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COMBINATORIAL ASPECTS OF THE NONSYMMETRIC STRONG SPECTRAL
PROPERTY FOR GRAPHS*

SARA KOLJANCICT AND POLONA OBLAKH

Abstract. In this paper, we investigate the nonsymmetric strong spectral property (nSSP) from a combinatorial per-
spective. To zero—nonzero patterns of matrices, we associate directed graphs and study when they require or allow the nSSP,
providing a framework that avoids verifying the nSSP for individual matrices. A new combinatorial method is introduced and
used to recognize several patterns that require the nSSP. It is shown that loop assignments in double paths play a critical role in
establishing this property. In particular, we characterize all possible loop assignments for double paths on at most five vertices
that require, allow or do not allow the nSSP, and show that an open question regarding irreducible tridiagonal patterns has a
negative answer. We also investigate whether the minimum number of arcs in a directed graph on n vertices that requires the
nSSP, is equal to 2n — 1, and confirm this minimum for several specific digraph families.
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1. Introduction. The inverse eigenvalue problems (IEP) are central questions in spectral theory, con-
cerned with determining matrices of a specific structure that realize a prescribed set of eigenvalues. The
continuing difficulty of these problems has sustained a large and active research community, driven by mul-
tidisciplinary applications, [8]. In the last decade, the strong properties of matrices, which rely on the
transversal intersection of manifolds and the implicit function theorem, have proven to be a powerful tool
for the symmetric inverse eigenvalue problem, and have significantly advanced the solutions for the IEP for
graphs, [2, 9, 15]. Recently, their nonsymmetric versions were introduced, see, e.g., [1, 7, 10, 11, 14, 18].
In this work, we investigate the nonsymmetric strong spectral property (nSSP) of matrices, first introduced
in [14].

DEFINITION 1.1 ([14]). A matriz A € R™*™ has the nSSP provided X = O is the only matriz such that
AoX = [A,XT] = 0.

The authors in [14] developed the nonsymmetric superpattern lemma, which shows the strength of an
existence of a matrix with a desired spectrum and having the nSSP.

LEMMA 1.2 (Superpattern lemma, [14]). If an n x n real matriz A of pattern P has the nSSP, then for
every superpattern P’ of P, there exists a matriz A’ of pattern P’ with the nSSP, which is similar to A.

Existing literature concerning the IEP for nonsymmetric matrices has predominantly concentrated on
tridiagonal patterns, see, e.g., [12, 13]. However, the superpattern lemma together with the bifurcation
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lemma (see [14, Theorem 5.3]) enable researchers to advance the studies in several subproblems of the
IEP, [1, 3, 4, 5, 6].

It is difficult to resolve the existence of a matrix with the nSSP and with a desired spectrum. We
follow [17] and give a combinatorial description of nonsymmetric patterns for which every matrix has the
nSSP. Such pattern proved to be useful in IEP since we do not have to verify if a matrix A in the superpattern
lemma has the nSSP. In particular, it says that all spectra achieved by pattern P, in which every matrix has
the nSSP, can be also realized in every superpattern of P.

In this paper, the zero—nonzero patterns will be presented by directed graphs with loops. For A =
(ai;) € R™*™, we denote by D(A) the directed graph G = (V(G), E(G)), for which V(G) = [n] and a;; # 0
if and only if (¢,j) € E(G). For the fundamental definitions and properties of these digraphs, the reader is
referred to Subsection 1.3. For a directed graph G with n vertices, let M(G) be the set of all n x n real
matrices A with D(4) = G.

DEFINITION 1.3. If every matriz A € M(G) has the nSSP, then we say that G requires the nSSP, and
if there is a matricv A € M(G) with the nSSP, then G allows the nSSP.

A similar notion was introduced in [10], where the authors define the nSMP and investigate digraphs
and sign patterns that require the nSMP. It was proved in [18] that a pattern allows the nSMP if and only
if it allows distinct eigenvalues. Some additional work on the number of distinct eigenvalues of a pattern
has also been carried out in [4, 5, 10, 18]. Note that any digraph requiring the nSSP necessarily requires
the nSMP. Consequently, several results established herein for the nSSP hold in the context of the nSMP as
well.

In [1], the authors showed that nSSP is equivalent to similarity-transversality property (STP), which
relies on the rank of the Jacobian matrix of the commutator [A, X]. The authors present several zero-nonzero
patterns and several sign patterns that require the nSSP. Also, the authors observe that the loop assignment
plays a crucial role in a digraph requiring/allowing the nSSP.

LEMMA 1.4. Let G be a directed graph.

A. [1, Observation 3.4] If G has no loops, then G does not allow the nSSP.
B. [1, Proposition 5.4] If all vertices of G have loops, then G allows the nSSP.

In our work, we examine more closely how the assignment of the loops influences whether a digraph
possesses the nSSP. Our work is motivated by two of their open questions. We present them in the next two
subsections and give an overview of our work.

1.1. Irreducible tridiagonal patterns. In [1, Problem 6.5], the authors ask whether every irreducible
tridiagonal zero—nonzero pattern with at least one nonzero diagonal entry requires the STP. Note that for
an irreducible tridiagonal matrix A, its directed graph D(A) is a strongly connected directed graph, whose
underlying simple graph is a path. We call it a double path, and we label vertices of the double path in its
natural labeling as following.

DEFINITION 1.5. A digraph P, . is called a double path with loop assignment £ C [n] if V(P 2) = [n]
and

E(Pnc)={(i,i+1),(i+1,4),(6,0):i€[n—1],£ € L}.
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Note that a matrix A = (a;;) € M(P, ) has a;; # 0 if and only if ¢ = j and i € £ or |i — j| = 1. This
means A is an irreducible tridiagonal matrix with nonzero diagonal entries in the position of L.

It is straightforward to check that matrices

b 0 0 0 1
A= 0 ¢ and X=[(0 1 0],
b a 1 00

S o

satisfy Ao X = [A,XT] = O. So, the digraph D(A) = P3 41,3y shown in Fig. 1 does not require the nSSP,
and hence the answer to [1, Problem 6.5] is negative.

Y

P3 (133

FIGURE 1. Ezample of a directed graph that does not require but allows the nSSP, see also Theorem 5.5 together with
Lemma 1.2.

In this paper, we show that for any n > 3, P, (1,) allows the nSSP but does not require it (see
Theorem 5.7). This example motivates us to propose the following alternative refinement to [1, Problem 6.5],
which we will investigate in Section 5:

PROBLEM 1.6. For every positive integer n classify loop assignments L C [n] of the double path on n
vertices so that P,

A. requires the nSSP,
B. does not require but allows the nSSP,
C. does not allow the nSSP.

The difficulty of this problem is illustrated by Theorem 5.7 and Example 5.10, in which we show that
there are families of double paths with a single loop that require the nSSP, families that do not require but
still allow the nSSP, and families that do not allow the nSSP. In Theorem 5.5, we show that the nSSP is
required by all double paths having loops only on an initial segment of vertices.

All the results in the Section 5 rely on the powerful combinatorial rule which we introduce in Lemma 3.1
and is an analog of the monomial rule for the symmetric strong spectral property [17, Lemma 3.1]. Its
strength is established in Theorem 3.3, which is used extensively throughout the Section 5. These findings
provide the basis for resolving Problem 1.6 for n < 5, as demonstrated in Example 5.12 and summarized in
Table 1.

1.2. Minimum number of nonzero entries in the pattern that requires the nSSP. Ann xn
sign pattern P is an n X n matrix whose entries are +, —, or 0. A matrix A € R™"*"™ has the sign pattern
P if each entry of A has the sign of the corresponding entry of P. By Q(P) C R™*", we denote the set of
all matrices of the same dimensions as P that have the sign pattern P. If every matrix A € Q(P) has the
nSSP, then we say that P requires the nSSP.

In [1, Problem 6.1], the authors ask whether for n > 3, the minimum number of nonzero entries in an
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TABLE 1
Answer to Problem 1.6 for n < 5, where every undirected edge represents a pair of directed arcs in opposite directions.

Results in Section 5 characterize all digraphs with n < 4 and the ones above the bottom line for n = 5, whereas those below
the line represent cases resolved ad hoc in Example 5.12.

n Require Allow Not allow

not require
n=1 '@

n=2 '@—o'@—'@
n=3| 9. 98 299 2.9 | 9,
n=4 9. . 9 . 4.0
X9 ., 909 K. .4
49 .9 9999
n=s| oo LB, | B
LYY, LYLLY | L . L | . Q.
oL . 9 9LYLY Q. . 0| . 9 9

X9 . 9. L. B,

n X n sign pattern that requires the STP is 2n — 1. In the next example, we show that the answer to this
question is negative as well.

ExampLE 1.7. Consider the 3 x 3 sign pattern

+ 0 -
P=(o0o - o
+ 0 0

b

with four nonzero entries. Let A= 0 asa 0 € Q(P) be an arbitrary matriz with pattern P and
asy 0 0
0 T12 0
suppose that X = | o1 0 mag | satisfies [A, XT] = 0. Then, x = (37127.’1721,1323,33327.’1?33)T has to be a

0 30 33
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solution of the homogeneous linear system

—ai13 O O a99 0
0 asy —asg? 0 0
0 a1 — a2 a13 0 0
x=0.
a2 — a1 0 0 —as; O
0 0 0 0 a3
0 0 0 0 as1

Note that the determinant of the 5 X 5 submatriz induced by the first five rows is equal to ai3(aizasy +
aze(a11 — age))?. Since a1z # 0 and ajzaz; + azz(air — agn) < 0, it follows that the matriz of the system is
of full column rank and hence x = 0. This implies X = O and so the pattern P with 2n — 2 nonzero entries
requires the nSSP.

Howewver, the zero—nonzero 3 x 3 pattern with the same positions of zeros as the pattern P allows, but
does not require the nSSP since for matrices

101 1 0 2 00 0
A=1l0 2 o|,B=[0 -1 0) anday=1{1 0 -1],
100 1 0 0 00 0

it is easy to verify that A has the nSSP and that BoY = [B,Y ] = O.

This result motivates the investigation of [1, Problem 6.2], which we equivalently reformulate in the
following problem.

PROBLEM 1.8. Is the minimum number of arcs in a directed graph G on n wvertices that requires the
nSSP equal to 2n — 17

In Section 2, we investigate sparse digraphs. In Theorems 2.4 and 2.7, we find some sufficient conditions
for a digraph not to require or not to allow the nSSP. These results show that for several families of graphs,
the answer to Problem 1.8 is affirmative and that one can limit the investigation of the Problem 1.8 to
the strongly connected digraphs with at least one double arc. This result also enables us to verify that all
directed graphs on n < 4 vertices with at most 2n — 2 arcs do not require the nSSP, see Remark 2.8.

1.3. Notation. In this paper, we use the following notation for a directed graph G = (V(G), E(Q)),
which we call a digraph for short. Every arc a € E(G) is of the form a = (u,v), where u,v € V(G). In the
case u = v, we call (v,v) € E(G) a loop and we denote by £(G) the set of all loops in G. If L(G) = 0, we
call the digraph G loopless digraph. If a digraph contains arcs (u,v) and (v,u), we call (u,v) a double arc
and sometimes replace (u,v) and (v, u) by {u,v}.

A path from « to v in a directed graph G is a sequence vgv;...vx of vertices in V(G) such that (v, v;41) €
E(G) forall 0 < i < k—1, while vg = v and vy, = v. A directed graph G is strongly connected if for every pair
of vertices (u,v) € V(G) x V(G), there is a path from u to v. A directed graph G is weakly connected if the
undirected graph obtained from G by replacing each arc with an undirected edge (also called the underlying
stmple graph) is connected. A strongly connected component of G is a maximal strongly connected subgraph.
We allow a vertex (with or without a loop) to be a strongly connected component. A strong bridge is an arc
e € E(G) whose removal results in a graph G \ e, which has more strongly connected components than G.
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We denote by
NE] = {u € V(G): (v,u) € B(G)} and N;[v] :={w € V(G): (w,v) € E(G)},

the sets of all out-neighbors and in-neighbors of v € V(G) and Ng[v] := N& [v]UNg [v]. Note that v € L(G)
if and only if v € NZ [v] N N5 [v].

The complement of G is denoted by G¢. If V C V(G), we define G[V] to be the induced subgraph on
vertices V. If G and H are two directed graphs with the same set of vertices and E(G) = E(H)U{e1, ..., ek},
we abbreviate G = H + {ey,...,ex}. If K =1, we also write G = H + ej, and if all the arcs are double, we
write H + {{u,v}: v e U,v € V} := H + {(v,u), (u,v): u € U,v € V} for some U,V C V(G).

For any n € N let [n] = {1,2,...,n}. We use 0 to denote the zero vector and by e; the vector with the
only nonzero entry equal to 1 in the ith position. Let O to denote the zero matrix and I the identity matrix.
To emphasise their sizes, we will sometimes use indices as subscripts. Moreover, for two square matrices of
the same size, we denote by A o B their Haddamard product and by [A, B] = AB — BA their commutator.

The adjacency matriz of o digraph G with V(G) = [n] is the matrix A(G) = (a;;) € {0,1}"*" where
a;; = 1 if and only if (4,5) € E(G). By M(G), we denote the set of all real n x n matrices that have the
same zero-nonzero pattern as the adjacency matrix A(G), i.e., (4,7)-entry of B € M(G) is nonzero if and
only if (i,j) € E(G). By M(G), we denote the set of all real n x n matrices whose (i,7)-entry is zero if
(i,7) ¢ E(G). Note that for (i,7) € F(G) matrix M € M(G) can have M, ; = 0 or M, ; # 0. Moreover, if
Ae M(G) and Ao X = O, then X € M(G°).

2. On the minimum number of arcs in a directed graph that requires the nSSP. In this
section, we investigate directed graphs G with n vertices and with small number of arcs. We present several
examples that give positive answer to Problem 1.8. First, we present a subfamily of Hessenberg patterns, for
which Saha et. al. in [18, Theorem 3.11] showed that they require the nSMP, i.e., for each matrix A € M(G),
the only matrix satisfying Ao X = [4,X ] = O and trace(X " A*~1) = 0 for all k € [n], is X = O. Their
proof establishes also the next result, which shows the difference between the nSSP and the nSMP, and at
the same time gives an example of a digraph with 2n — 1 arcs that requires the nSSP.

LEMMA 2.1. Let G be a digraph with V(G) = [n] and
{(i+1):ien—1]} CB(G) C{(,5): 1> j -1},

and assume G has at least one directed k-cycle for each k, 2 < k <n.

If L(G) =0, then G does not allow the nSSP, but it requires the nSMP, and otherwise if L(G) # 0, then
G requires the nSSP.

Proof. The first part of the statement follows by Lemma 1.4 and [18, Theorem 3.11]. If G has at least
one loop, we follow the proof of the mentioned theorem to observe that if A € M(G) has at least one nonzero
entry on each subdiagonal, then any matrix X € M(G¢) satisfying [A, X '] = 0 is of the form X" = ¢
for some ¢y € R. Since A has at least one nonzero entry on the diagonal as well, it follows that ¢y = 0, and
hence X = O. Consequently, A has the nSSP, and G requires the nSSP. 0

By considering the structural decomposition of a digraph, one can extend the nSSP property from
subgraphs, as stated in the following theorem from [1].
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LEMMA 2.2. [1, Theorem 3.10] Suppose that a digraph G is not strongly (weakly, respectively) connected
and has strongly (weakly, respectively) connected components Gy,...,Gg, k > 2. A matrix A € M(G) has
the nSSP if and only if A[G;] has the nSSP and spec(A[G;]) Nspec(A[G;]) = 0 for all distinct i,j € [k].

The next Corollary follows from Lemma 2.2 and shows that graphs that do not allow the nSSP are
abundant. We state it in our setting of directed graphs and give an alternative proof.

COROLLARY 2.3. Let G be a directed graph, such that V(G) =V (G1)UV (H) and either NZ[u] C V(G1)
for allu € V(Gy) or Ng [u] € V(Gy) for all uw € V(G).

If H does not allow the nSSP (does not require the nSSP, respectively), then G does not allow the nSSP
(does not require the nSSP, respectively).
Proof. Let k = |V(H)| and let us first assume that N [u] C V(G;) for all u € V(Gy). Then, every
matrix A € M(G) has a form
A; B
A=
(6 )

where C € M(H). Since H does not allow the nSSP, it follows that there exists Yp, such that C' oYy =
[C,Yy'] = O. Let Z = (z;;) € RF¥("=k) be a matrix with k(n—k) parameters and let z = vec(Z ") € RF(n=F)
be a vector obtained by stacking the columns of Z T one above the other.

0 0 that solves Ao X = [A4, X ] = O. It is straight-
Z  aYy

forward to check that if B = O, then the two equations are satisfied for X with Z = O. Otherwise, note that

T T_ 7T
the first equality Ao X = O holds for all Z and a. Observe that [4, X ] = (g Az aBOYO 4 C),

We claim there exists a nonzero matrix X := <

and so we have to prove that

(2.1) M ZT Iy — 1, ZTC + B(aly)Y, =0,

has nontrivial solution in variables & € R and z € R¥("=%)_ By vectorization, equation (2.1) is equivalent

to (I, ® Ay — CT ® I,_1)z + (Yo ® B)(avec(I;)) = 0. Note that all entries of vector avec(Iy) are equal to
either zero or «, and so (Yo ® B)(avec(I)) = ab, where b is the sum of those columns of matrix Yy ® B,
that are in the position of nonzero entries in vec(I;). This implies solving (2.1) is equivalent to solving a
homogeneous linear system

(I,©A4 —CT®IL,_, D) (Z) —o0.

Since the matrix of this system has k(n — k) rows and k(n — k) + 1 columns, it follows that it has a
nontrivial solution, and so A does not have the nSSP.

The proof for NZ[u] C V(Gy) follows by a similar argument. O

In the next theorem, we present several families of graphs that do not require the nSSP and can be used
as building blocks for an application of Corollary 2.3.

THEOREM 2.4. Suppose a digraph G has one of the following properties:

A. G is not strongly connected.
B. G has no double arcs.
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C. V(G) = [2m] with L(G) = [m] for some m > 2, and
o (i+m,i) for alli € [m],
e (i,i+m+ 1)mod 2m for all i € [m], and
e a subset of {(i,7 +m): i,j € [m]}, such that if (i,7 +m) € E(G) for some i # j € [m], then
Gri+m) ¢ B(G).

Then, G does not require the nSSP.

Proof. A. Suppose G has strongly connected components G1,...,Gg, k > 2. Let A; and Ay be
adjacency matrices of Gy and G, respectively. Since A; and A, are entry-wise nonnegative and
irreducible, the Perron—Frobenius theorem (see, e.g., [16, Theorem 8.4.4]) implies that each has a
real positive eigenvalue A; and Ag, respectively. If A € M(G) is a matrix such that A[G1] = 24,
and A[G2] = A\ Az, then A A2 € spec(A[G1]) Nspec(A[G2]) and so by Lemma 2.2 matrix A does not
have the nSSP.

B. Let A € M(G) be the adjacency matrix of G. Let us define X := I — AT € {0,1}"*". Note that
since A has no double arcs Ao X = Ao (I —A") =0 and [4,X "] = [A, ] — A] = O, therefore, A
does not have the nSSP.

C. Let A be the adjacency matrix of G and note that it is of the form

I B
= 3)

where B is the adjacency matrix of a graph H with m vertices and without double arcs. By (B),

-B'Y Y
straightforward to check that [A, X 7] = O. Moreover, since BoY = O, it follows that (BTY)ol = O,
and therefore, A o X = O as well. This implies that A does not have the nSSP.

there exists a nonzero matrix Y such that BoY = [B,Y '] = O. Let X = < 0 _Y>. It is

In each of the cases, we constructed a matrix A that does not have the nSSP and so G does not require
the nSSP. O

Note that every strongly connected graph is weakly connected and so if a digraph G is not weakly
connected, then by Theorem 2.4(A) implies it does not require the nSSP.

EXAMPLE 2.5. Note that a digraph, which is not strongly connected, may still allow the nSSP. For

-1 1 0
example, for a digraph G in Fig. 2, it is straightforward to check that the matric A= 1 0 1| € M(G)
0 0 1

has the nSSP, so it allows the nSSP but does not require the nSSP by Theorem 2./. On the other hand, let
G’ denote the same digraph without a loop on vertex 3, see Fig. 2. Let G1 = G'[{1,2}] and H = G'[{3}].
Since H does not allow the nSSP, it follows by Corollary 2.3 that G’ does not allow it either.

EXAMPLE 2.6. Theorem 2./(C) provides a family of strongly connected digraphs with possible double arcs
that do not require the nSSP. For example, for m = 4, a family of supergraphs of a directed cycle is shown
of Fig. 3, where the black arcs are forced by the first two items and the blue arcs are optional by the third
item.

The following result provides some sufficient conditions under which a digraph does not allow the nSSP,
thereby offering a partial answer to Problem 1.8. Note that if a digraph does not allow the nSSP, then
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1 2 3 1 2 3
G G’

FIGURE 2. An example of a weakly but not strongly connected digraph G that allows but does not require the nSSP, and

G’ that does not allow the nSSP.
5
% | @ |
4
7

FIGURE 3. An example of a family of supergraphs of a directed cycle that does not require the nSSP; the black arcs have
to be in a graph, but the blue arcs are optional.

also every sign pattern that corresponds to this digraph does not allow the nSSP, so the next theorem also
presents a family of sign patterns for which [1, Problem 6.3] is resolved.

THEOREM 2.7. Suppose G is a directed graph on n vertices with one of the following properties:

A. |G| > 2, G has no double arcs and |L(G)| = 1.
B. |E(GQ)| < 2n — 2, and its underlying simple graph is a tree.

Then, G does not allow the nSSP.

Proof. A. Let A = (a;;) € M(G) and without loss of generality assume a;; # 0. Let X = (z4;)
defined by X :=a;1] — AT € R"*™. Note the 17 = 0 and z;; = a1 # 0 for i > 2. Since there are
no double arcs in G, it follows that Ao X = O, and matrix X' = a1;] — A commutes with A.

B. If the underlying simple graph of G is a tree, then G is weakly connected. We will prove this part
using induction on the number of vertices. In the case n = 1, G is a vertex without a loop and does
not allow the nSSP by Lemma 1.4.

If n > 2 and £(G) = (), then the statement follows by Lemma 1.4, so suppose now n > 2 and
L(G) # 0.

Let us assume now that the theorem is true for all digraphs with less than n vertices satisfying the
conditions and let G be a digraph on n vertices such that |E(G)| < 2n—2, and its underlying simple
graph is a tree. Because |E(G)| < 2n — 2, there is at least one arc e = (u,v) € E(G), such that
(v,u) ¢ E(G). Note that e is a strong bridge in G since its underlying simple graph contains no
cycles, and let us denote by G’ and G” the components of the digraph G \ e after deletion of arc
e. Let [V(G")] =m and |[V(G")| =n—m. If |E(G')| > 2m — 1 and |E(G")| > 2(n —m) — 1, then
|E(G)| = |E(G")| + |E(G")| + 1 > 2n — 1, which contradicts our assumption on |E(G)| < 2n — 2.
Therefore, assume without loss of generality that |E(G’)| < 2m — 2 and by inductive hypothesis G’
does not allow the nSSP. By Corollary 2.3, G does not allow the nSSP. 0
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Theorems 2.4 and 2.7, together with Corollary 2.3, provide examples of graphs that give confirmative
answer to Problem 1.8.

REMARK 2.8. In order to verify that the answer to Problem 1.8 is affirmative for a chosen n, based on
results in Theorems 2.4 and 2.7 and Corollary 2.3, it is enough to consider strongly connected directed graphs
G that have the following properties:

A |E(G) <2n -2,
B. G is strongly connected and
C. G has a loop and a double arc.

For n < 3, there are no connected directed graphs with properties (A)-(C), and hence, all of them give
the positive answer to Problem 2.9.

For n = 4, there are only eight nonisomorphic directed graphs with properties (A)-(C), shown in Fig. /.
It is straightforward to show that all eight adjacency matrices corresponding to these digraphs do not have
the nSSP. Therefore, Problem 2.9 has a positive answer for n =4 as well.

Do [ [ [
o B

FIGURE 4. All graphs on four vertices satisfying (A)-(C).

Using a Wolfram Mathematica code, we verified that Problem 1.8 has a positive answer for n = 5 as
well, and so all connected directed graphs on n < 5 vertices and at most 2n — 2 arcs do not require the nSSP.

These results together with the Example 1.7 motivate the following two questions.

PROBLEM 2.9. Is the minimum number of arcs in a strongly connected directed graph G on n vertices
that requires the nSSP equal to 2n — 17 Is the minimum number of arcs in a strongly connected directed
graph G on n vertices that allows the nSSP equal to 2n — 17?

REMARK 2.10. A. In Theorem 5.5, we will provide an example (for m = 1) of a digraph whose
underlying simple graph is a tree, with 2n — 1 arcs, which requires the nSSP. This guarantees that
the boundary established in (B) of Theorem 2.7 is sharp for digraphs whose underlying simple graph
1S a tree.

B. Let Cp o be a directed cycle with

E(Che)={(i;i4+1) modn:ien]}uUL.
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In [18, Theorem 3.3/, authors proved that for all n and all L C [n] the directed graph C,, r requires
the nSMP. However, Theorem 2.4(B) implies that C,, r does not require the nSSP. Moreover, if
|L] =1, it does not allow the nSSP by Theorem 2.7, but if L = [n], it allows the nSSP. Hence, C,, 1
is another family of directed graphs for which the nSSP and the nSMP behave differently.

3. Combinatorial property to ensure the nSSP. In this section, we establish a combinatorial rule
for directed graphs by extending the framework developed for undirected graphs in [17, Lemma 3.1].

If G is a directed graph and we want to show it requires the nSSP, one has to start with an arbitrary
matrix A € M(G) and X € M(G®) and show that the system [A, X T] = O has only trivial solution.
Equivalently, we have to show that X € M((K2)¢), where K¢ is the all looped complete digraph on
n = |V (G)| vertices.

Suppose that we know that X € M(GY) for some supergraph G, of G on the same vertex set. Then,
the 4, j-th equation of the [A, X '] = O is equal to

0=[AX ;= > ApXi; = > X, Am, =
ken] me[n]

Z Ai,ka,k: - Z Am,ij,i =
ke[n]

me(n]

(3.2) - 3 AirXjp — > A j X i

keN} [z‘}mNgz [3]¢ meNG [j)NNg, [i]°

In a special case, when expression (3.2) is a monomial, i.e., consists only of one term, the assumption
on A, 7 0 will imply that one entry of X has to be 0. This reduces the number of variables in the linear
system [A4, X T] = O by one and sometimes a sequence of such observations will imply that X = 0. This
implies that the digraph G requires the nSSP.

The next lemma provides conditions under which monomial equations show up, and so guarantees that
some entries in matrix X are equal to zero.

LEMMA 3.1. Let G be a digraph and let Gy be a supergraph of G on the same vertex set. Let A € M(G)
and suppose that X is such that [A,XT] = O, and Ay 0 X = O for all matrices Ay € M(Gy).

A. If for some i,j,k € V(G), the conditions
(3.3) N[N NG, [7]1° = {k} and Ng [j] N Ng, [i]° = 0,

hold, then X o Agr1 = O for all Aprq1 € M(Goy1), where Gor1 = Go + (4, k).
B. If for some i,j,m € V(Q), the conditions

(3-4) Nglil N N, [j]° = 0 and Ng[j] N Ng, [i]° = {m},
hold, then X o Agy1 = O for all Apr1 € M(Gey1), where Gop1 = Go+ (m,4).
Proof. After putting (3.3) in (3.2), we observe that [A, X T]; ; = 0 simplifies to the monomial equation
0="[A4X"i;=AxXjk
for k € NJ[i]. Since A;, # 0, it follows that X, ; = 0. The statement follows. Similarly, (3.4) implies
0="[AX"i;=—Amn;Xm,i,
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for m € N [j]. Since A, ; # 0, it follows that X,, ; = 0, and the statement follows. 1]

REMARK 3.2. Note that if N [z] = Ng[z] for all x € V(G) (i.e, matriz A € M(G) has a symmetric
pattern) and N§ [z] = Ng,lz] for all x € V(G) (i.e, matric X € M(G5) has a symmetric pattern), then
a triple (i,7,k) satisfies condition (3.3) if and only if (j,i,k) satisfies condition (3.4). Therefore, each
condition (3.3) or (3.4) implies X o Agy1 = O for all Apy1 € M(Gyy1), where Goy1 = Go+ (J k) + (k, j) =
Ge+{{s k}}-

Assume now that Lemma 3.1 can be used iteratively in some directed graph G. Namely, assume that
for A € M(G) and X such that [A, X7] = O and A o X = O next implications hold:

XeMG) = XeMG) = - = X e M(G5_,) = X € M((K2)°),

for some directed graphs G ...,Gr_1 where each G, is constructed from G; by adding some arcs using
Lemma 3.1, and K¢ is the complete digraph with all loops. From the fact X € M((K2)), it follows X = O,
so A has the nSSP. Thus, we have proved the following Theorem analogous to [17, Theorem 3.15], which
shows a combinatorial way of showing that a directed graph requires the nSSP.

THEOREM 3.3. If there is a sequence of digraphs G C G1 C ... C G = K where K is the complete
digraph with all loops and each G;y1 is constructed from G; by adding some arcs by Lemma 3.1, then G
requires the nSSP.

EXAMPLE 3.4. Let us show the strength of Lemma 3.1 and Theorem 3.3 on the small digraph G from
Fig. 5. Let A € M(G) and X = (x;;) € M(G®), such that [A, X "] = O.

% 3 3 3 3
1 2 1 oK 2 1 , 2 1 2
G Gl G2 G3

FIGURE 5. Sequence of G C G1 C G2 C G3 = K3, which shows that G requires the nSSP.

Note that NG [i] N NG[3]¢ = 0 and N [3] N Ng [i]¢ = {1} fori € [2], and so by Lemma 3.1(B), it follows
that X € M(GS), where Gy = G+{(1,1),(1,2)}. Equivalently, 11 = x15 = 0. Similarly N} [1] NN [2]° =
{3} and N5 [2] N Ng [1]¢ = 0, therefore, X € M(GS), where Go = G1 +{(2,3)} by the same Lemma. This
implies o3 = 0. Finally, N&[3] N NZ [2]° = {2} and NG [2] N Ng, [3]° = 0, therefore, X € M(GS), where
Gs = G2+ {(2,2)}, by Lemma 3.1(A). This implies X € M(G3), and so by Theorem 3.3, G requires the
nSSP. The sequence of graphs G C G1 C Go C G5 = K3 is shown in Fig. 5.

4. Graphs with pendent paths. In this section, we apply Lemma 3.1 to investigate directed graphs
G that contain pendent double paths. We demonstrate that any matrix X € M(G¢) commuting with an
arbitrary matrix A € M(G) must exhibit additional zero entries beyond those prescribed by its pattern. We
present in Corollary 4.2 and Section 5, several examples of digraphs that require the nSSP and follow from
the results of this section.

4.1. Graphs with pendent looped double paths. We first show the following technical lemma, in
which we consider graphs with pendent paths, in which all vertices on the path are looped.
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LEMMA 4.1. Letm,n € N, m < n, and let G be a digraph with V(G) = [n] such that its induced subgraph
on wvertices [m] is Py, ;) such that Ng[i] C [m] for alli € [m —1].

If Ae M(G) and X = (z45) € M(G®) such that [A, X ] = O, then z;; =0 for all 1 <i,j < m.
Moreover, if N[m] = Ng[m] = {m — 1,m,m + 1} and m + 1 ¢ L(G), then x;; = 0 for all i # j,
1<i,j<m+1.

Proof. Let A = (ai,j) € M(G) and X = (x; ;) € M(G®), and let us define ax s = . = 0 if £ <0 or
¢ < 0. Observe first that NZ [i] = N [i] and NJ[i] = {i — 1,i,i + 1} for all i € [m — 1]. Therefore,

.
(4.5) 0=1[AX Jij = aii1%ji-1 + Qiiji + Qi 1T4i01 = Q51585410 — QTG0 — Q51,5851
In particular, when j =i + 1, it follows that 0 = [A, X T]; o = —ag 2231 and
T
(4.6) 0=T[A, X "]iit1 =i i 1Tit1,i-1 — Qit2,i+1Tit2,0)

for all 2 < <m—2. Since a;11,; # 0 for j € [m — 2], it follows inductively that for all i € [m — 2], we have
Ti42,i = 0. By Remark 3.2, Tii42 = 0 as well.

Therefore, X € M(GS) for Go = G + {{i,i +2}:i € [m —2]}. Forall k, 2 < k < m — 1 let us define
Gr =G+{{i,i+j}: j € [k].i € [m—j]} and G1 = G. We will show that if X € M(GY), then X € M(G{, )
for all k € [m — 2.

We proved the statement is true for k = 1. Let X € M(G%), i.e., z;;+; = 0 for all i € [m — k] and
j € [k]. Therefore,

-
0=1[A,X "] rt1 = —Cha2kr1Thy2,1,

and so zxy21 = 0 and for all 2 <4 <m — k — 1, equation (4.5) simplifies to

-
0=1[AX itk =
=0 -1Titk,i—1 1t @i Titki T Qi it1Titk,it+1
— Qi k4-1,i+kTitk+1,0 — itk i+kLitks — Gitk—1,i+kTitk—1,4 =
(4~7) = @ i—1Ti+k,i—1 — Qit+k+1,i+kTitk+1,5
Since zgy21 = 0, equations (4.7) imply that for all ¢ € [m — k — 1], we have z;45+1,, = 0. By Remark 3.2,

it follows that #;;4r41 = 0 and so X € M(G§ ). This inductively implies that X € M(G%,_,) and so
x;; =0 for all 7,5 € [m].

For the moreover case, observe that (4.6) and (4.7) both extend to ¢ = m —1 and i = m — k, respectively,
which completes the proof. ]

The next corollary shows an example of the use of Lemma 4.1 to show that the family of all double
lollipop digraphs with a specific assignment of loops requires the nSSP.

COROLLARY 4.2. Let G = L, 1 » be a double lollipop digraph on n = p + k vertices, where V(G) = [n]
and

E(G)={{i,i+1}:icpyul{ij}:prl<i<j<n}U{(L0):Le L)

If [p+2] C L, then L, i ¢ requires the nSSP.
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Proof. Let A € M(G) and X € M(G®) such that [4, X ] = O. Observe that the induced subgraph on
vertices [p + 1] is Ppiq [p41] and Ng[i] C [p+ 1] for all i € [p]. By Lemma 4.1, it follows that x;; = 0 for all
1 <i,j <p+ 1. Therefore, X € M(GS) for Gy =G+ {{i,j}: 1 <i,j<p+1,i#j}

For every j & £, we have N [j] N Ngl [p+2]¢ =0 and Ng[p+2] N Ng [j]° = {j}, and by Lemma 3.1,
we also have z;; = 0 for all j ¢ £. Thus, X € M(GS), for G = G1 +{(¢,0): £ & L}. For G = Ly g |g], see
the digraphs G; and G5 on Fig. 6.

Q 9 9 9 9 Q 9 9 9 9

Gl G2

FIGURE 6. Supergraphs G1 and G2 of the lollipop digraph G = Lj g [g] from the proof of Corollary 4.2. In black, the
double lollipop digraph Ls ¢ 3] shown, and all undirected edges represent double arcs.

Fori=2,3,...,p+ 1 let us define G;11 == G; +{{p+2—14,5}: j > p+ 1}. We will prove the claim
that if X € M(G¥) for some i < p, then X € M(G%, ).

For i = 2 observe that N¢ [p+1] = Ng_[p+1] = V(G) and so NZ[j]NNg, [p+1]¢ = 0 for all j > p+1.
Also, Ng [p+ 1] N Ng, [7]¢ = {p}, so it follows that x, ; = z;, = 0, and so X € M(GS). Hence, the claim is
true for i = 2. Assume now that X € M(G¢) for some i > 2. Then, Nafi [p+3—i]=Ng[p+3—1i=V(G)
and so NE[j]NNE [p+3—i]° =0 and Ng [p+3—i]NNg [j]° = {p+2—i} for all j > p+1. By Lemma 3.1
and Remark 3.2, it follows that 2p12_;; = @ p42—; =0, and so X € M(G¢,).

Now, inductively we have X € M(G5,,). Since Gpio = Ky, it follows that X = O and so G requires
the nSSP. O

EXAMPLE 4.3. Observe that if L = [p + 1], then L, o does not necessarily require the nSSP. For
example, for matrices

-1 1 0 0 0 0 0 1 1 1
1 1 -2 1 1 0 0 0 0 0
A= 0o 1 0 -2 1 S M(L1747[2]) and X = -2 0 -1 0 0 ,
o 1 -2 0 1 1 0 0 -1 0
0 1 4 -5 0 1 0 O 0 -1

we have Ao X = [A, X "] = O and so A does not have the nSSP.

4.2. Graphs with pendent loopless double paths. Next, we present another lemma concerning
pendent paths in which all vertices on the path are nonlooped.

LEMMA 4.4. Letm,n € N, m < n, and let G be a digraph with V(G) = [n] such that its induced subgraph
on vertices [m] is Py, ¢ such that Ng[i] C [m] for alli € [m —1]. If A € M(G) and X = (z;;) € M(G°)
such that [A, X T] = O, then x;; =0 for all 1 <i,5 <m, |i — j| is odd.

Moreover, if Njm] = Ng[m] ={m—1,m+1} and m+1 € L(G), then z;; =0 for all 1 <i,j <m+]1,
|i — j| is odd.
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= (z;,7) € M(G®), and let us define aj ¢ = x5, =0if K <0 or £ <O0.

Proof. Let A = (a”) eM
= N; []and N*[]_{z—1,1+1}forauie [m —1]. Therefore, for all 4,5 € [m—1],

Observe first that N, [4]
we have
(4.8) 0=[A, X7 lij =151 + Qi it1%5,i41 — Q1 Tj41,i — Gj—1,5Tj—1,i-
In particular, when j = i + 2, it follows that 0 = [A, X T]1 3 = —a4 3741 = 0 and
0=1[A, X iito = Gii1Tit2i1 — Git3.it2Tits.i,
for all i, 2 < ¢ < m — 3. Since a;y1,; # 0 for j € [m — 2], it follows inductively that for all i € [m — 3], we

have z;;3; = 0. By Remark 3.2, z; ;13 = 0 as well.

Therefore, X € M(GS), for G3 = G + {{i,i+3}:i € [m — 3]}. For all odd k, 3 < k < m — 1 let us
define Gy, = G+ {{i,i+j}: j € {1,3,5,...,k},i € [m —j]} and G; = G. We will show that if X € M(GY),
then X € M(Gf ) for all odd k € [m — 3].

We proved the statement is true for K = 1. Let X € M(GY) for some odd k, i.e., z;;1; = 0 for all
i € [m — k] and all odd j € [k]. Equation (4.8) simplifies to
(4.9) 0=[A, X |1 hto = a12Th192 — Wkt kt2Thi31 — Chil kt2Thill = —Qkt3k+2Thi3.15
and

0=1[A4,X iithi1 =
= Q1T+ k+1,i—1 T Qi it 1Titk+1,04+1 — Qith+2,i+k+1Ti+k+2,i — Qitk itk+1Titk,i =

(4.10) = Qi 1Tipht1,i—1 — Qitk141,i+h+1Titk+2,is
and for all 2 <4 <m —k —1. By (4.9) and Remark 3.2, it follows that xxy31 = 21 k43 = 0. Therefore,
equations (4.10) imply that for all ¢ € [m — k — 1], we have x; 4,12, = 0. By Remark 3.2, it follows that
Tiivkt2 = 0, and so X € M(G¢,,). This inductively implies that X € M(G¢%) for the largest odd number
K € [m] and so x; ; = 0 for all 4,5 € [m] if |i — j] is odd.

Again, for the moreover case, observe that (4.8) extends to 4,5 € [m], which completes the proof. d

EXAMPLE 4.5. Consider a digraph Pyg 3. Let A € M(G) and let X = (x;;) be such that Ao X =
[A,XT] = 0. Then,

0 0 0 0 =5 Ti6 T17 T18 T19 T1,10
0 0 0 0 m5 T2 T27 T2y T29 T210
0 0 0 0 €35 0 €37 0 x3,9 0
0 0 0 T4,4 0 Z4.6 0 Z4,8 0 T4,10
yo | #1 w52 Ts3 0 55 0 x57 0 259 0
T6,1  Te,2 0 x4 0 wee 0 638 0 610 |’
T71  Tr2  T73 0 75 0 x7 0 79 0
g1 ®g2 0 xg4 O w36 O wgg 0  wgio
T91 Tg2 T93 0 Z9,5 0 Tg 7 0 T9.9 0

10,1 T02 O T4 O xwe 0 xwo8 0  =i0,10

where by Lemma J.1 it follows that x; ; = 0 for all {3,j} € [4] x [4] \ {4,4} (denoted by blue in matriz X)
and by Lemma 4.4 it follows that ©; 43 = Tiy3; = Tj 45 = Tj+5,; = 3,10 = 10,3 = 0 for all 3 < ¢ <7 and
3 < j <5 (denoted by pink in X ).
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In Theorem 5.5, we will show that the equation [A, X "] = O forces also all other entries of X to be 0.

5. Double paths. In this section, we investigate Problem 1.6 and identify several classes of loop
assignments £ C [n] on double paths, for which the corresponding graph P, . either requires the nSSP, allows
but does not require the nSSP, or does not allow the nSSP. The following motivating example highlights the
importance of the digraphs that require the nSSP.

EXAMPLE 5.1. In [5], the authors prove that matrices Hy, Ha, Hs, Hy, H7, and Hy3 have the nSSP.
In Example 3.4, we showed that the corresponding D(Hzy), shown in Fig. 7, requires the nSSP. All other
digraphs D(Hy), D(Hs), D(Hs), D(H4), and D(H13), shown in Fig. 7, are double paths, and we will show in
Theorems 5.5 and 5.7 that they all require the nSSP. In particular, all their sign patterns require the nSSP.
Therefore, when selecting matrices Hy, Ho, Hs, Hy, H7, and Hy3 with the desired spectrum, the nSSP is
automatically guaranteed.

) D(H3) D(H3) = D(Ha) D(Hr) D(

D(H, = His)

FIGURE 7. Five examples of digraphs from [5] on at most four vertices, all requiring the nSSP.

We start with a technical lemma that shows that the commuting condition [A, X '] = O on some
tridiagonal matrices A force many entries in matrix X of the complementary pattern to be zero.

LEMMA 5.2. Let m,n € N with m < n, and let G := Py, [m] C L and m+1 ¢ L. If A € M(G),
X = (zi;) € M(G®) and [A, X ] =0, then x;; =0 for all i +j < 2m + 1.

Proof. Since the vertex m + 1 is the first nonlooped vertex on the path, using Lemma 4.1, we have
X € M(GS), where G; = G + {{i,j} : 1 < 4,5 < m+ 1,i # j}. For every i € [m — 1], we have
N Im+1]NNE [i]° = {m+2} and NG [i]NNg [m+1]° = 0, and so by Lemma 3.1 and Remark 3.2, we have
Timt2 = Tmy2,; = 0 for all ¢ € [m — 1], or equivalently X € M(G$) for Go = G1 + {{i,m+2}: i € [m—1]}.

Let M := min{m + 1,n —m} and for k = 2,..., M let us define
Gr =G +{{yym+k}:jem-k+1]}

If X € M(GS) for some k < M — 1, then @; ;4 = 0 for all i < m — k + 1. Hence, for all j € [m — k — 1],
we have N [j] N Ngk [m + k]¢ = 0 and Ng [m + k] N Ng, [j]° = {m + k + 1}. Therefore, by Lemma 3.1 and
Remark 3.2, it follows that X € M(GY_ ). Since we proved that X € M(G5), it follows that X € M(G§;)
and so z;; = 0 for all ¢ + j < 2m 4+ 1. O

THEOREM 5.3. Let n € N and choose L C [n]. Let m be mazimal integer, such that [m] C L. If
m > $(n —1), then P, requires the nSSP.

Proof. Let A € M(G) be arbitrary and X = (z;;) € M(G®) such that [A, X "] = 0. By Lemma 5.2, it

follows that x;; = 0 for all i + 57 <2m + 1. Let k := 2m —n + 1 > 0 and observe that the first £ columns of
X and the first k£ rows of X are equal to 0.
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Note that for every j € N, 0 < j < 2n —2m — 1 and for each i € {0,1,...,j}, we have
[A, XT]nﬂ',kﬂ‘ = On—im—i—1Tk+jn—i—1 T On—in—iThtjn—i T An—in—i+1Tk+jn—i+1
(5.11) = Q=1 k4§ Tkt —1,n—i — Qe k4 Th+jn—i — Chtjtlk+iTh-+j+ln—i-
In particular, since xp, = 0 for all ¢ <k, it follows using (5.11) for i = j = 0, that
[A,XT]n,k = —0k4+1,kTk+1,n-

This implies zx41,, = 0, and therefore, the first £ + 1 rows of X are equal to 0. By symmetry also the first
k + 1 columns of X are equal to 0.

Now assume that the first k£ + j columns and rows of X are equal to 0 for some 0 < j < 2n — 2m — 1.
By (5.11), it follows that

.
[A, X Jn—iktj = @kt 1kt Thtjtln—is

for each i € {0,1,...,j}, which implies that zx4,1+1,—; = 0. By symmetry ,,—; x+;+1 = 0 as well, and so
the first £+ j + 1 columns and rows of X are equal to 0. Since we proved this statement for 7 = 0, it follows
that X = O. ]

In Theorem 5.7(Cb), we show that Theorem 5.3 might not be true in the case m = 1(n — 1). Also,

in Example 5.12, we show that for n = 5, P5 {124} requires the nSSP and P; ;2 5) allows but does not
require the nSSP. However, the next Theorem shows that if some initial segment of vertices has loops and
the remaining vertices do not (i.e., Ps 1], P52, P53, P54, or P55)), then the double path still requires
the nSSP. First, we illustrate the idea of its proof by an example.

EXAMPLE 5.4. Let us again consider G = Pjg 3, A € M(G), and X € M(G®) as in the Example 4.5.
We already know from the example that several entries of

0 0 T

1,3 T14 T15 T1,6 1,7 x1,9

0 0 0 To4 T2s  To6 T2,8 2,10

3,1 0 0 0 T35 w36  T37  T38 T39 T310

Tyl T4 0 T4.4 0 T46  Tay  Tag  Ta9  T410

x| T w2 wns 0 T5.5 0 Ts7 T8 Ts9 X510
T6,1 Lo T3 Te.d 0 6,6 0 Tes Teo Te10 |

T71 Tr3  Tr4  T7s 0 7.7 0 w279 T710

T82 T83 T4 T85 TG 0 78,8 0 g0

T9,1 Tg3  Tga Tos Tge Lo 0 299 0
r10,2 10,3 T10,4 10,5 <L10,6 L10,7 TL10,8 0 Z10,10

must be equal to 0, namely all entries colored in pink and some blue ones. However, we proved in Lemma 5.2,
that all blue entries are forced to be 0. In the proof of the Theorem 5.5, these entries will correspond to the
digraphs G and Gy. All the remaining entries of X are here colored according to their antidiagonals (i.e.,
by the value of i + j), assigning a unique color to each corresponding supergraph of G, namely, ¢, ,
G5, , Gr, respectively. The last step of the proof shows that also all the remaining entries of X (coloured
gray), which correspond to the digraph Go = K7{,, are equal to zero.

THEOREM 5.5. For every m,n € N, m < n, the double path P, with V(P, ) = [n] and the loop
assignment L = [m] requires the nSSP.
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Proof. Let G = Pz, A € M(G), and X = (z;;) € M(G) be arbitrary, such that [A, XT] = 0. By
Lemma 4.4, we have x; ; = 0 for all m < 4,7 < n such that li —j] =2s+1, where 1 <2541 <n—m and
particularly

(512) Tm,m+2s+1 = Ou

so X € M(G§) for Gy :== G+ {{i,j} :m <i,j <n,|i—j|=2s+1,1<2s+1<n—m}. By Lemma 5.2,
it follows that z;; = 0 for all i + j < 2m + 1, or equivalently X € M(GS) for Go := Gy + {{j,m +k}: k <
min{m +1,n —m},j € [m — k + 1]}.

Define
Gt = Gl +{{Zvj}l+] S 2m+t— ]-}7

for t, 3 <t <n—m+ 1. Note that if X € M(G¢), then for all i and j such that i + j = 2m +t — 1, the
equation

(5.13) [4, X )i = aii12,i41 — Q4125415 = 0,
holds, because Ng [i] N Ng [j]¢ = {i+ 1} and Ng [j] N Ng, [i]° = {j + 1}. Notice that variable x;,,; appears
in two consecutive equations [A4, X '];; =0 and [A, X "];_1,j+1 = 0.
Now we will prove the following implications inductively:
(5.14) X € M(G3,) = X € M(G5,41) = X € M(G5,,5),

forlﬁsﬁ%(n—m—l).

Let s = 1. By (5.12), we have 2, m+3 = 0, and so from
0= [A7 XT]m+2,m = *am,mxm,m+2 + am+2,m+3£m,m+3a

it follows @y, m+2 = 0. Since variable z,, ,,+2 = 0 appears by (5.13) in the equation [A, X "],i2.m—1 = 0
as well, we conclude #,,—1,m+3 = 0 and consecutively x; ; = 0 for all 7,j such that i + j = 2m + 2. So,
X € M(GS). In the same fashion, while observing the equations (5.13) for i + j = 2m + 2, it can be proven
that X € M(GS).

Suppose now X € M(G3,) for some 5,1 < s < &(n—m —1). By (5.12) and (5.13), it follows that

T
0= [AvX }m+25,m = —O0m,mTm,m+2s + Am+2s,m+2s+1Tm,m+2s+1 — —OAm,mLm,m+2s,

and SO Ty, m+2s = 0. For ¢,7, such that ¢ + j = 2m + 2s — 1 the equation (5.13) holds. Since variable
ZTm,m+2s = 0 appears in the equation [A, XT]m+257m_1 = 0, we conclude recursively as before that z; ; = 0
for all 4,5 such that i + j = 2m + 2s. So, X € M(GS,, ;).

To prove the second implication, it is enough to observe the equations (5.13) for ¢ + j = 2m + 2s.
Equation [AaXT}m-&-Qs-i-l,m—l = Om+42s+1,m+254+2Tm—1,m+2s+2 = 0 will lmply Tm—1,m+2s+2 = 0. As before,
two consecutive equations [4, X T]; ; = 0 for i+ j = 2m +2s have a variable in common, S0 Zy;,—1 m42s4+2 = 0
will force z;; =0 for all i +j = 2m + 25+ 1, so X € M(GS5, ).

Observe that X € M( o —my1) f2s+1>mn—m, then 0= [A, X ] omi2s—1-n = —Gmi1 mTmiin-
As above, observing the consecutive equations [A4, XT]M- =0 and [A4, XT]i—l,jH =0,fori+j=2m+2s—1,
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will imply ; ; = 0 for all ¢ + j = 2m + 2s. Also, the equations (5.13) for ¢ + j = 2m + 2s + 1 will imply
x5 = 0 for i+ j = 2m 4+ 2s + 2. Repeating the same process for all s > 1 such that 2541 > n —m will force
all the other entries in X to be zero, so X = O and G requires the nSSP. 0

Now it follows that in the special case when G in Lemma 1.4(B) is a double path with all the loops, it
does not only allow but it requires the nSSP:

COROLLARY 5.6. For every n, the double path P, 1, requires the nSSP.

Note that just the number of loops of a double path P,  does not necessarily imply that it requires the
nSSP. In Theorem 5.5, we showed that for any k € [n], there exists a double path with exactly k loops that
requires the nSSP, and in Theorem 5.3, we showed that a certain number and position of loops guarantee the
nSSP as well. In the next results, we show there exist double paths with one loop that require, not require
or not even allow the nSSP. Also, we construct a family of double paths with all but one loop that does not
require the nSSP.

THEOREM 5.7. Let n € N and let P, » be a double path with V (P, ) = [n].

A. If £ = {1,n}, then P,  does not require, but allows the nSSP, and P,, e does not require the nSSP.
B. If n is even, then P, 12y requires the nSSP.
C. Let n > 3 be an odd integer.

(a) If £L = {2EL}, then P, o does not require the nSSP.

(b) If £ = [n]\ {=L}, then P, does not require, but allows the nSSP.

(c) If L C{2i: i€ [25L]}, then P, o does not allow the nSSP.

Proof. A. Tt is straightforward to check that the adjacency matrix A of P, {1 ,3 and the matrix
X = FE — A, where FE is the matrix of all ones, commute. Since they are both symmetric and
Ao X = O, it follows that A does not have the nSSP. By Theorem 5.5 and Lemma 1.2, it follows
that P, (1,) allows, but does not require the nSSP.

Note that A and X are both matrices in {0,1}"*", and so for B := [ — A € M(P, {1,5}) and
Y :=1—-X we have BoY = [B,Y] = O. Therefore, P, {1 ,}c does not require the nSSP.

B. Let n be even. Let A € M(G) and X € M(G®) such that [A, X "] = O. By Lemma 4.4 on the
induced subgraph on vertices {2,...,n}, we conclude that z;; = 0 for all 2 < 4,j < n such that
|i — j| is odd. Let us denote Gy = G + {{i,j}:2 <4,5 <mn,|i — j| odd}.

Now we prove that X € M(G$) where Go = G1 + {{1,k} : k even}. First observe that for all odd
k, we have

(5.15) 0=[A,X"t1 = arr-121 k-1 + QG ket 171 k41

since N, [k] ﬂNaCl [1]¢={k—1,k+1} and Ng [1]NNg [k]° = 0. First, for k = 3, we use that 15 = 0
and NZ[3] N Né’l [1]¢ = {4} and Ng[1] N Ng [3]° = 0, therefore, x14 = 241 = 0 by Lemma 3.1 and
Remark 3.2. For all odd k > 3, we use inductively that z1 x_1 = 2511 = 0 and therefore by (5.15),
we have z1 p11 = @4+1.1. Hence, X € M(GS).

Now, for odd k > 3, we have N/ [k + 1] N N, [2]° = 0 and Ng[2] N Ng, [k +1]° = {2}, and so it
follows that @ g+1 = Tg+1,2 = 0 by Lemma 3.1 and Remark 3.2. This implies X € M(G§) where
Gs = Gy + {{2,k} : k even}.

Similarly as in (5.15), we now observe that 0 = [A, X "|x1 = @ 171 k-1 + A ks171 k+1 alSO
for all even k. Since n is even, let £ = n and since ay 41 = 0, it follows that z,,-, = 0.
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Inductively for k < n it follows that x1 x_; = 0 for all even k. By symmetry, X € M(GS) where
Gy =G3+ {{1, k‘} ik Odd}
At this point, 1 = zar, = k1 = 22 = 0 for all k£ € [n]. So,

A (ﬁ‘; ‘f) € M(G), X = (OOT )‘(’1> € M(Ge),

where a, 3 € R\ {0}, 41 = (a;;) € M(H) and X; € M(H®) for H = P,_1 (13-
0 —ae] X{
Since O = [4, X T —< 1ol
| ] —BXl e [A, X]]

it follows that X; = 0 and so X = 0.

C. Assume n is odd.
(a) Let k = ”T'H and let A be the adjacency matrix of the graph. Then,

>, and since H requires the nSSP by the Theorem 5.5,

B e O - 0 Y
(5.16) A=|e 1 e |andX:=[0 0 0],
O e B Y 0 I

where B = Adj(P) is an adjacency matrix of a loopless path, and Y = (y;;) € R¥** is defined as

1, i+j=k+1,
Yii =
Y 0, otherwise.

It is easy to see that matrices A and X ' = X commute and Ao X = O. Hence, A does not have
the nSSP.

(b) Let £ = [n] \ {#!} and A and X as in (5.16). Observe that B :== I — A € M(P, ) and
Y=1-XeM(P;,) Since BoY =0 and [B,Y] = [A, X] = O, it follows that B does not have
the nSSP. In Theorem 5.5, we have shown that P, 1) requires the nSSP and so P, . allows the nSSP
by Lemma 1.2, but does not require it.

(¢) For n = 3, it is trivial to check that

0 a2 O azzaz2 0 —azia32
A= a1 Qg2 Q23 and X = 0 0 0 s
0 a3z O —aipaz3z 0 ajpasz;

satisfy [A,XT] = 0. Let Gy = P, ¢,G = Pyiax, where L C K C LU {(n+ 1,n+ 1)} and take
arbitrary A € M(G). We will inductively show that for every matrix

A1 a ey, 0
A=|Be) € ~|eM(G),
of 5 0

where A1 = (a;;) € M(G1) and o, §,7,6 € R\ {0}, € € R there exists a matrix

Xl 0 w
Xx=[0 0 0]eM@,
vi 0 o

such that [A, X T] = O and so that all even-indexed rows and all even-indexed columns of X; are
equal to 0.
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Suppose the statement is true for some odd n > 3 and that A and X are as above. By inductive
hypothesis, A; does not have the nSSP; therefore, there exists X; = (z;;) € M(G%), such that
[A1,X{] = O and x;; = 0 if i is even or if j is even. Therefore, for all i € [251] and all j € [%$1],
we have

T
0=[A1, X ]2i2j—1 = A2 2i—1T2j—1,2i—1 + 2 2i+1T2j—1,2i+1 and

0= [AlaXir]2j71,2i = —@02;-1,2iT2;—1,2j—1 — A2i+1,2iT2i41,2j—1-
Let us define ¢ = f‘/—?mnn and
B ; a ;
—EZin, 1 odd, —%x,:, 1odd,
w; = v and v, := o
0, i even, 0, i even.
Now, it is a straightforward computation that
[A1, X]] —aX| e, —0v Arv
[A, X "] = [ Bey X[ +wT 0 Befv+yp| =0,
—w' A —0) —aw'e, 0
and so we proved that P, » does not allow the nSSP for all odd n. 0

We finish the paper with several examples that illustrate the difficulty of Problem 1.6.

EXAMPLE 5.8. Let L = {1,n}°. Note that for an even n, Theorem 5.7(A) and (B) and Lemma 1.2
imply that P, o allows, but does not require the nSSP.

However, if n is odd, then Ps , does not allow the nSSP by Theorem 5.7(Cc). We will show in Ex-
ample 5.10 that Ps g3y allows the nSSP, therefore, by Lemma 1.2 and Theorem 5.7(A), it follows that Ps
allows but does not require the nSSP. A similar argument shows that the same is true for Py z, since it can
be shown that

0100 0O0O0
1110 0 00
0111000
A=]1002 2 2 0 0 |,
0001110
0000111
0000020

has the nSSP.

The next two examples consider cases when |£| = 1.

EXAMPLE 5.9. Note that Theorem 5.7(B) is not true even for an even n if we move the loop from vertex
2 to another position. Namely, if

01 0 0 00 1 0 1 -1 2 -2
10 -1 0 00 0 -2 0 3 -1 4
01 1 1 00 1 0 0 0 -1 0

A=l 00 1 o0 10| ™X=] 1 30 2 0o 2 |’
00 0 -1 0 1 2 11 0 -1 0
00 0 0 20 1 2 0 -1 0 -2
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it is easy to see that Ao X = [A, X "] = O and therefore, A does not have the nSSP. It is straightforward to
verify that the adjacency matrixz of Ps (31 has the nSSP. Consequently, Ps 3y allows the nSSP, but does not
require it.

EXAMPLE 5.10. Observe that for an odd n > 3, the double path Pn’{nT-l—l} does not require the nSSP by

Theorem 5.7(Ca) and in the case n = —1 mod 4, then ™+ is an even number and so by Theorem 5.7(Cc)
it does not even allow the nSSP.

However, in the case n =1 mod 4, P, (nt1y can allow the nSSP. For example, for the matriz

01 0 0 0
10 -10 0
A=[0 1 1 1 0 [eM(Ps)
00 1 0 -1
00 0 1 0

let X € H(Pg{g}) satisfy [A, X 7] = O. Then, the corresponding homogeneous linear system of equations
with variables in nonzero entries of X in the order

{xlla T13,214,T15, 22, L24, L25, L31, L35, T41, L42, T44, T51, L52, T53, 1‘55},

has the matriz

0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 -1 0 0 -1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 -1 0 -1 0 0 0 0 0 0 0 0 0 0
0 -1 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 -1 0 0 0 -1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 -1 0 0 0 0 0 0 0 0 0
-1 0 0 0 1 0 0 -1 0 0 0 0 0 0 0 0
0 0 0 -1 0 1 0 0 -1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 -1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 -1 0 -1 0 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 -1 0 0 0 0 0 )
0 0 0 0 0 1 0 0 -1 0 0 -1 0 0 0 0
0 0 0 0 0 0 0 -1 0 0 1 0 -1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 -1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 -1 0
0 0 0 0 0 0 0 0 0 0 1 0 1 0 -1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 -1 0 0 1 0 0 0 -1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 -1

which is also called a verification matriz of A. Observe that it has a full column rank, which implies X = O.
This proves that A has the nSSP and so Ps (3} allows, but does not require the nSSP.

These examples illustrate that resolving the subproblem of Problem 1.6 for the case where |£]| = 1 is
a nontrivial and compelling task. Furthermore, the preceding examples naturally motivate the following
question.

QUESTION 5.11. Is it true that if n is even and L # 0, then P, o allows the nSSP?

We finish the paper by resolving Problem 1.6 for n < 5.

EXAMPLE 5.12. Note that the results in Section 5 give a complete answer to Problem 1.6 for graphs on
at most four vertices. We gather their properties in Table 1, where we present all nonisomorphic double
paths.
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In the case n =5, there are siz loop assignments L C [5] that are not resolved by the Theorems 5.3, 5.5,
5.7 and FExample 5.10.

Let us show that for £ = {1,2,4}, the double path Ps r requires the nSSP. Take arbitrary A = (a;;) €
M(Ps2) and X = (zi;) € M( s c)- Using Lemma 3.1 eight times, there exists a sequence of supergraphs
of G = P5 ¢ ending in K2. Namely, on Fig. 8, we show a sequence, where on each arrow between G, and
Goy1 we write the triple (i,j,k), so that (i,7,k) satisfies condition (A) and (j,i,k) satisfies (B), and so
Ger1 = Go+{{Jj,k}}. By Theorem 3.3, it follows that Ps 1 54y requires the nSSP.

(2,1,3) (3,1,4)
M — M —

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Go = Ps {1,2,4) G Go
(3,5,2) (1,5,1) (1,4,2)
g 9 Y agg Y ag g
1 2 3 4 5 1 2—=3 4 5 1 5
G3 Gy G5
(2,5,3) (2,3,3) (4,5,5)
- % . %@ - %
1 5 s 5 1 5
Ge G Gs = K2

FIGURE 8. Sequence Ps (1243 C G1 C G2 C ... C Gg = Ky, which shows that Ps (1 2 4} requires the nSSP. Every
undirected edge represents a double arc and Gyy1 = G + {{j, k}}, where the double arc {j, k} is colored green.

For other assignments of L, we present in Table 2 matrices A € M(Ps ) and X, such that Ao X =
[A,XT] = O, which shows Ps5 1 does not require the nSSP. However, they are all supergraphs of Ps 1y or
Ps (31, and so by Lemma 1.2 (and either Theorem 5.5 or Example 5.10), they all allow the nSSP. With this,
we characterized all nonisomorphic double paths on at most five vertices, which are presented in Table 1.
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TABLE 2

Matrices A € M(Ps,z) and X with Ao X =[A,XT] = 0.

IL
AS

778

L A X
1 2 0 0 0 0 0 2 1 1
1 0 2 0 0 0 40 -2 0
{1,4} 0 4 0 2 0 2 02 0 -1
0 0 -1 -1 2 -2 2 0 0 0
0 0 O 1 0 -4 0 4 0 2
01 00O -2 0 4 -8 4
2 1 1 00 0 0 0 4 -4
{2,3} 0 2 210 1 0 0 0 2
0 01 01 -2 2 0 -2 0
0 00 10 1 -2 2 0 -4
110 0 0 0 00 0 7
2100 00036
{1,2,5} 0 1 010 0 0 3 0 2
0 01 01 0 3 020
0 00 1 3 36 2 00
110 00 0 0 10296 253024 41184
100 1 0 0 o sas o afiba a7oth
{1,3,4} 002 -2 1 0 /O o 4l
0 0 gk g R S Y
0 0 0 1 0 5
1 1 0 0 0 \ \
eeve) 0 1o TR I e
{1,3,5} 0 % (4 + \/§> 1 1 0 —-3(V3-4) ) 0 0 0 3(1+V3)
0 0 s 0 1 0 H(1+3V3) 0 11+v3) 0
0 0 0 3 1 25 (7V3 — 15) 0 L1+v3) 0 0
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