upper triangular,
and D is block diagonal matrix. Furthermore, with Theorem [5.3] the splitting

A=LDU — Ng

yields a convergent iterative method. Thus, the following result follows directly from
the facts mentioned above.

THEOREM 5.6. Let A = [A;;] € QF, with n(A) +n(Af) € ME and let E C P(m)
be such that Mg is block acyclic, where Mg is as in (223). Then A admits the
incomplete block LD U-factorization

A=LDU — Ng,
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with Mg = LDU as in ([528). Furthermore, p((LDU)"'N) < 1.

Therefore, block methods, such as the block cyclic reduction method, can be
used for the solution of the system Az = b, and this is a very good method for
preconditioning.

6. Conclusions. Following the results in [5], 14} [19], we have proposed a more
general class of block matrices — the class of EH—matrices and established some re-
sults on the positive definiteness and the invariance under block Gaussian elimination
for a subclass of FH—matrices. Furthermore, we have discussed convergence of block
iterative methods for linear systems with such subclass of £ H —matrices. For example,
we have presented the convergence of the block Jacobi method, block Gauss-Seidel
method, block JOR-method, block SOR-method and block AOR-method as well.
In particular, we investigated the incomplete L DU —factorization of FH—matrices,
which is applied to establish some results on the convergent iterative methods.

All results proposed in this paper generalize the corresponding ones of L. Elsner
and R. Nabben and answer the open problem proposed by R. Nabben in [I4].
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