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A FUNCTIONAL BLOCK POSITIVITY CHARACTERIZATION OF NORMAL
MATRICES*

YULONG TIANT AND JINLI XUT

Abstract. A functional version of the block positivity characterization of normal matrices is established, thereby answering
in a corrected form, a question posed in [1]. In particular, if A € M,, and o € R\ {1}, we show that

(A* A)> A*
A (A*A)lfa ’

is positive if and only if A is normal. An operator analog of this power-type criterion on infinite-dimensional Hilbert spaces is
also proved; in this setting, the corresponding conclusion is formulated in terms of semi-hyponormality.
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1. Introduction. Let B(#) be the algebra of bounded linear operators on a complex Hilbert space H
with identity operator I. When H = C", B(#) is identified with M,,, the algebra of complex n x n matrices.
For A € B(H), let A* be the adjoint of A, and |A| = (A*A)'/2. We write A > O if A is positive, that
is, (Az,x) > 0 for all z € H. If A is positive and invertible, we write A > O. Here, O denotes the zero
operator. For self-adjoint operators A, B € B(H), we write A < B if B — A > O. We say that A is normal
if A*A = AA*, and semi-hyponormal if |A*| < |A|. In finite dimensions, semi-hyponormality is equivalent
to normality.

The 2 x 2 block matrix of operators
A C*
C B’
has long been a basic object in matrix analysis and operator theory, especially in the study of positivity

criteria and structural properties of positive block matrices. We refer the reader to [2, 3, 4, 5, 6, 7] for
representative contributions in these directions.

Let A € M,,. In [8], Sababheh et al. used properties of the geometric mean to prove that

1A] A
>
A A

7

if and only if A is normal. In more recent work, Zhang and Jing [1] established a parameterized extension
of this result by showing that for 0 < a < %,

|A|2a A*
>
A |A‘2(1_0‘) -

b
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if and only if A is normal. Thus, the preceding criterion may be viewed as the special case o = %

Motivated by these results, it is natural to ask whether the diagonal entries |A|?® and |A|?(!=®) can be
replaced by more general nonnegative functions of |A|. In this note, we show that

" sl 2o

holds whenever A is normal and f(t)g(t) > t2 for all t > 0; conversely, if f(¢)g(t) = 2 for all t > 0, g(0) = 0,
and ¢ is injective, then the positivity of the above block matrix implies that A is normal. We further
investigate the power-function case for bounded linear operators on Hilbert spaces, obtaining an operator
analogue in which normality is replaced by semi-hyponormality.

2. Main results. In what follows, o(A) denotes the spectrum of A.
THEOREM 2.1. Let A € M,,. Then, the following assertions hold.

(i) Let f,g:[0,00) = [0,00) satisfy
ft)gt) >t*  forallt > 0.

If A is normal, then

[f(fl) g(jqu*ll)} =0

(11) Let f?g : [0,00) — [0,00) satz’sfy
ftgt)=t*  forallt>0.
Assume further that g(0) = 0 and that g is injective. If

V(f : g(ﬁju)} =0

then A is normal.

Proof. Write A = U|A| as a polar decomposition of A, where U € M, is unitary. Recall that A is normal
if and only if U|A| = |A|U; see [9, Sec. 1.3, p. 12].

Assume first that f,g : [0,00) — [0,00) satisfy f(t)g(t) > t? for all t > 0 and A is normal. Since
|A] = VAV* for some unitary matrix V € M,,, where

A =diag(A1, ..., An), A>0 (i=1,...,n),
the functional calculus gives

FUAD =V diag(f(M), .. fA))VT, g(|A]) =V diag(g(M).- ... g(An)) V™.
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Therefore,
[f (14) 4] }
Al g(jAD]”

is unitarily similar to

rhag(f(Alx...,f(An)) diag(Ai, . .., An) ]
diag(A1, ..., An) diag(g(M), ..., 9(An)) ’

which is permutation similar to
For each : = 1,...,n, we have

Hence,

and so

F1A) 14
{A| g<|A|>}ZO'

Finally, since U commutes with |A], it also commutes with g(|A]). Hence,

0 )l L e 2z

We now prove (ii). Suppose that f,g : [0,00) — [0, 00) satisfy f(t)g(t) = t* for all t > 0, g(0) =0, g is
injective, and

W : g<f|1:1|>} =0

Applying the unitary congruence associated with diag(I,U), we obtain

Ay 1A
[|A| U*g(|A>U]20'

Hence, for every € > 0,

FlA)+el 4]
[ A U*g<|A|>U]>O'

Since f(|A|) + &l > O, the Schur complement theorem (see, for example, [9, Theorem 1.3.3]) implies that
N -1
(2.1) U g(JANU > |A[(f(JA]) +eI) " |A]

For each € > 0, define A, : [0,00) — [0,00) by

he(t) := t>0.
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Then, (2.1) can be rewritten as
(2.2) U*g(|ADU > h.(|A]), e>0.

Indeed, if A = 0, then h.(0) = 0 = g(0). If A > 0, then f(A)g(\) = A2 > 0, and hence f(\) > 0. Therefore,
for every X € o(]4]),
)\2
he(A) = ———— — g(N).
M= s s T 9
Letting € — 0 in (2.2), we obtain
Ug(|ADU = g(|Al).

Note that U*g(|A|)U and g(|A|) have the same trace. Therefore,
U'g(lADU = g(JA)) 2 O and  Te(U"g(|A)U — g(|A])) =0,

which implies

Urg(|ADU = g(|Al).
As g is injective on o(|A]), the inverse map g=! : g(o(|A])) — o(|A|) is well defined. By the spectral
functional calculus,

UM|AIU = U"g~(9(|ANU = g~ (U g(JANU) = g~ (9(1A]) = | A|.

Then, we have U|A| = |A|U and hence A is normal. |

In order to discuss zero and negative powers, we adopt the following convention. For a positive operator
A € B(H), we set A® := s(A), where s(A) denotes the support projection of A. If A € M,, is positive and
r < 0, we define

A" :=s(A)(E+ A",
where F = I — s(A) is the orthogonal projection onto ker A.
COROLLARY 2.2. Let A € M, and let o € R\ {1}. Then,

|:|A|2a A*

A |A2(1—o¢):| 2 O’

if and only if A is normal.

Proof. For each r € R, define ¢,.: [0,00) — [0, 00) by

tr, t>0,
r(t) :=
erll) {0, t=0.

Set
ft) = paa(t),  gt):=wou-a(t), t>0.

Then, f(t)g(t) = t? for all t > 0, and g(0) = 0. Since « # 1, g is injective on [0, 00). Therefore, Theorem 2.1
applies. 0
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Remark 2.3. The conjecture in Question 2.14 of [1] is false in its original form. Indeed, let

Then, f and g satisfy the hypotheses stated there. For an arbitrary matrix A € M,

0 -1 )-[E]e so

However, this positivity condition does not imply that A is normal.  Therefore, the additional
assumptions that ¢g(0) = 0 and that g is injective are indispensable for the converse part of Theorem 2.1.

In what follows, we extend the power-type criterion to bounded linear operators on an infinite-
dimensional Hilbert space. We shall use the following standard identity; see, for example, [10] for the
relevant background. A proof is included for completeness.

LEMMA 2.4. Let A = W|A| be the polar decomposition of A € B(H). If f : o(JA]) U {0} — R is
continuous and f(0) =0, then
fOAT) = wr(Apw™.

Proof. Since |A*| = W]A|W* and W*W|A| = |A], it follows by induction that
|A*|" = W|A"W* (n>1).

Consequently,
p(lA™]) = Wp(lA)W™,

for every polynomial p satisfying p(0) = 0.

Let K := o(|A]) U {0} = o(]A*|) U {0}, and let f be as in the statement. By the Stone—Weierstrass
theorem, there exist polynomials ¢, converging uniformly to f on K. Setting

pn(t) = Qn(t) - Qn(0)7
we have p,(0) = 0 and p,, — f uniformly on K. Hence, by the continuous functional calculus,

FOA™) = lim p,(|47)) = lim Wp, (|AW™ = W f(|A)W". .

THEOREM 2.5. Let A € B(H). Then, the following statements hold.

(i) If 3 <a <1 and|A*| < |A|, then

'|A|2a A* ]
A |A‘2(1—o¢) > 0.
(i) f0<a<3 and
'|A|2a A* 7
A |A‘2(1—o¢) 2 O’

then |A*| < |A].
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Proof. Let A = W|A| be the polar decomposition of A. Assume first that 3 < o < 1 and [4*] < |A].
Since 2(1 — a) > 0, Lemma 2.4 yields

|A*|2(1—a) — W|A|2(1_Q)W*.
Therefore,

AP A Al o | A—aqp
A |A*|2(1—a) = W|A|1—a [|A| |A|1 w ] > 0.
As 0 < 2(1 — o) < 1, the Léwner—Heinz inequality (see [11, Example 4.45]) implies
|A*|2(1—a) < |A|2(1—a).

Consequently,

> 0.

|A|2a A* B |A‘2a A* O o)
(2.3) = Tlo AJ20-0) _ | g*[20-0) | =

A |A‘2(17°‘) A |A*‘2(17°‘)
Taking the strong operator limit in (2.3) as « 1 1 yields the assertion for o = 1, completing the proof of (i).

We next prove (ii). Let 0 < a < % and assume that

|A|2a A*
Vi apeen) 20

Suppose first that & = 0 and set P = s(|4|). Then,
I Ax P A I—-P O
= > 0.
P A K P
Taking the Schur complement of I, we obtain
|A*]2 = AA* < |APA
Since t + t'/2 is operator monotone on [0, c0), it follows that |A*| < |A].

Now suppose that 0 < a < % Then, for every ¢ > 0,

|A2* +eI A

A A2 > 0.
Since |A|?>* + eI > O, the Schur complement theorem yields
(2.4) A(JAP 4 el) T AT < AP0,
Define h, : [0,00) — [0, 00) by
he(t) = % £>0.

For each t € [0, ||Al|], we have h.(t) — t20=%) as e | 0 and 0 < h.(t) < ||A]|**~*). Thus, by the bounded
convergence theorem for spectral measures

he (A7) 225 AP,
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Since h, is continuous and satisfies h.(0) = 0, Lemma 2.4 yields

A(JAPY 4 eI) 7 A" = WA|(JAPY + ) AW
= Whe(JA)W* = h(|A")).

Combining this with (2.4), we obtain
he(|A*]) < JAPO ).

Letting € | 0 in the preceding inequality, we obtain
|A*|2(1—a) < |A|2(1_a).

Since 0 < o < %, one has ﬁ € (%,1]. Another application of the Léwner—Heinz inequality gives
|A*| < |A|. This completes the proof. d

Acknowledgments. The authors are grateful to Feng Zhang for helpful correspondence and to the
referees for constructive comments and suggestions.

REFERENCES

[1] F. Zhang and H. Jing. More inequalities for positive semidefinite matrices. Electron. J. Linear Algebra, 41:595-601, 2025.
[2] J.-C. Bourin, E.-Y. Lee, and M. Lin. On a decomposition lemma for positive semi-definite block-matrices. Linear Algebra
Appl., 437(7):1906-1912, 2012.
[3] J.-C. Bourin, E.-Y. Lee, and M. Lin. Positive matrices partitioned into a small number of Hermitian blocks. Linear Algebra
Appl., 438(5):2591-2598, 2013.
[4] I.H. Gimis, H.R. Moradi, and M. Sababheh. On positive and positive partial transpose matrices. Electron. J. Linear
Algebra, 38:792-802, 2022.
[5] H. Najafi. Operator means and positivity of block operators. Math. Z., 289(1-2):445-454, 2018.
[6] E.-Y. Lee. Concave functions and positive block matrices. Linear Algebra Appl., 712:49-58, 2025.
[7] M. S. Moslehian, M. Kian, and Q. Xu. Positivity of 2x 2 block matrices of operators. Banach J. Math. Anal., 13(3):726-743,
2019.
[8] M. Sababheh, I.H. Giimiis, and H.R. Moradi. Further properties of PPT and (a,8)-normal matrices. Oper. Matrices,
18(1):257-271, 2024.
[9] R. Bhatia. Positive Definite Matrices. Princeton Series in Applied Mathematics, Princeton University Press, Princeton,
NJ, 2007.
[10] B. Blackadar. Operator Algebras: Theory of C*-Algebras and von Neumann Algebras. Encyclopaedia of Mathematical
Sciences, Vol. 122, Springer, Berlin, Heidelberg, 2006.
[11] F. Hiai and D. Petz. Introduction to Matriz Analysis and Applications. Universitext, Springer, Cham, 2014.



	Introduction
	Main results
	References

