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SOME RESULTS ON THE SPECTRAL RADII OF TREES,
UNICYCLIC, AND BICYCLIC GRAPHS*

MUHUO LIUT AND BOLIAN LIU%

Abstract. Let A(G), A for short, be the maximum degree of a graph G. In this paper, trees
(resp., unicyclic graphs and bicyclic graphs), which attain the first and the second largest spectral
radius with respect to the adjacency matrix in the class of trees (resp., unicyclic graphs and bicyclic
graphs) with n vertices and the maximum degree A, where A > ”T'H (resp., A > Z+1land A > "T'*'S)
are determined. Moreover, it is shown that the spectral radius of a unicyclic graph U (resp., a bicyclic
graph B) on n vertices strictly increases with its maximum degree when A(U) > & (1+ \/m)2

(resp., A(B) > é 2+ v6n+ 28)2).
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1. Introduction. Throughout the paper, G = (V, E) is a connected undirected
simple graph with |[V| =n and |E| = m. If m =n + ¢ — 1, then G is called a c-cyclic
graph. In particular, if ¢ = 0, 1 or 2, then G is called a tree, a unicyclic graph or a
bicyclic graph, respectively.

Let N(v) indicate the set of neighbors of vertex v. Then, d(v) = |N(v)] is called
the degree of v. Let A(G), A for short, be the maximum degree of G. We use the
notations T4, U2 and B2 to denote the class of trees, unicyclic graphs and bicyclic
graphs with n vertices and the maximum degree A, respectively.

If d; = d(v;) for i = 1,2,...,n, then we call the sequence 7(G) = (d1,da,...,dy)
the degree sequence of G. In the following discussion, we enumerate the degrees in
non-increasing order, i.e., d; > do > --- > d,,. When more than one graph is under
discussion, we may write d;(G) instead of d;. We use I'(7) to denote the class of
connected graphs with the degree sequence 7, where m = (dy,da, ..., d,).
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Let A(G) be the adjacency matrix of G. By the Perron-Frobenius Theorem of
non-negative matrices, the largest eigenvalue of A(G) is equal to the spectral radius
of A(G). We simply call the latter the spectral radius of G and denote it by p(G). The
characteristic polynomial det(z] — A(G)) of A(G) is referred to as the characteristic
polynomial of G and is denoted by ®(G, x). Thus, p(G) equals to the maximum root
of ®(G,z) =0.

When G is connected, by the Perron-Frobenius Theorem of non-negative matri-
ces, there exists a unique positive unit eigenvector corresponding to p(G). In the
following, we use f = (f(v1),-..,f(vs))T to be the unique positive unit eigenvector
corresponding to p(G), and we call f the Perron vector of G. Moreover, f(v;) is also
called the p-weight of the ith vertex (with respect to f).

In 1981, Cvetkovié [3] indicated 12 directions in further investigations of graph
spectra, one of which is classifying and ordering graphs. Hence, ordering graphs with
various properties by their spectra, becomes an attractive topic (see [5l [8 @] [10]). In
this line, Lin and Guo [5] had proved that:

THEOREM 1.1. [B] Let A and n be two fixed positive integers.

(1) If A>[%], then Hi(n,A) (see Fig. 2I)) is the unique tree with the largest
spectral radius among the trees in T%.

(ii) For any two trees T and T' on n > 4 vertices, if A(T) > [22] — 1 and
A(T) > A(T"), then p(T') > p(T").

Recently, a similar result was obtained for unicyclic graphs, that is:
THEOREM 1.2. [10] Let A and n be two fized positive integers.

(i) If A> 5 +1, then Fi(n,A) (see Fig. B.I)) is the unique unicyclic graph with
the largest spectral radius among the unicyclic graphs in UTAL.

(ii) For any two unicyclic graphs U and U’ onn > 30 vertices, if A(U) > [2:]+1
and A(U) > A(U’), then p(U) > p(U").

Moreover, Yuan et al. also considered the corresponding problem for bicyclic
graphs and proved the following:

THEOREM 1.3. [9] Let A and n be two fixed positive integers.

(i) If A > ”TH, then W1 (n, A) (see Fig. E]) is the unique bicyclic graph with
the largest spectral radius among the bicyclic graphs in B2

(ii) For any two bicyclic graphs B and B’ on n vertices, if A(B) > [Z2] 49 and
A(B) > A(B’), then p(B) > p(B’).
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In this paper, we shall establish the following results.

THEOREM 1.4. Let A and n be two fixed positive integers. If ”T'H < A<
n—3and T € T2\ {Hyi(n,A), Ho(n,A)} (see Fig ), then p(T) < p(Hz(n,A)) <
p(Hy(n,A)).

THEOREM 1.5. Let A and n be two fixed positive integers.

(i) If2+1<A<n-3andU € UL\ {Fi(n,A), F>(n,A)} (see Fig. BI), then
p(U) < plFa(n, &) < p(Fi(n, A)).

(ii) For any two unicyclic graphs U and U’ on n vertices, if A(U) >
L(1+46n+10)° and A(U) > A(U"), then p(U) > p(U").

THEOREM 1.6. Let A and n be two fixed positive integers.

(i) If 22 < A <n—2, and B € B \ {Wi(n,A), Wa(n,A)} (see Fig. ET),
then p(B) < p(Wa(n,A)) < p(Wi(n,A)).

(ii) For any two bicyclic graphs B and B’ on n vertices, if A(B) >
$(2+V6n+ 28)2 and A(B) > A(B'), then p(B) > p(B').

If n > 30, then § (14 v/6n + 10)2 < [%7 4 1. Moreover, it is easily checked that
$(2+V6n+ 28)2 < [%27 +9. Thus, we can conclude that

REMARK 1.7. Theorem [[4] extends the result of Theorem [L1] (i), Theorem
improves the result of Theorem [[L2] and Theorem [[L6] improves the result of Theorem

L3

2. The proof of Theorem [T 4l Let G—u (resp., G—uw) be the graph obtained
from G by deleting the vertex u € V(G) (respectively, the edge uv € E(G)). Similarly,
denote by G + uv the graph obtained from G by adding an edge uv ¢ E(G).

LEMMA 2.1. [8] Let u, v be two vertices of the connected graph G, and wy, wa,

owg (1 <k <dw)) be some vertices of N(v) \ N(u). Let G’ = G +wuwy + -+

uwg — vwy — - -+ — vwg. Suppose that f is the Perron vector of G. If f(u) > f(v),
then p(G') > p(G).

LEMMA 2.2. [2] Let G = (V, E) be a connected graph such that uyvy € E, ugvy €
E, vivo € E, and uius € E. Let G' = G + v1va + uius — u1v1 — ugve. Suppose that
f is the Perron vector of G. If f(v1) > f(u2) and f(ve) > f(uq1), then p(G') > p(G),
where the equality holds if and only if f(v1) = f(u2) and f(v2) = f(u1).

Let G be a connected graph, and uv € E(G). The graph G, , is obtained from G
by subdividing the edge uv, i.e., adding a new vertex w and edges wu, wv in G — uwv.
An internal path, say v1vs - - vs41 (s > 1), is a path joining v; and vey; (which need
not be distinct) such that v; and vsy; have degree greater than 2, while all other
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vertices vo, ..., vs are of degree 2. Let W,, be the tree obtained from a path P,_4 by
attaching two pendant vertices to each pendant vertex of P, _4, respectively.

LEMMA 2.3. [] Let uv be an edge of the connected graph G on n vertices. If uv
belongs to an internal path of G, and G 2 W, then p(G) > p(Gu.v)-

LEMMA 2.4. Let G be a graph with the largest spectral radius in I'(w), where
7 =7(Q), and u, v € V(G). Suppose that f is the Perron vector of G. If d(u) > d(v),
then f(u) > f(v).

Proof. Suppose to the contrary, there exist u, v € V(G) such that d(u) > d(v),
but f(u) < f(v). Let d(u) — d(v) = k. Let P, be the shortest path from u to v.
Then, there must exist k vertices, say ws, ..., wg, such that wy,...,wr € N(u)\N(v)
and wy,...,wx € V(Pyy). Let G1 = G —ww; — -+ — vwg + vwy + -+ + vwg. By
Lemma 211 p(G) < p(G1). But Gy € I'(n), so we arrive at a contradiction. Thus,

f(u) > f(v). O

Denote by S(n,c; A) the set of connected c-cyclic graphs on n vertices with the
maximum degree A.

LEMMA 2.5. [7] If A <n —2, then

max{p(G) : G € S(n,c;A)} < max{p(G) : G € S(n,c; A+ 1)}.

LEMMA 2.6. [7] Let G = (V, E) be a graph of S(n,c; A), where A > 2EEL - f
d(u) = A, then u is the unique vertex with degree A.

Let T(n,A,d) be the set of trees on n vertices with the maximum degree A and
the second maximum degree d.

LEMMA 2.7. If A—d>2andd <n—A—1, then

max{p(T): T € T(n,A,d)} <max{p(T): T € T(n,A,d+1)}.

Proof. Let Th be a tree with the largest spectral radius in T(n, A,d). Then, Ty
also has the largest spectral radius in I'(7), where m = 7(T%). Since A —d > 2, there
exists a unique vertex, say u, such that d(u) = A. Let f be the Perron vector of 7;.
Let v be a vertex of Th such that f(v) = max{f(w) : d(w) = d}. There are two cases
to be considered.

Case 1. wv &€ E(Ty).

Let P,, be the shortest path of T} from u to v, and let = be the vertex in P,
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adjacent to u. Let T/ = Ty + uv — uzx. Then, T" € T(n,A,d + 1). By Lemma 2.4 and
the choice of v, f(v) > f(z). By Lemma 2] it follows that p(T") > p(T1).

Case 2. uwv € E(Ty).

Since Ty € T(n,A,d), d < n— A —1 and u, v are adjacent, we have V(T') #
N(u)UN(v)U{u,v} = N(u)UN(v). So there exists a vertex z, different from u, v and
not adjacent to v, which is adjacent to « where € N(u) U N(v). By Lemma [24] and
the choice of v, we have f(v) > f(x). Let T/ = Ty +vz—xz. Then, T' € T(n,A,d+1)
and by Lemma 2.1l we have p(T") > p(T3). O

REMARK 2.8. The condition “d < n — A — 1" of Lemma 2.7 is necessary. Oth-
erwise, if d > n — A, then A +d+ 1> n+ 1, that is, there are two vertices u and v
such that |[N(u) N N(v)| > 1 if they are adjacent and |N(u) N N(v)| > 2 otherwise.
In both cases we obtain at least one cycle.

: n—A—2

) n—A-—2

Il(n,A) IQ(TZ,A)

Fi1c. 2.1. The trees Hi(n,A), Ha(n,A), Ii(n,A), I2(n, A).

In the following, let Hqi(n,A), Ha(n,A), I1(n,A) and Iz(n,A) be the trees with
n vertices and the maximum degree A > "TH as shown in Fig. 211

Proof of Theorem [ 4. Tt is easily checked that Hj(n,A) is the unique tree in
T(n,A,n — A). Note that da(Hz2(n,A)) =n—A—-1<n—A =dy(Hi(n,A)), and
A—(n—A—-1)=2A+1-n>2. Then, p(Hz(n,A)) < p(Hi(n,A)) follows from
Lemma 27 Suppose that the degree sequence of T' is (a) = (dy,d2,ds, ..., d,). Since
T € T4, di = A. There are two cases to be considered.

Casel. do=n—A—1.

Note that T % Haz(n,A). Then, T is isomorphic with I;(n, A) or Iz(n,A). Let u,
v, w be the vertices of Iz(n, A) as shown in Fig. Tl Let T/ = Iz (n, A) —uw —vw—+uv.
Since A > 2L [, (n,A) % W,. By Lemma 3] p(Iz(n,A)) < p(T' —w) = p(T").
Note that 7" is a proper subgraph of I (n, A). Thus, p(T") < p(I1(n,A)), and hence,
p(Ia(n, A) < plL:(n, A))
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Now we shall prove that p(I;(n,A)) < p(Ha(n,A)). Assume to the contrary that
p(Hz(n,A)) < p(I1(n,A)). Then, I1(n,A) has the largest spectral radius in T(n, A, n
—A—1) because I1(n,A), Ir(n, A) and Ha(n, A) are precisely all the trees in T(n, A, n
—A —1). Then, I1(n,A) also has the largest spectral radius in I'(a). Since A > 241
by Lemma there exists a unique vertex in I(n,A), say wu, such that d(u) = A.
Let f be the Perron vector of I;(n,A), and w, z, y, z be the vertices of I;(n,A) as
shown in Fig. 21l By Lemma 24l f(u) > f(z) and f(y) > f(z) because d(u) > d(x)
and d(y) > d(z). Let T* = I (n,A) + uy + 2z — uz — xy. Then, p(I1(n,A)) < p(T*)
by Lemma Note that T* = Ha(n,A). It is a contradiction to the hypothesis.
Thus, p(I1(n,A)) < p(Ha(n,A)).

Case 2. do <n—A—2.

Note that A —dy > A — (n — A —2) =2A +2 —n > 2. By Lemma 27 and the
proof of Case 1, it easily follows that p(T) < p(Hz(n,A)).

Combining the above arguments, we complete the proof. O

3. The proof of Theorem To characterize the graphs that have greatest
spectral radii among all graphs in I'(7), Biyikoglu and Leydold [2] introduced an or-
dering of the vertices vy, . .., v,—1 of a graph G on n vertices by means of breadth-first
search as follows: Select a vertex vg € GG and create a sorted list of vertices beginning
with vo; append all neighbors vy, ..., vg(y,) of vo sorted by decreasing degrees; then
append all neighbors of v; that are not already in this list; continue recursively with
va, V3, ... until all vertices of G are processed. Such an ordering is called a spiral like
ordering [2], or spiral like disposition [11 [6].

LEmMA 3.1. [1] Let m = (d1,da,...,d,) be a non-increasing degree sequence
and Uy be a unicyclic graph with the largest spectral radius in T'(m). Suppose that
{v1,...,vn} are the vertices of Up; with d(v;) = d;, then v1,vs and vs are mutually ad-
jacent, and form Cs, the unique cycle of Upr. The remaining vertices appear in spiral
like disposition with respect to Cs starting from vy that is adjacent to vy. Moreover,
v1, Vo and vs are the vertices having the first three largest p-weight in Upy.

Let Fi(n,A), Fa(n,A), and J1(n, A) be the unicyclic graphs with n vertices and
the maximum degree A > % + 1 as shown in Fig. Bl Let U(n,A,d) be the set of
unicyclic graphs on n vertices with the maximum degree A and the second maximum
degree d. Let C,, be the cycle of order n.

LEMMA 3.2. If A—d>2andd<n— A, then

max{p(U): U € U(n,A,d)} < max{p(U) : U € U(n,A,d+1)}.
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: n—A—2

Jl (n, A)

Fic. 3.1. The unicyclic graphs Fi(n,A), Fa(n,A), and Ji(n,A).

Proof. Let U; be a unicyclic graph with the largest spectral radius in U(n, A, d).
Suppose that the degree sequence of Uy is (a) = (A, d,ds, . ..,d,). Then, Uy also has
the largest spectral radius in I'(a). Since A —d > 2, there exists a unique vertex, say
u, such that d(u) = A. Let f be the Perron vector of U;. Let v be a vertex of Uy
such that f(v) = max{f(w) : d(w) = d}. By Lemmas [2:4] and Bl and the choice of
v, uv € E(Cs5), where Cj3 is the unique cycle of Upy. Suppose V(C3) = {u, v, x}.

If d(z) > 3, i.e., there exists some vertex y different from w,v such that zy €
E(U1), then y € N(v). By the choice of v and Lemma[2Z4] it follows that f(v) > f(x).
Let U' = Uy +vy — zy. Then, U’ € U(n,A,d+1). Moreover, by Lemma 2] we have
p(U') > p(Uh).

If d(z) = 2, since d < n—A, Lemma [3Tlimplies that there exist vertices y € N(u)
(y € {u,v,z}) and w (w & {u,v,z,y}) such that w € N(y). Then, w ¢ N(v). It can
be proved similarly with the case of d(x) > 3. O

REMARK 3.3. The condition “d < n— A” of Lemma [3.2]is necessary. Otherwise,
ifd>n—A+4+1,then A+d+1 > n+ 2. Assume that U is a unicyclic graph
of U(n,A,d + 1) with n(U) = (d1,da,...,d,). Then, d3 > 2 and hence >, d; >

n+2+2+n—3 =2n+1. So, we arrive at a contradiction because the sum of degrees
of vertices pertaining to a unicyclic graph is equal to 2n.

Proof of Theorem (i). Let (a) = (A,n—A,3,1,1,...,1). It is easily checked
that F5(n,A) is the unique unicyclic graph in I'(a), and Fj(n,A) is the unique uni-
cyclic graph in U(n, A,n—A+1). Since da(Fz(n,A)) < da(Fi(n,A)) and A—(n—A) =
2A —n > 2, we have p(Fs(n,A)) < p(Fi(n,A)) by Lemma[32l Suppose that the de-
gree sequence of U is (b) = (dy,da,ds, ..., d,). Since U € U3\ {F\(n,A), Fy(n,A)},
it follows that di = A, do < n— A, and A < n — 3. There are two cases to be
considered.
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Case 1. dy = n — A.

Since U # Fa(n,A), we have (b) = (¢), where (¢) = (A,n — A,2,2,1,...,1).
Thus, p(U) < p(J1(n,A)) by Lemma[3dl Let f be the Perron vector of Jy(n,A). Let
v, T, ¥, z be the vertices of Ji(n,A) as shown in Fig. 311

If f(x) > f(y), let U* = J1
21 we have p(Ji(n,A)) < p(F2

n,A) + xz — yz. Then, U* = Fy(n,A). By Lemma
n, A)).
A) 4+ vy — vz. Then, U* = Fy(n,A). By Lemma
A)
Thus, we can conclude that p(U) < p(J1(n,A)) < p(Fa(n, A)).
Case 2. do <n—A-—1.

Note that A —dy > A—(n— A —1)=2A+1—n > 2. By Lemma 32 and the
proof of Case 1, the result follows. O

LEMMA 3.4. IfA> L (146 +10)% — 1, then p(Fi(n,A)) < VAF 1.

Proof. By an elementary computation, we have
O(Fy(n,A),z) = 2" f1(z),
where f1(x) = 2* —na? — 22+ (n— A+ 1)A —n—1. Thus, p(F1(n,A)) is equal to the

maximum root of fi(z) = 0. When z > A+ 1> (/2 since f{'(z) = 122% —2n >
0, it follows that

3
1 1
f{(x):4x3—2mc—2>4<,/"; ) —on "; —2>0.

Thus, when = > v/A + 1 > 0, we have

fil) > (A+1)2?—nA4+1)—2VA+1+n—-A+1)A—n—1
A—-2VA+1-2n

3
0

IV IV

Therefore, p(Fi(n,A)) < VA +1. 0

Proof of Theorem (ii). In the proof of this result, we write A(U’) and A(U)
as A’ and A, respectively. Set a = [$ (1+v6n+ 10)2] — 1. Then, a > § +1. We
divide the proof into two cases.
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Case 1. A’ >a

Then, Theorem (i) and Lemma B4l imply that p(U’) < p(Fi(n,A")) <
VA" +1. Since A > A’ and U has K; A as its proper subgraph, we can conclude
that p(U) > VA > VA +1 > p(U").

Case 2. A’ < a.

Then, p(U’) < p(Fi(n,a)) < va+1 follows from Lemmas and B4l Since
A>3 (1+6n+ 10)2, we have A > [$ (1+/6n + 10)2] = a+ 1. Hence, p(U) >
VA>Va+1> p(U"). O

4. The proof of Theorem In the proof of Theorem [[.G], the next lemma
plays a crucial role.

LEMMA 4.1. [6] Let m = (dy,da,...,d,) be a non-increasing degree sequence,
where dy > dy > 3 and d, = 1. Let Bys be a bicyclic graph with the largest spectral
radius in T'(w), and {v1,va,...,v,} be the vertices of By with d(v;) = d;. Then,
By contains B* as its induced subgraph, which is formed by adding an edge to two
non-incident vertices of Cy such that vi and va are the two vertices of B* of degree
3, vs and vy are the two vertices of B* of degree 2. The remaining vertices appear
in spiral like dispositions with respect to B* starting from vs that is adjacent to vy.
Moreover, vy, va, v3 and vy are the vertices having the first four largest p-weight in
By

) n—A-—2

Wa(n,A)

n—A-1

.'an72 A—4 :an72

L1 (n, A) L2 (n, A) L3 (n, A)
Fic. 4.1. The bicyclic graphs W1i(n, A), Wa(n, A), Li(n,A), La(n, A)n and Lz(n, A).
Let Wi(n,A), Wa(n,A), L1(n,A), La(n,A), and Ls(n,A) be the bicyclic graphs
with n vertices and the maximum degree A > “+2 as shown in Fig. E.1l

Let B(n, A, d) be the set of bicyclic graphs on n vertices with the maximum degree
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A and the second maximum degree d. If y € N(z) and d(y) = 1, then we call y a
pendant neighbor of z. If d(x) > 2, then we call x a non-pendant vertex.

LEMMA 4.2. If A—d>2andd <n—A+1, then

max{p(B): B €B(n,A,d)} < max{p(B): B€B(n,A,d+1)}.

Proof. Let By be a bicyclic graph with the largest spectral radius in B(n, A, d).
Then, B; also has the largest spectral radius in I'(w), where 7 = w(By). Since
A —d > 2, there exists a unique vertex, say u, such that d(u) = A. Let f be the
Perron vector of By. Let v be a vertex of By such that f(v) = max{f(w) : d(w) = d}.
There are two cases to be considered.

Case 1. uwv ¢ E(By).

Let P,, be the shortest path of By from u to v, and let x be the vertex in P,,
adjacent to u. Let B’ = By + uv —uz. Then, B’ € B(n,A,d+1). On the other hand,
by Lemma 24 and the choice of v, f(v) > f(z). By Lemma[2ZT] we can conclude that
o(B') > p(By).

Case 2. wv € E(By).

In the following, let z denote a non-pendant vertex different from u,v, and P,,
be the shortest path of By from v to .

Subcase 2.1. There exist vertices z and y, such that y € N(z)\ N(v) and y is not
in P,;.

By the choice of v and Lemma 24 it implies that f(v) > f(z). Let B = By +
vy —xy. Then, B’ € B(n,A,d+1). Moreover, by Lemma 2] we have p(B’) > p(By).

Subcase 2.2. For every non-pendant vertex z, if y € N(z) and y is not in Py,
then y € N(v).

Thus, we can conclude that if w is a non-pendant vertex different from w, v, then
w has no pendant neighbors. Next we shall prove that d > 3.

By the hypothesis, B; has non-pendant vertices x, and y such that y € N(v) N
N(z) and y is not in P,,. If y # u, then d > 3 because uwv € E(B;). If y = u, since
By is a bicyclic graph, there is at least one vertex z (z € {u, v,x}) such that d(z) > 2.
Let P,, be the shortest path of By from v to z. Then, there is at least one vertex z;
such that z; is not in P,, and z; € N(v) N N(z). Note that d is the second maximum
degree of By. Then, d > 3.
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Since A —d > 2 and d > 3, B; has at least a pendant vertex because the sum
of degrees of vertices of B; is equal to 2n + 2. By Lemma [£.]] we can conclude that
By =2 Wi(n,A). Tt is a contradiction to d < n — A + 1. Thus, Subcase 2.2 cannot
appear. [

REMARK 4.3. The condition “d < n — A+ 17 of Lemma is necessary. Oth-
erwise, if d > n — A+ 2, then A +d+1 > n+ 3. Assume that B is a bicyclic
graph of B(n,A,d + 1) with #(B) = (d1,da,...,d,). Then, d3 > ds > 2 and hence
Z?Zl di >n+34+4+n—4=2n+ 3. So, we arrive at a contradiction because the
sum of degrees of vertices pertaining to a bicyclic graph is equal to 2n + 2.

Proof of Theorem (i). It is easily checked that Wi(n,A) is the unique bi-
cyclic graph in B(n,A,n — A 4+ 2). Since do(Wa(n,A)) < da(Wi(n,A)) and A —
da(Wa(n,A)) = A—(n—A+1) =2A—-1—n > 2, we have p(Wa(n, A)) < p(Wi(n, A))

by Lemma 2l Suppose that the degree sequence of B is (a) = (d1,dz,ds, ..., dy).
Since B € IB%A we have di = A > dy > d3 > dy > 2. Recall that B € IB%A \{Wi(n,A),
Wa(n,A)}. Then, do <n—A+1. Let (b) = (A,n—A+1,3,2,1,1,...,1). There

are two cases to be considered.
Casel. do=n—A+1.
Subcase 1.1. (a) = (b).

Note that Wa(n,A), Li(n,A), and La(n,A) are precisely all the bicyclic graphs
in I'(b). Since B 2 Wa(n, A), B is isomorphic with Lq(n, A) or Ly(n, A). By Lemma
I p(Ls(n, A)) < p(Wa(n, A)) and p(Ls(n, A)) < p(Wa(n, A)).

Subcase 1.2. (a) # (b).

Then, (a) = (c¢), where (¢) = (A,n — A +1,2,2,2,1,...,1). By Lemma [£T]
p(B) < p(Ls(n,A)). Let v, z, y, and z be the vertices of Ls(n,A) as shown in Fig.
[T Let f be the Perron vector of Ls(n, A).

If f(x) > f(y), let By = Ls(n,A) + xz — yz. Then, B; = Ws(n,A). By Lemma
BT we have p(Ls(n, A)) < p(B1) = p(Wa(n, A)).

If f(x) < f(y), let By = Ls(n,A) + vy — vz. Then, By = Ws(n,A). By Lemma
B we have p(Ls(n, A)) < p(B1) = p(Wa(n, A)).

Case 2. do <n — A.

Note that A —dy > A — (n — A) = 2A —n > 2. Then, p(B) < p(Wa(n,A)) by
Lemma [£.2] and the proof of Case 1. O
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LeEMMA 4.4. [fA > L (24 VB +28)° — 1, then p(Wi(n, A)) < VA + 1.

Proof. By an elementary computation, we have

O(Wi(n,A),z) = :c”*4f2(:c),

where fy(z) = ' —(n+1)2* —4z+(n—A+2)A—n—5 When 2 > VA +1> /22 + 3,

since f§(x) = 1222 — 2n — 2 > 0, we have

3
fé(ac)=4ac3—(2n+2)x—4>4<\/2?n+3> _(2n+2)”2?n+3_4>0.

Thus, when z > A +1 > 0, it follows that

f22) > (A+ 1) —(n+1D)(A+1)—4VA+ 1+ (n—A+2)A—n—5
=3A—-5-2n—4/A+1

> 0.

Therefore, p(W1(n,A)) < VA +1.0

Proof of Theorem (ii). In the proof of this result, we write A(B’) and A(B)
as A’ and A, respectively. Set b = [% (2+ Vbn + 28)21 — 1. Then, b > ”TJFS We
divide the proof into the following two cases.

Case 1. A’ > b.

Then, Theorem (i) and Lemma A4 imply that p(B’) < p(Wi(n,A")) <
VA" +1. Since A > A’ and B has K; A as its proper subgraph, we can conclude
that p(B) > VA > VA +1 > p(B').

Case 2. A’ < b.

Then, p(B’) < p(Wi(n,b)) < v/b+1 follows from Lemmas and 4l Since
A > 1 (24 6n+28)°, it follows that A > [ (24 v6n+28)"] = b+ 1. Thus,
p(B) > VA >Vb+1>p(B). O

Acknowledgment. The authors would like to thank the anonymous referee for
his valuable comments and suggestions, which led to an improvement of the original
manuscript.



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 23, pp. 327-339, April 2012
Some Results on the Spectral Radii of Trees, Unicyclic, and Bicyclic Graphs 339
REFERENCES

[1] F. Belardo, E.M. Li Marzi, S.K. Simi¢, and J.F. Wang. On the spectral radius of unicyclic graphs
with prescribed degree sequence. Linear Algebra Appl., 432: 23232334, 2010.

[2] T. Biyikoglu and J. Leydold. Graphs with given degree sequence and maximal spectral radius.
Electron. J. Combin., 15:R119, 9 pp., 2008.

[3] D.M. Cvetkovié. Some possible directions in further investigations of graph spectra. Algebraic
methods in graph theory, Vol. I, II (Szeged, 1978), Colloq. Math. Soc. Jdnos Bolyai, 25:47-67,
North-Holland, Amsterdam-New York, 1981.

[4] A.J. Hoffman and J.H. Smith. On the spectral radii of topologically equivalent graphs. In M.
Fiedler (editor), Recent Adances in Graph Theory, Academia Praha, New York, 1975.

[6] W.S. Lin and X.F. Guo. Ordering trees by their largest eigenvalues. Linear Algebra Appl.,
418:450-456, 2006.

[6] Y.L. Liu and B.L. Liu. The spectral radius of bicyclic graphs with prescribed degree sequences.
Linear Algebra Appl., 433:1015-1023, 2010.

[7] M.H. Liu and B.L. Liu. On the spectral radii and the signless Laplacian spectral radii of c-cyclic
graphs with fixed maximum degree. Linear Algebra Appl., 435:3045-3055, 2011.

[8] B.F. Wu, E.L. Xiao, and Y. Hong. The spectral radius of trees on k pendant vertices. Linear
Algebra Appl., 395:343-349, 2005.

[9] X.Y. Yuan and Y. Chen. Some results on the spectral radii of bicyclic graphs. Discrete Math.,
310:2835-2840, 2010.

[10] X.Y. Yuan, H.Y. Shan, and B.F. Wu. On the spectral radius of unicyclic graphs with fixed
maximum degree. Ars Combin., CI1:21-31, 2011.



