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BROCKETT COST FUNCTION FOR SYMPLECTIC EIGENVALUES∗

NGUYEN THANH SON†

Abstract. The sum of symplectic eigenvalues and corresponding eigenvectors of symmetric positive-definite matrices in the

sense of Williamson’s theorem can be computed via minimization of a trace cost function under the symplecticity constraint.

Optimal solutions to this problem only offer a symplectic basis for the symplectic eigenspace corresponding to the sought

symplectic eigenvalues. In this note, we introduce a Brockett cost function and investigate its properties and the connection

with the symplectic eigenvalues and eigenvectors of the considered matrix. Specifically, we prove that any stationary point

consists of symplectic eigenvectors, characterize the saddle points and global minimizers based on which the trace minimization

theorem for the symplectic eigenvalues is re-established, and the nonexistence of local nonglobal minimizers is justified.
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1. Introduction. In his classic work [25], Williamson discovered that for any symmetric positive-

definite (spd) matrix M ∈ R2n×2n, there exists a symplectic matrix S ∈ R2n×2n, which diagonalizes M in

the sense

(1.1) STMS =

[
D 0

0 D

]
,

where D = diag(d1, . . . , dn) with dj > 0, j = 1, . . . , n. The decomposition (1.1) looks quite like the standard

eigenvalue decomposition for real symmetric matrices except for the special form on the right-hand side,

which will be referred to as Williamson’s diagonal form, and the fact that S is, instead of an orthogonal

matrix, a symplectic matrix. That is, it verifies

(1.2) STJ2nS = J2n,

where J2n =
[

0 In
−In 0

]
and In is the n × n identity matrix. Note that the matrix J2n is itself symplectic,

orthogonal, and skew-symmetric. It is straightforward from (1.2) that S−T = J2nSJ
T
2n and by multiplying

this matrix to the left of (1.1), we obtain

(1.3) MS = J2nS

[
0 −D
D 0

]
.

Let us write S by columns as S = [s1, . . . , sn, sn+1, . . . , s2n]. The relation (1.3) implies, for any ordered

vector pair [sj , sn+j ], that

M [sj , sn+j ] = J2n[sj , sn+j ]

[
0 −dj
dj 0

]
, j = 1, . . . , n,
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which most probably suggests the name symplectic eigenvalue for dj , symplectic eigenvector pair associated

with dj for the ordered vector pair [sj , sn+j ], and symplectic eigenpair for (dj , [sj , sn+j ]) (cf. Mx = I2nxλ

when (λ, x) is an eigenpair of M .) More generally, denote by Ik = [i1, . . . , ik] a k-tuple of indices in the

index set {1, . . . , n}, and write DIk = diag(di1 , . . . , dik), SIk = [si1 , . . . , sik , sn+i1 , . . . , sn+ik ], we derive from

(1.3) the relation

(1.4) MSIk = J2nSIk

[
0 −DIk
DIk 0

]
.

It is worth to note that the symplectic eigenvalues and eigenvectors are not the conventional ones, although

some connections between them can be established [17, 22].

Symplectic eigenvalues are involved in the study of optics [13], quantum mechanics [18], quantum com-

puting [5], quantum information/communication [2, 11, 24], and learning linear port-Hamiltonian systems

through their normal forms [21]. Using the connection between the symplectic eigenvalues of M and the

eigenvalues of the Hamiltonian matrix J2nM , they can be used for stability analysis of weakly damped

gyroscopic systems [6].

In principle, to compute the symplectic eigenvalues and their associated eigenvectors of M , one can

compute the eigenvalues of the Hamiltonian matrix J2nM [3] or apply a standard eigensolver to the Hermitian

pencil M −λiJ2n. However, the Hamiltonian structure, which results in special properties of its eigenvalues,

requires careful treatment or the computation error might lead to complex values for the Hermitian pencil [6].

Moreover, some solvers do not fully deliver repeated eigenvalues. In [22], inspired by the trace minimization

theorem established in [8, 16], the authors addressed computing the smallest k symplectic eigenvalues M ,

1 ≤ k ≤ n, via minimizing a trace cost function under the symplecticity constraint. Namely, it seeks a

solution Xmin to

min
X∈R2n×2k

tr(XTMX) s.t. XTJ2nX = J2k,

as the first step. Here, the rectangular matrix X satisfying the constraint is, similar to (1.2), also referred

to as a symplectic matrix. In the second step, XT
minMXmin is diagonalized in which the obtained diagonal

elements are the expected symplectic eigenvalues, and the matrix product XminXdiag, where Xdiag diago-

nalizes XT
minMXmin, is the associated symplectic eigenvectors. More steps most probably result in a larger

error. One wishes to have the symplectic eigenvectors and eigenvalues right after the optimization step.

Unfortunately, minimization of the trace cost function only offers a symplectic basis as the columns of Xmin

for the subspace corresponding to the smallest k symplectic eigenvalues.

For eigenvalues, this issue is resolved by replacing the cost function tr(XTMX) with the Brockett cost

function tr(NXTMX) on the set of matrices with orthogonal columns, where N is a square, diagonal matrix

[1, 10]. More general forms were considered in [19, 20]. Building on these results, in this paper, we will

construct a Brockett cost function and investigate its optimization under the symplecticity constraint for

the purpose of computing symplectic eigenpairs. With this in mind, we will not manage to find a general

function but construct a simple one that enables our goal. After the construction of the cost function,

our main results include (i) a proof that any stationary point consists of symplectic eigenvectors, (ii) an

explicit formula for the global minimal value of the Brockett cost function, which allows us to re-establish

the trace minimization theorem for symplectic eigenvalues mentioned above, and (iii) a justification for the

nonexistence of local nonglobal minimizers of the proposed cost function.
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The rest of this paper is organized as follows. After introducing notations, we recall the necessary

background on the topic in Section 2. The main result will be presented in Section 3. Final remarks are

given in Section 4.

Notation. For given integers k, n, 1 ≤ k ≤ n, we denote by Sp(2k, 2n) (Sp(2n) in case of k = n), Sym(n),

Skew(n), SPD(n) the set of 2n × 2k symplectic, n × n symmetric, n × n skew-symmetric, and n × n spd

matrices, respectively. Meanwhile, tr(·), ·T , null(·), and span(·) stand for the trace, transpose, kernel of a

matrix or linear operator, and subspace spanned by the column vectors (of a matrix), respectively. Moreover,

we write diag(a1, . . . , an) ∈ Rn×n to mean the diagonal matrix with the entries a1, . . . , an on the diagonal.

This notation is also used for block diagonal matrices, where each ai is a submatrix block. For a twice

continuously differentiable function f : Rn×m → R, we denote by ∇f(X) and ∇2f(X), respectively, the

Euclidean gradient and the Hessian of f at X. Moreover, Dh(X) stands for the Fréchet derivative at X of a

mapping h between Banach spaces. Conventionally, i =
√
−1 denotes the imaginary unit and δij means the

Kronecker delta.

2. Preliminaries. We recall some related facts from [22]. The diagonalizing matrix S in Williamson’s

decomposition (1.1) is not unique. One is referred to [22, Theorem 3.5] for a full description of the family

of diagonalizers. Thus, an argument involving S or a part of it holds for any element of this family. A pair

of column vectors (u, v) in R2n is said to be symplectically normalized if uTJ2nv = 1. Two pairs of vectors

(u1, v1) and (u2, v2) are symplectically orthogonal if

uTi J2nvj = uTi J2nuj = vTi J2nvj = 0 for i 6= j, i, j = 1, 2.

A matrix X = [u1, . . . , uk, v1, . . . , vk] ∈ R2n×2k is symplectically normalized if each pair (ui, vi) is so, for

i = 1, . . . , k. It is symplectically orthogonal if the pairs of vectors (ui, vi) are mutually symplectically

orthogonal. The multiplicity of a symplectic eigenvalue dj , denoted by m(dj), is the number of times it

appears in D. Williamson’s decomposition implies that there are m(dj) symplectic eigenvector pairs, which

are also symplectically normalized and orthogonal to each other, associated with dj . Moreover, this set

is linearly independent [12, Theorem 1.15] and therefore spans a 2m(dj)-dimensional subspace. The one

associated with multiple symplectic eigenvalues is defined similarly, thanks to [17, Corollary 2.4]. In view

of [23, Lemma 2.1], these subspaces are symplectic in the sense that they, in addition to the zero vector,

possess only symplectically normalized vector pairs.

A well-known result on the trace minimization for symplectic eigenvalues of an spd matrix is given in

the following.

Theorem 2.1. [8, 16] Let a matrix M ∈ SPD(2n) have symplectic eigenvalues 0 < d1 ≤ · · · ≤ dn. Then,

for any integer k, 1 ≤ k ≤ n, it holds

(2.1) 2

k∑
j=1

dj = min
X∈R2n×2k

tr(XTMX) s.t. XTJ2nX = J2k.

Next, we collect some technical facts.

Lemma 2.2. The following statements hold.

(i) Given W ∈ Skew(2k) and R = diag(r1, . . . , r2k), rj 6= 0, for j = 1, . . . , 2k, such that WR =
[

0 −Λ
Λ 0

]
,

where Λ is a nonsingular diagonal matrix. Then, rj = rj+k for all j = 1, . . . , k.
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(ii) If a matrix A commutes with a diagonal matrix R with mutually distinct diagonal entries, then A

is also diagonal.

Proof. By assumption, if we write W =
[

W1 W2

−WT
2 W3

]
, WT

1 = −W1,W
T
3 = −W3, R1 = diag(r1, . . . , rk),

and R2 = diag(rk+1, . . . , r2k), then we obtain immediately W2R2 = R1W2 = −Λ. Together with the

nonsingularity of R1 and R2, these equalities first imply that W2 is also a diagonal matrix. And finally, if Λ

is nonsingular, then R1 = R2.

For the second statement, let us write A = (ai,j) and R = diag(r1, . . . , rm) with ri 6= rj for i 6= j, i, j =

1, . . . ,m. The assumption in the second statement implies that ai,j(ri − rj) = 0 for all i, j = 1, . . . ,m. The

conclusion is deduced from the mutual distinctness of the diagonal elements of R.

It was pointed out in [22, Theorem 4.6] that a solution to the minimization problem (2.1) provides a

basis for the subspace associated with the smallest k symplectic eigenvalues only, not a set of symplectic

eigenvectors. The main reason is that all terms in the trace in (2.1) are equally involved. As a remedy to

this, we consider minimizing the cost function

(2.2) min
X∈R2n×2k

f(X) := tr(ÑXTMX) s.t. h(X) := XTJ2nX − J2k = 0,

where Ñ is a diagonal matrix of positive diagonal entries. As (2.2) is an optimization problem under equality

constraint of which the linear independence constraint qualification holds at any point in the feasible set

[14], we proceed with the associated Lagrangian function

L(X,L) = tr
(
ÑXTMX

)
− tr

(
L
(
XTJ2nX − J2k

))
,

where L ∈ Skew(2k) is the associated Lagrange multiplier. The gradient of L with respect to X at (X,L)

takes the form

∇XL(X,L) = 2MXÑ − 2J2nXL.

Furthermore, the action of the Hessian of L with respect to X on (Z,Z) ∈ R2n×2k × R2n×2k reads

∇2
XXL(X,L)[Z,Z] = 2 tr

(
ZT (MZÑ − J2nZL)

)
.

Next, let us recall the first- and second-order necessary optimality conditions [7, Proposition 3.1.1] for

the constrained optimization problem (2.2). A point X∗ ∈ R2n×2k is said to satisfy the first-order necessary

optimality condition, also referred to as a stationary point of the problem (2.2), if h(X∗) = 0 and there exists

a Lagrange multiplier L∗ ∈ Skew(2k) such that ∇XL(X∗, L∗) = 0 or equivalently XT
∗ J2nX∗ = J2k and

(2.3) MX∗Ñ = J2nX∗L∗.

The stationary point X∗ ∈ R2n×2k with the associated Lagrange multiplier L∗ is said to satisfy the second-

order necessary optimality condition if

(2.4) ∇2
XXL(X∗, L∗)[Z,Z]=2tr

(
ZT (MZÑ − J2nZL∗)

)
≥ 0,

for all Z ∈ null
(
Dh(X∗)

)
= {Y ∈R2n×2k : Dh(X∗)[Y ] = Y TJ2nX∗+X

T
∗ J2nY = 0}.
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3. Main results. In this section, we first construct the Brockett cost function for symplectic eigenvalues

and then study in detail its stationary points, minimizers, maximizers, and saddle points.

The condition (2.3) can be equivalently written as

(3.1) MX∗ = J2nX∗L∗Ñ
−1.

We want that each stationary point is also a symplectic eigenvector set, i.e., (1.4) holds for X∗ for some

index subset Ik. Equating its right-hand side with that of (3.1) and multiplying the derived equality from

the left by JT2kX
T
∗ , we arrive at the condition L∗Ñ

−1 =
[

0 −DIk
DIk 0

]
. In view of Lemma 2.2(i), Ñ−1 and

therefore Ñ must take the form

(3.2) Ñ = diag(N,N), N = diag(ν1, . . . , νk),

with νi 6= νj for i 6= j, i, j = 1, . . . , k. This observation suggests that (3.2) is a necessary condition for a

stationary point of (2.2) to be a symplectic eigenvector set. We will show in Proposition 3.3 that it is also

a sufficient condition. Therefore, from now on, we consider the cost function

(3.3) min
X∈R2n×2k

f(X) := tr(ÑXTMX) s.t. h(X) := XTJ2nX − J2k = 0,

where Ñ is of the form (3.2), and mention it as the Brockett cost function for the symplectic eigenvalues.

Certainly, the order of the diagonal entries in N can be arbitrary. For the sake of convenience, we will

arrange them in increasing order, i.e.,

0 < ν1 < · · · < νk.

In [22], orthosymplectic matrices–those are both orthogonal and symplectic–play an important role in

computing the symplectic eigenvalues in the optimization framework (2.1). In this work, to treat the Brockett

cost function, we introduce a specialized type of orthosymplectic matrices. Indeed, we define

OrSpÑ (2k) = {K ∈ R2k×2k : KTJ2kK = J2k,K
T ÑK = Ñ},

for Ñ in (3.2). As a special case, it was known from [4, 22] that

(3.4) OrSpÑ (2k) =

{[
diag(cos(Φ)) diag(sin(Φ))

−diag(sin(Φ)) diag(cos(Φ))

]
,Φ = (φ1, . . . , φk) ∈ Rk

}
.

Remark 3.1. Using the explicit form (3.4), it is obvious that K ∈ OrSpÑ (2k) if and only if KT ∈
OrSpÑ (2k); specifically, KÑKT = Ñ . Hence, it holds for any X ∈ Sp(2k, 2n),K ∈ OrSpÑ (2k) that

f(XK) = tr(ÑKTXTMXK) = tr(KÑKTXTMX) = tr(ÑXTMX) = f(X).

That is to say, the Brockett cost function f in (3.3) is constant on the set XOrSpÑ (2k).

Next is a property of stationary points.

Proposition 3.2. If X∗ is a stationary point of the minimization problem (2.2). Then, for any K ∈
OrSpÑ (2k), X∗K is also a stationary point.
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Proof. First, it is direct to check that X∗K ∈ Sp(2k, 2n) if X∗ ∈ Sp(2k, 2n) and K ∈ Sp(2k). Then, by

assumption and Remark 3.1, it holds that

MX∗KÑK
T = MX∗Ñ = J2nX∗L∗ = J2nX∗KK

−1L∗,

for some L∗ ∈ Skew(2k). This leads to MX∗KÑ = J2nX∗KK
−1L∗K

−T which means that X∗K is a

stationary point associated with the Lagrange multiplier K−1L∗K
−T .

Now, we derive the expected result.

Proposition 3.3. The matrix X ∈ R2n×2k is a stationary point of the minimization problem (3.3) if

and only if its columns form a symplectic eigenvector set of M .

Proof. Assume X∗ is any stationary point of (3.3) with the associated Lagrange multiplier L∗. From

(2.3), we deduce that

(3.5) L∗ = JT2kX
T
∗ MX∗Ñ .

The skew-symmetry of L∗ immediately leads to

(3.6) J2kX
T
∗ MX∗Ñ = ÑXT

∗ MX∗J2k.

Since XT
∗ MX∗ is symmetric, it can be expressed as

(3.7) XT
∗ MX∗ =

[
S1 S2

ST2 S3

]
with S1, S3 ∈ Sym(k).

It follows from (3.2), (3.6), and (3.7) that[
ST2 N S3N

−S1N −S2N

]
=

[
−NS2 NS1

−NS3 NST2

]
.

The two identities S2N = −NST2 and ST2 N = −NS2 together result in S2N
2 = N2S2. From Lemma 2.2(ii),

S2 is diagonal which additionally yields S2 = 0. Similarly, S1 and S3 are diagonal and additionally S1 = S3.

Eventually, we have

(3.8) XT
∗ MX∗ =

[
S1 0

0 S1

]
.

Moreover, as M is spd and X∗ is of full rank, the diagonal elements of S1 are positive. Inserting XT
∗ MX∗

in (3.8) back into (3.5) and put the resulting form of L∗ there in (3.1), we obtain the equality

MX∗ = J2nX∗

[
0 −S1

S1 0

]
.

This says X∗ is a symplectic eigenvector set of M associated with the symplectic eigenvalues on the diagonal

of S1.

Conversely, assume X∗ is any symplectic eigenvector set associated with the symplectic eigenvalues

[di1 , . . . , dik ]. In this case (1.4) holds for X∗. Multiplying this equality with Ñ on the right leads to

MX∗Ñ = J2nX∗

[
0 −DIk
DIk 0

]
Ñ = J2nX∗

[
0 −DIkN

DIkN 0

]
.
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That is, X∗ is stationary point of the problem (3.3) associated with the Lagrange multiplier
[

0 −DIkN
DIkN 0

]
.

The sufficiency is then justified.

A similar result for the Brockett cost function with orthogonality constraint can be found in [1, Subsect.

4.8] whose proof was mainly based on the differentiable geometry of the feasible set.

Based on Proposition 3.3, we will compute the global minimal value and determine the global minimizers

of the cost function in (3.3).

Proposition 3.4. Assume that an spd matrix M has the symplectic eigenvalues d1 ≤ · · · ≤ dn, k is any

number in {1, . . . , n}, and a weighting matrix Ñ is of the form diag(N,N), where N = diag(ν1, . . . , νk) with

0 < ν1 < ν2 < · · · < νk. Then, it holds that

2(d1νk + d2νk−1 + · · ·+ dkν1) = min
X∈R2n×2k

tr(ÑXTMX) s.t. XTJ2nX = J2k.

Moreover, the columns of a minimizer X∗ consist of k symplectic eigenvector pairs associated with the

smallest k symplectic eigenvalues of M arranged in nonincreasing order, i.e., XT
∗ MX∗ = diag(dk, . . . , d1).

Proof. Let us denote the columns of X by x1, . . . , x2k and the diagonal elements of Ñ generally by

ν̃j , j = 1, . . . , 2k. It holds that

tr
(
ÑXTMX

)
=

2k∑
j=1

ν̃j
(
xTj Mxj

)
(3.9)

> ν1λmin(M)

2k∑
j=1

‖xj‖2 = ν1λmin(M)‖X||2F ,

for any X ∈ R2n×2k, where λmin(M) > 0 is the smallest eigenvalue of M , ‖ · ‖ and ‖ · ‖F are respectively

the Euclidean and Frobenius norms. This estimate, together with the unboundedness of the set Sp(2k, 2n),

implies that the Brockett cost function in (3.3) is coercive on the closed set Sp(2k, 2n) in R2n×2k. In view of

Weierstraß’s theorem, see, e.g., [7, Proposition A.8], the function in (3.3) attains a global minimizer Xmin ∈
Sp(2k, 2n). Moreover, because of the smoothness, Xmin must be one of the stationary points determined in

Proposition 3.3 which verifies XT
minMXmin =

[
DIk 0

0 DIk

]
for some index subset Ik. Accordingly, a stationary

value of (3.3) can only be of the form 2
∑k
j=1 dijνj where each dij , j = 1, . . . , k, is a symplectic eigenvalue

of M and νj is a diagonal element of N . It is the classical rearrangement inequality, see, e.g., [15, Chapter

10], that the smallest value among all possibilities is the left-hand side of (3.9).

Obviously, the equality holds when [xj , xk+j ] is a symplectic eigenvector pair associated with the sym-

plectic eigenvalue dk−j+1 for j = 1, . . . , k. The proof is complete.

Remark 3.5. Proposition 3.4 can be obtained using [19, Theorem 3.1] with an appropriate change of

variable. Their derivations are, however, different.

Remark 3.6. Unlike the trace cost function considered in [22], the column order of the minimizer matters;

it must be exactly associated with a k-tuple of symplectic eigenvalues [dk, . . . , d1]. Therefore, even in the

case k = n, a stationary point of the Brockett cost function in (3.3) is not necessarily a global minimizer,

cf., [22, Corollary 4.9]. Moreover, from Remark 3.1, if X∗ is a global minimizer, then X∗K is also a global

one for any K ∈ OrSpÑ (2k).
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Remark 3.7. Proposition 3.4 does not cover Theorem 2.1 as a special case since it is required that the

diagonal elements of N must be mutually distinct. However, Theorem 2.1 can be derived from Proposition 3.4

by a simple argument. Indeed, taking N = diag(1 + ε, . . . , 1 + kε) for ε > 0. Applying Proposition 3.4 yields

that

2(d1(1 + kε) + d2(1 + (k − 1)ε) + · · ·+ dk(1 + ε))

= min
X∈R2n×2k

tr(ÑXTMX) s.t. XTJ2nX = J2k.

Thanks to the continuity of the optimal solution with respect to the parameter matrix N , see, e.g., [9,

Proposition 4.4], let ε in this identity tend to zero, we obtain (2.1).

Let us turn our attention toward maximal values. First, the cost function in (3.3) is unbounded from

above due to (3.9) and therefore it has no global maximizer. Moreover, it has no local maximizer. Verification

of this statement can be done similarly to [22, Remark 4.13]. Indeed, a maximizer X∗ must be a stationary

point, and in view of Proposition 3.3, X∗ = SIk for some index set Ik. Now, let us consider the curve

W (t) =
[
tIk 0
0 Ik/t

]
, t ∈ (1− ε, 1 + ε), ε > 0. The value of f along X∗W (t) ⊂ Sp(2k, 2n) is

f(X∗W (t)) =

(
t2 +

1

t2

) k∑
j=1

νjdij .

Accordingly, the second derivative at t = 1 is positive and therefore violates the necessary optimality

condition for a maximixer. Thus, if a stationary point is shown not to be a minimizer, we can conclude that

it is a saddle point.

Next, we proceed with the stationary points of the cost function in (3.3) that are not included in

Proposition 3.4.

Proposition 3.8. Given a stationary point X∗ = [x∗1, . . . , x∗k, x∗k+1, . . . , x∗2k] associated with the

symplectic eigenvalues [di1 , . . . , dik ] of matrix M .

(i) If the k-tuple [di1 , . . . , dik ] is not in a nonincreasing order, i.e., there are α < β ∈ {1, . . . , k} such

that diα < diβ , then X∗ is not a local minimizer.

(ii) Assume that

(3.10) dk < dk+1,

and if the k-tuple [di1 , . . . , dik ] is in a nonincreasing order and different from the smallest k-tuple

[dk, . . . , d1]. Then X∗ is not a local minimizer.

Proof. For each case, using [14, Proposition 3.3], we will construct a direction along which the second-

order necessary optimality condition (2.4) is violated. First, let us denote by P̃ij ∈ R2k×2k, 1 ≤ i, j ≤ k, the

permutation matrix received from the identity matrix I2k by interchanging the i– and j– rows and (k + i)–

and (k + j)– rows. A matrix of this type satisfies

P̃Tij = P̃ij , P̃ 2
ij = I2k, and P̃TijJ2kP̃ij = J2k.

It is straightforward to check that Z∗ := X∗J2kP̃αβ ∈ null
(
Dh(X∗)

)
. From the proof of Proposition 3.3,

the Lagrange multiplier associated with X∗ has the explicit form L∗ =
[

0 −DIkN
DIkN 0

]
, where DIk =
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diag(di1 , . . . , dik). Consequently, we have

∇2
XXL(X∗, L∗)[Z∗, Z∗] = 2tr(ZT∗ (MZ∗Ñ−J2nZ∗L∗))

= 2tr(P̃Tαβdiag(DIk , DIk)P̃αβÑ − J2kÑ)

= 4((diβνα + diανβ)− (diανα + diβνβ)) < 0,

in which the last strict inequality is due to the rearrangement inequality for two sequences of mutually

distinct elements.

For the second class of stationary points, we start by showing that there always exists a symplectic

eigenpair (dc, [sc, sn+c]), for some c ∈ {1, . . . , k}, such that dc < dik−(c−1)
and [sc, sn+c] does not belong

to the symplectic subspace span(X∗). Indeed, the assumptions imply that di1 > dk. Denote by m(dk)

the multiplicity of dk. Accordingly, it holds that dk = dk−1 = · · · = dk−(m(dk)−1) > dk−(m(dk)) and

the associated symplectic subspace SSp({dk, . . . , dk−(m(dk)−1)}), i.e., the one spanned by all symplectic

eigenvector pairs associated with the referred symplectic eigenvalues, does not has a common nonzero vector

with span([x∗1, x∗k+1]) [17, Corollary 2.4]. If SSp({dk, . . . , dk−(m(dk)−1)}) 6⊂ span(X∗\{x∗1, x∗k+1}), there

exists a symplectic eigenvector pair, which can always be associated with dk due to the multiplicity, being

outside span(X∗\{x∗1, x∗n+1}). Those vectors together with dk constitute the desired symplectic eigenpair.

Otherwise, if

(3.11) SSp({dk, . . . , dk−(m(dk)−1)})⊂span(X∗\{x∗1, x∗k+1}),

the tuple [di1 , . . . , dik ] must contain all m(dk) copies of dk, due to its nonincreasing order, and therefore it

holds that m(dk) ≤ k−1. If m(dk) = k−1, one can check that d1 with an associated symplectic eigenvector

pair is the expected symplectic eigenpair. In the other case, if m(dk) < k − 1, we consecutively apply these

arguments to the next symplectic eigenvalue dk−m(dk) and note that the inclusion situation (3.11) can not

happen till the end because initially the set {di2 , . . . , dik} has one fewer element than {dk, . . . , d1}. Thus,

the mentioned symplectic eigenpair always exists.

Next, consider Z∗ = [sc, sn+c][ec,2k, ek+c,2k]T with ec,2k ∈ R2k×1 representing the c-th unit vector and

[sc, sn+c] is the symplectic eigenvector pair associated with dc mentioned above. Due to the construction,

Z∗ ∈ R2n×2k and satisfies ZT∗ J2nX∗ = 0 which implies that Z∗ ∈ null
(
Dh(X∗)

)
. Moreover, one can check

that

∇2
XXL(X∗, L∗)[Z∗, Z∗] = 2tr(ZT∗ MZ∗Ñ − ZT∗ J2nZ∗L∗)

= 4(dcνk−c+1 − dik−(c−1)
νk−c+1) < 0.

This last inequality completes the proof.

With assumption (3.10), the nonexistence of the local nonglobal minimizer is confirmed.

Corollary 3.9. Assume that the smallest k-tuple of symplectic eigenvalues of M is separated from the

remaining part of the symplectic spectrum. Then, the Brockett cost function in (3.3) has no local nonglobal

minimizers.

4. Conclusion. We constructed a Brockett cost function possessing favorable properties that facilitate

the study of the symplectic eigenvalue problem of spd matrices in the sense of Williamson’s theorem via

symplecticity-constrained optimization. Namely, we showed that the columns of any critical point form a
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set of symplectic eigenvectors and that every local minimizer of the function is also global. Moreover, we

characterized the global minimizers, the saddle points, and computed the minimum value.
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