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ORDERING TREES BY THE MINIMAL ENTRIES OF THEIR
DOUBLY STOCHASTIC GRAPH MATRICES*

SHUCHAO LIt AND QIN ZHAOf

Abstract. Given an n-vertex graph G, the matrix Q(G) = (In + L(G))™! = (wjj;) is called
the doubly stochastic graph matrix of G, where I, is the n X n identity matrix and L(G) is the
Laplacian matrix of G. Let w(G) be the smallest element of Q(G). Zhang and Wu [X.D. Zhang and
J.X. Wu. Doubly stochastic matrices of trees. Appl. Math. Lett., 18:339-343, 2005.] determined
the tree T with the minimum w(7T") among all the n-vertex trees. In this paper, as a continuance of
the Zhang and Wu’s work, we determine the first ("Tfl] trees T, T, . .. ,T(L_l] such that w(T1) <

2
wlh) < - <w (TLL_lJ> <w (Tl—ni—l-‘> < w(T), where T; is obtained by attaching a pendant
2 2
vertex to v; of path P,—1 = viva---v;---vn—1 and T is an n-vertex tree different from the trees
T17T27"'7T|'L*1“'
2
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1. Introduction. Let G = (Vg, Eg) be a simple graph with vertex set Vg
and the edge set Eq¢. Let degy(v;) or d; be the degree of vertex v; and D(G) =
diag(dy,ds,...,d,). Let A(G) be the n X n adjacency matriz whose (i, j)-entry is 1 if
v;v; € Eg and 0 otherwise. The matrix L(G) = D(G) — A(G) is called the Laplacian
matriz of G, which may be dated back to Kirchhoff’s Matrix-Tree Theorem and has
been extensively studied for the past fifty years (e.g., see [I5], [19] and the references
therein). It is well known that L(G) is positive semidefinite and singular. Thus, its
eigenvalues can be arranged as Ay > Ao > -+ > X\, 1 > )\, = 0. The second smallest
eigenvalue \,_1, also denoted by «(G), is known as the algebraic connectivity of
G; see [10, [15]. Tt follows from Kirchhoff’s Matrix-Tree Theorem that A,_1 > 0 if
and only if G is connected. Since the algebraic connectivity is relevant to important
problems regarding the diameter of graphs, the expanding properties of graphs, the
combinatorial optimization problems, and the theory of elasticity, etc. (for example,
see [18, [19]), it has received much more attention. Recently, there is an excellent
survey on algebraic connectivity of graphs written by de Abreu [I], which is referred
to the reader for further information.
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In the study of chemical information processing, Golender et al. [11] introduced
another important matrix: doubly stochastic graph matrix associated with a graph,
which may be used to describe some properties of the topological structure of chemical
molecules. Let I, be the n x n identity matrix and Q(G) = (I,, + L(G)) ™! = (wij).
It can be verified that Q(G) is a doubly stochastic matrix (see, for example, [11]).
Thus, Q(G) is called the doubly stochastic graph matriz. In [20] Pereira and Vali
studied the spectra of doubly stochastic matrices. On the other hand, Chebotarev
and Shamis [6] and Chebotarev [5] pointed out that the doubly stochastic graph
matrix may be used to measure the proximity among vertices and evaluate the group
cohesion in the construction of sociometric indices and represent a random walk. In
particular, the diagonal entries w;; of 2(G) measure the peripherality (solitariness)
of v; [6]. An important result on the relationship between the entry of the doubly
stochastic matrix of a graph and its number of spanning forests, which is called the
matrix forest theorem (1995) (see Refs. [7), [§]), is due to Chebotarev and Shamis.
Shamis presented the result at the 1995 International Linear Algebra Society (ILAS)
Conference in Atlanta (see Ref. [9]), and a proof of an earlier version of this theorem
can be found in [2I]. Moreover, Merris [I7] established the relationship between the
entry w;; of (G) and structure of the simple n-vertex graph G: If w;; < 4/(n?+4n),
then v; is not adjacent to v;. Moreover, w;; is also relative to the weights of routes
of various lengths between v; and v; (see [6], Proposition 10). Zhang [23] determined
a sharp lower bound for the smallest entries, among those corresponding to edges, of
doubly stochastic matrices of trees. Zhang [24] also presented some relations between
the diameter of a tree and the smallest entry w(G) = min{w;; : 1 < 4,5 < n}.
Recently, Zhang [25] studied the relationship between vertex degrees and entries of
the doubly stochastic graph matrix.

Zhang and Wu [22] obtained sharp upper and lower bounds for the smallest entries
of doubly stochastic matrices of trees and characterized all extreme graphs which
attain the bounds. Motivated by these related results, we investigate the property
of the smallest entries of doubly stochastic matrices of graphs. We identify the first
[”T_W n-vertex trees according to their smallest entries in the corresponding doubly
stochastic matrices:

w(T) <w(l) < <w (TLL;lJ) < °—J<TF%W) < w(T),

where T; is obtained by attaching a pendant vertex to v; of path P,,_1 = viva---v;
--+v,_1 and T is an n-vertex tree different from the trees 71,75, ... ,T(W,Tflw.

2. Preliminaries. We define W(G) = max{w;; : 1 < i < n}. A dominating
vertex of G is a vertex of degree n — 1, i.e., a vertex adjacent to every other vertex.
We call v a pendant vertex, if deg(v) = 1. For convenience, let PV (G) be the set of all
pendant vertices of G, and we set 7, = {T: T is an n-vertex tree with k& pendant
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vertices}. The distance between vertices v and v in G is denoted by dg(u,v). Let
Ng(v) = {w € Vg|vw € Eg}. Clearly, degy(v) = |[Ng(v)].

We first give some lemmas that will be used in the proofs of our main results.

LEMMA 2.1 ([I7]). Let G be a graph with doubly stochastic graph matriz Q(G) =
(wij). If r # s, then wrr > 2wy, with equality if v, is a dominating vertex of the

connected component of G that contains vs, or if degs(vs) = 1 and vyvs € Eg.

LEMMA 2.2 ([25]). Let G be a simple connected graph on n vertices with doubly
stochastic graph matriz Q(G) = (wi;). Then

2n—1 1—2n
w(@) < %

with equality if and only if G is a path on n vertices, where ¢ = @
LEMMA 2.3. Let P, be a path on n vertices with doubly stochastic matriz Q(P,) =
(wij). Then
Win > Wy > > W 3] 2 W3]
the last equality holds if and only if n is even.

Proof. This result immediately follows from Theorem 1 in [5] and the main
theorem in [2]. O

LEMMA 2.4 ([24]). Let T be a tree of order n with vertex set Vp = {v1,va,...,
Up}. If w(T) = min{w;; : 1 < 4,5 < n} = ww, then the following hold:

(i) vk and v; are two pendant vertices.
(ii) If the diameter d of T is no more than 4, then dg(vk,v) = d.

LEMMA 2.5 ([23]). Let T be a tree of order n > 4 with at least three pendant
vertices, say, v1,va,vy,. Suppose that vs € Np(ve) and T' = T — vavs + viva. Let
QT) = (wij) and QT") = (w};). Then win > Wh,.

)

COROLLARY 2.6. Let T € J, 1 be a tree such that w(T') is as small as possible,
where n > 4 and k > 3 are fized. Suppose that w(T) = win, ve is a pendant vertex of
T different from vi,v, and vs € Np(v2), then we have degp(vs) > 2.

Proof. Suppose to the contrary that degp(vs) = 2. Since w(T') = w1y, by Lemma
2.4(i), we have that vy, v, € PV(T). Let

T =T — vyvs + v109.

Then 7" € 7,k with doubly stochastic graph matrix Q(7") = (wj;). By Lemma 2.5,
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we obtain
W(T) < oy, < win = w(T).
A contradiction to the choice of T'. O

COROLLARY 2.7. For any tree T € T, k41, there exists a tree T' € T, such
that w(T) > w(T"), where n > 4, k > 2.

Proof. Choose T' € 9, 41 such that w(T") is as small as possible. Assume that
W(T) = wip, then vy,v, € PV(T). Note that k > 2. Let vs be a pendant vertex of T'
different from vy, v, and vz € Ny (v2). Then, by Corollary 2.6, we have deg,(vs) > 2.
Let

T =T-— VU3 + V1V2.

Then T" € 7, with doubly stochastic graph matrix Q(7") = (w;;). By Lemma 2.5,
we obtain

W(T') < wh, < win = w(D).

Thus, for any tree T' € 7, k+1, there exists a tree T” € 7},  such that w(T) > w(T"),
as desired. 0

3. Main results. Let GG be a simple graph obtained from graph G* by attaching
k pendant vertices to a vertex of G*; see Fig. 3.1. Then we characterize the w(G) by
the entries of Q(G*).

U1
V2

Vg

G

Fic. 3.1. Graph G.

THEOREM 3.1. Let G be a graph of order n, which has k > 1 pendant vertices
V1,...,V attached to the same vertex viy1 of G* (see Fig. 3.1). Let Q(G) = (wij)
for 1<, j <n and QUG*) = (wj;) for k+1 <1i,j <n. Then the smallest entry of
O(G) satisfies

* * *
@) = mi * kwi,k+1wk+1,j Wrt1,5
wW(G) = min Wij T 5 e TR .
t RWE 1 1 T RWE 1 k1
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Proof. Let
i T
—_—
1 1
x=|-——"F% - ——=VE0O---0
Vk Vk
Then Q(G) = (I,, + L(G)) ™! = (F + xxT)~! with
K 0
F =
(o s lui@)
where
2k—1 1 _1
k k k
1 2kl _1
L !
1 1 2k-1
k k k
Hence, we have
Bl 1 1
2k 2k
1k 1
2k 2k 2k 0
i (K70 0N 1 e
- 0 Q(G*) - 2k 2k 2k — -
Wet1,k+1 777 Wetin
0 : ' :
w:;,kJrl w'r*m
By the Sherman—Morrison formula (see [13, p 19]), we have
F-1lxxTp-1
QG =F1t - ——.
(@) 1+ xTF-1x
Note that 1 +xTF " 1x =2+ I<;ou,*;+17k+1 and
i T
—_—
-1 T —1 1 1 \/_ * \/_ *
F'xx*F = *ﬁ*ﬁ kwk+17k+1~~~ kwn7k+1
k
—_——
1 1

* *
_k \/Ewk+1,k+1 T \/Ewn,kﬂ
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Hence, we have

% Ry I iFAISk
wij = w?j*%‘, it i#jzk+1; (3.1)
Sl +:;g:'k“, if i<k<j
and
1 1 . .
oo mERS 2kl
1 WZ+1,J‘

By Lemma 2.1, it is straightforward to check that
for k£ > 1, and hence

1
5% + > +
2k k(2+kwk+1’k+l) 2+kwk+1’k+1

* * *
&) = mi o ROl Wh Y1,
w(G) = min § w;; — . ; . .
2+ kwp g g 2 kWi

This completes the proof. O

COROLLARY 3.2. Let G be a simple connected graph on n vertices with doubly
stochastic graph matriz Q(G) = (wi;). If vi is a pendant vertex of G and viv; € Eq,
then

2T (P,_1)
< -/
Y= S (P

with equality if and only if G is a path on n vertices.

Proof. Let G* = G'— v1v; with doubly stochastic graph matrix Q(G*) = (wj;) for
2 <i,j <n. By Lemma 2.2, we have w}; < @w(P,_1) with equality if and only if G*
is a path on n — 1 vertices and v; is a pendant vertex of G*. Therefore, by Eq. (3.2)
in Theorem 3.1, we have

2 _
wk 1 1 QW(Pnfl)

Wi ST S e T T IS T T ahm(Py)
i wr T2 GPay) 2 n—1

with equality if and only if G* is a path on n — 1 vertices and v; is a pendant vertex
of G*, which is equivalent to that G is a path on n vertices. O

COROLLARY 3.3. For any P;, we have
. w Pi
() w(Pi) = 722475

(ii) @*(P) + w(P;) — w?(P;) —1=0, where i =1,2,...,n — 1.

and W(Piy1) = ;igg;;, wherei=1,2,...,n—1.
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Proof. By Theorem 1 in [5], w(P;) = ®;;' and @(P;) = q);;l, where @y, are the

Fibonacci numbers. This yields (i) and, using Cassini’s identity, (ii). O

Let T; (see Fig. 3.2) be the tree on n vertices obtained from a path P,_; =
V1Vg -+ - V5 - Up—1 Dy attaching a new pendant vertex v, at v;.

»—Ivn_.

U1 V2 Vi Un—2 Un-1

T;

Fic. 3.2. Graph T;.

THEOREM 3.4. Let T; (z =1,2,..., ("7711) be a tree of order n, which is depicted

in Fig. 3.2, then we have
w(T)) <w() < <w(Tan)) <@ (Tha)

with equality if and only if n is odd.

Proof. Let x; be an n dimensional vector whose only nonzero component is 1 in
the ith position and x = x,, — x;. Thus, L(T}) = L(F) + xxT. Let Q(T}) = (w;;) and
Q(Pn-1) = (wi;)- By the Sherman-Morrison formula (see, e.g. [13, p 19]), we have
QF)xxTQ(F)

QTi) = QF) - T xTQ(F)x

By Lemma 2.4(i), we have w(T;) = min{w1 n—1,W1n,Wn—1,,}. Note that

W1iWin W1 _ W1iWin—1

Win = = 9 > = Wi,n—1,
Wij Wij
_ Wp—1,iWin  Wn—1; W1iWin—1
Wn—1,n = - > = Win-1-

wii 2 Wi
Hence, we obtain

! / ! / /

_ oy WyWin—1 _ Wi Wi 2w 01 2w(Pn1)

W(Ty) =wip-1= Win-1" 57 7 —Win-1—

2+ wj; 2+ wj; B 2+ wj; B 2+ wj;

By Lemma 2.3, we have w(T1) < w(Tz) < -+ < g(TLanlJ) < g(Tranl]) with
equality if and only if n — 1 is even, which is equivalent to that n is odd. O

THEOREM 3.5. LetT € J,4 and T; € T, 3 where T; (z =1,2,..., ]'"T_l]) is
depicted in Fig. 3.2, then we have w(T;) < w(T).



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 23, pp. 295-305, March 2012

302 S.C. Li and Q. Zhao

Proof. Let T € J, 4 with doubly stochastic graph matrix Q(T") = (w;;), such that
w(T) is as small as possible. By Corollary 2.6, we obtain that T € {Tl,Tg, Tg}; see
Fig. 3.3. In what follows, if two graphs, say G and H, are isomorphic graphs, then
we write G = H.

Ve .

U1 . Ui Un—2

2
T

2

1
v v v
n— 2I<: n—1 n \ Vp—1 U,

Un—1 Se— - o——e
Unp—

' U1 / n—2 f oy
—o - - L e—e V1 1 n—
U1 L Us Us41 (%

Ty T T3

Fic. 3.3. Graphs Tl,Tg,’fg,Tl/ and T}.

If T =Ty, then T—v;v,_1 — iUy = Pn_o. Let Q(P,—2) = (wp,). By Theorem 3.1,
[I4, Theorem 3.2], and Lemma 2.3, we have
2wiwh g whw! o
W(T) =wip-2=w)p_o— 2;7215, =W o~ ﬁ
_ wll,n—Q Win—2
14w, = 1+ wh,

If T = Ty, then T — vjv, = Ti. Let QT;) = (wi;). By Theorem 3.1 and [14
Theorem 3.2], we have

" " ", 1" "
w(T) —w — " WiWin—2 — " WiW1 n—2 . 2c"11,71—2
“ —Win-2—=Win-2" "o 7 — ¥1in-2" "o "
7 2+UJ” ’ 2+w 2—}—0.)”
Sin ol = Mins nd w!. = i) n s together with
Ce Wi = Wy PESRAE W1n 2 = oo, and wi; = T ogether w
Lemma 2.1, [14] Theorem 3.2], and Lemma 2.3, we obtain
! /
UJ(T) _ 4w1 n—2 o 4&)17"_2
= 4420, + 2w + wiw) —wi?2 Wl wl N2
W55 TG 4 2wl + 2w +w“wﬂf<7z 11 2)
1i7j,n—2
A
4wl,n72
2 2
- 4w’ W/
4+2w +2w +ww ( 1i ]7L217L72)
wrjj wlle ne2
_ 4w n—2
442w, + 2w er”w” — 16{.«)1 “n—2
4w
1,n—2 - /
: = w(Ty).

_— A ! ! ! 12
4+ 2wgy + 2wy, 5,5+ wWoowy 5,3 — 16w, o



Electronic Journal of Linear Algebra 1SSN 1081-3810

A publication of the International Linear Algebra Society
Volume 23, pp. 295-305, March 2012

Ordering Trees by the Minimum Entry of Their Doubly Stochastic Graph Matrices 303

If7T = Tg, let TF =T —v;vp—1 — viv, and Q(TF) = (w;q). Then T € 7, _2 3 and
W(Pp-2) <wy, <1for 1 <p,q<n—2. By Theorem 3.1, [I4, Theorem 3.2], Lemma

2.1, and Corollary 3.2, we have

2w3 , _ow’

U_J(T) =y = wfl . 1,n 3 n—2,1
2 + 2wn72,n72

o x *
W1sWs,n—2 Ws,n—2%Wsi
>
wSS

*2
Wis = w11 wé,n—2
14wk —“u _(1+w* Jw
n—2,n—2 n—2,n—2 Wss
we wr wk
* s,n—2 * n—2,n—2 _ 11
> wi; 1——21 " > wy; 1—1 » =1 »
( + wn72,n72) + wn72,n72 + wn72,n72

Q(Pn72) > H(Pn72)
Lt+wn ono 2

For1<i< [”7711, by Theorem 3.1 and Corollary 3.3, we get

w(T) _ 2wll,n—1 _ 2U_J(Pn—1) _ 2 U_J(Pn—Q) < U_J(Pn—2)
YT 24w 24w, 24wl 2+w(P2) 2

Therefore, w(T}) < w(T) for any tree T = T3. Furthermore, note that

w(T) 2 U_J(Pn—Q) _ 2 U_J(Pn—3)
= 2+ wl 24 w(P2) 24wl 5+ 3w(P,_3)
_ 2 H(Pn—4)
2+ wj; 134 8w(Py—4)’
w(T') _ wl2,n72 _ U_J(Pn—3) _ U_J(Pn—4)
V243w, 24 30(Pu_3)  T+50(Pa_4)’
/ _w(Pn_a)
W(TY) = Won—2 2+2w(Pn—4)
=\2 ro _ 2w2(Py_
242wy 242 |W(Py_y) — 22 Ees) sz(< Pn_{z)
_ Q(Pn74)
4[w(Pn—4) + H(Pn—4) + 1] [w(Pn—4) - H(Pn—4) + 1]
H(Pn74)

8+ 4w(Py_y)’

and hence it is easy to obtain w(T;) < w(Ty) < w(Ty) for w(Py—4) < W(Pp_4) < 1.

Thus, w(T;) < w(T), where T € J, 4 and i =1,2,...,[22]. 0

Our last main result of this paper is to generalize [22], Theorem 2.1]. We identify
the first [%1 trees on n vertices according to their smallest entries in the corre-
sponding doubly stochastic matrices.

THEOREM 3.6. Let T be a tree of order n. If T 2 T;, where T; (i = 1,2,...,
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[”T_ID is depicted in Fig. 3.2, then we have

W) <w() < <w (TL%O <w (T(%O < w(T)

with equality if and only n is odd.

Proof. Theorem 3.6 follows directly from Corollary 2.7, Theorem 3.4, and Theo-
rem 3.5. This completes the proof. O
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