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A NEW EIGENVALUE BOUND FOR THE HADAMARD PRODUCT
OF AN M-MATRIX AND AN INVERSE M-MATRIX*

FUBIN CHEN', YAOTANG LI¥, AND DEFENG WANG$

Abstract. If A and B are n X n nonsingular M-matrices, a new lower bound for the minimum
eigenvalue 7(Ao B~1) for the Hadamard product of A and B! is derived. This bound improves the
result of [R. Huang. Some inequalities for the Hadamard product and the Fan product of matrices.
Linear Algebra Appl., 428:1551-1559, 2008.].
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1. Introduction. For a positive integer n, N denotes the set {1,2,...,n}. The
set of all n x n complex matrices is denoted by C™*™ and R™*™ denotes the set of all
n X n real matrices.

Let A= (aij) € R"*™ and B = (blj) € R**"™, We write A > B (> B) if aij > bij
(> b;;) for all 4,5 € {1,2,...,n}. If 0 is the null matrix and A > 0 (> 0), we say that
A is a nonnegative (positive) matrix. The spectral radius of A is denoted by p(A). If
A is a nonnegative matrix, the Perron-Frobenius theorem guarantees that p(A) is an
eigenvalue of A.

We let Z,, denote the class of all n x n real matrices all of whose off-diagonal
entries are nonpositive. An n x n matrix A is called an M-matrix if there exists an
n X n nonnegative matrix B and a nonnegative real number \ such that A =\ — B
and A > p(B), I is the identity matrix; if A > p(B), we call A a nonsingular M-matrix;
if A = p(B), we call A a singular M-matrix. Denote by M,, the set of nonsingular
M-matrices.
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Let A € Z,, and let 7(A) = min{Re(\) : A € o(A)}. Basic for our purpose are
the following simple facts (see Problems 16,19 and 28 in Section 2.5 of []):

(1) 7(A) € (A); 7(A) is called the minimum eigenvalue of A.
(2) If A,B € M,,, and A > B, then 7(A) > 7(B).
(

3) If A € M,, then p(A~1) is the Perron eigenvalue of the nonnegative matrix

A7 and 7(A) = m is a positive real eigenvalue of A.

Let A be an irreducible nonsingular M-matrix. It is known that there exist
positive vectors u and v such that Au = 7(A)u and v7'A = 7(A)vT, u and v being

called right and left Perron eigenvectors of A, respectively.

For two real matrices A = (a;;) and B = (b;;) of the same size, the Hadamard
product of A and B is Ao B = (a;;b;;). If A and B are two nonsingular M-matrices,
then it is proved in [2] that Ao B~! is a nonsingular M-matrix.

If A = (ai;) is a nonsingular M-matrix, we write N = D — A, where D =diag(a;;).
Note that a;; > 0 for all 4 if A € M,,. Thus, we define J4 = D~'N; J4 is nonnegative.

Let A,B € M,, and B! = (B;;), in [4, Theorem 5.7.31] the following classical
result is given:

7(AoB™') > 7(A) min Bj.

1<i<n

Recently, Huang [5, Theorem 9] improved this result and gave a new lower bound
for 7(A o B™1), that is

_ 1—p(Ja)p(Up) . @i
AoB™ly > /v H) —.
(Ao )2 1+ p2(JB) 1I§nz'1£n bis

In this paper, for two nonsingular M-matrices A and B, we give a new lower
bound for 7(A o B~1); some examples are given to illustrate our result.

2. Some lemmas and the main result. In order to prove our result, we first
give some lemmas.

LEMMA 2.1. [ Lemma 5.1.2] Let A, B € C"*™ and suppose that D € C"*™ and
E € C™*™ are diagonal matrices, then

D(Ao B)E = (DAE) o B = (DA) o (BE) = (AE) o (DB) = Ao (DBE).
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LEMMA 2.2. [5] Lemma 8] Let B = (b;;) € M, be irreducible, and let y = (y;) be
a positive vector such that Jgy = p(Jp)y. Then for B~! = (3;;), we have

|Bji] < P(JB)ﬂii%a i #
and

1
P 2 bi(1+ p2(Jg))

LeEMMA 2.3. [3| Theorem 6.4.7] Let A = (a;;) € C"*". Then all the eigenvalues
of A lie in the region:

n

U $zeCilz—aullz —ag| < lanil Y lax]
i ki kAj

By the definition of J4, we have
plJar) = p(DT'NT) = p(ND™1) = p(D~ (ND~)D) = p(D~*N) = p(Ja).

THEOREM 2.4. Let A = (a;;), B € R™*™ be two nonsingular M -matrices and let
.B_1 = (ﬂw) Then

_ 1
T(AoB™) > min 5{%5@ +aj;Bi5 — (@B — a;;8;5)?

(2.1) +4aiiazi BiiBip* (Ja)p* ()] %} :

Proof. Tt is evident that (2.1) is an equality for n = 1.
We next assume that n > 2.

If Ao B~! is irreducible, then A and B are irreducible. Then J4 and Jp are
also irreducible and nonnegative, so there exists a positive vector u = (u;) such that
Jaru = p(Jyr)u. Note that p(Ja7r) = p(Ja), so we have

asilws
Z | J,;l_ = = a;ip(Ja).
j#i ¢
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ELA

Let A = (a,;) = UAU~" and B~! = (3;;) = VB~V ~! in which U and V are the

nonsingular diagonal matrices U =diag(uy, ug,...,u,) and 14 :diag(%7 %, R UL)

Then, we have

A= (a;) =UAU?
U aix  aiz - Qin
U2 21 Q22 -+ A2p
L Un Gn1 an2 crr Opn
B ajz2u1 - A1pUl
a11 u2 Unp
a21U2 . a2n U2
uy a22 Unp,
AnilUn An2Un
L w Uz dnn

1
PN P Bz -+ Bin
% P21 Baa -+ Ban

,UL ﬁnl ﬁnQ ﬁnn
- n

B B Bi2va .. PBin¥n

B 11 V1 B V1
2101 . 2nUn

| e .
L vn Un, nn

1
ul
1
u2
1
Un
U1
V2
Un

Alsolet W =VU. T hen, W is nonsingular. From Lemma 2.1, we have

(VU)(AoB™HY(VU) L = VU (Ao B YWU'V = (UAU Y )o(VB~'V™!) = Ao B~ L.

Thus, we have 7(A o B™') = 7(A o B~!) and

a12812u1v2
1121511 T uavr
a21pP21U2V1
Ao T a22/322
AoB™ = (¢5) = e
- 1] - .
An1Bn1Un¥1  An2Bn2Unv2

UL Vn U2Vn,

10 B1n U1 VR
Un V1
a2n B2nu2vn
Un V2

AnnBnn
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We next consider the minimum eigenvalue of A o B~!. Let T(A o B’l) = A, so
that 0 < A < a;5844,Vi € N. Thus, by Lemma 2.3, there is a pair (,5) of positive
integers with ¢ # j such that

A= aiiBial N — aiBi51 <D leril Y lewsl.

ki k#j
Observe that
_ ki Bri Uk Vs Ok Brjurvj
S el el = ( 30 [t} (57 s
. . . iUk . UjVk
ki k#j ki kg
iUk AUk
<D 1==1pB)Bi | | D || p(J5)Bj;
ki v ki J

= a;a;;BiiB;;0° (Ja)p*(JB).
Thus, we have
X — aiiBil [N — aj;Bi5] < aiiaj;BiiBijp*(Ja)p*(JB).

Then, we have
1 3
Az 3 {aﬂ +aj;Bj5 — {(‘“iﬂii —a;iBi;)" + 4aiiajjﬂnﬂjjﬂ2(‘]f‘)p2(JB)] } '
That is,

1
T(AoB™!) > 5{%% +ajiBi5 — [(@iiBii — a;;B855)°

+4ai;a;;8i8i0° (Ja)p* (JB)] : }

't
> min 5{%@'5@@ +a;iBi; — [(@iBi — a;;855)°

i#]

+4aa;;B:iB5;0° (Ja)p* (JB)) : } :

Now, assume that A o B~! is reducible. It is known that a matrix in Z, is
a nonsingular M-matrix if and only if all its leading principal minors are positive
(see condition (E17) of Theorem 6.2.3 of [1]). If we denote by D = (d;;) the n x n
permutation matrix with dip = dog =--- =dp—1,n = dp1 = 1, then both A —¢D and
B — tD are irreducible nonsingular M-matrices for any chosen positive real number
t, sufficiently small such that all the leading principal minors of both A — ¢D and
B —tD are positive. Now we substitute A—¢D and B —tD for A and B, respectively
in the previous case, and then letting ¢ — 0, the result follows by continuity. O
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THEOREM 2.5. Let A = (a;;), B € R™*™ be two nonsingular M -matrices and let
Bl = (6”) Then

D=

1
2 {a“ﬂ“’ +a;; 855 — [(auBu — aj;B5)? + 4aiia;;8:8550° (Ja)p* (JB))

> L=p(a)plJs) | aii
14 p2(Jp) 1<i<n by

Proof. Without loss of generality, for ¢ # j, assume that
(2'2) aii Bii — aiiﬁiip(JA)p(JB) < ajjﬁjj - ajjﬁjjp(JA)p(JB).
Thus, (2.2) is equivalent to

(2.3) a;j;iBiip(Ja)p(JB) < aifiip(Ja)p(JIB) + aj;B5; — aiifii

From (2.1) and (2.3), we have
1 {a-ﬂ~ ;B — [(@iiBii — a;3855)% + 4asa;; BiBi; p2(Ta)p2 (J )]%}
) 31944 75955 194 75954 1155 Pii P50 \JA)P B
1
> 5{%‘1‘@'1‘ +a;iBi; — [(@uBi — a;;855)°

+4auBup(Ja)p(TB) [aiBup(Ta)p(JB) + aj; B — aubil]® }
1
= 5{%‘1‘@'1‘ + a;;8i; — [(aiBi — aj;85;)°

+4a3,85 0% (Ja)p* (JB) + 4aiiBiip(Ja) p(JB) (a; Bj; — aiifBii)]
= % {auﬂu‘ + aj;Bi; — [(a;;8i; — aiiBii + 2a:iBip(Ja)p(JB))?]
= % {aiiBii + aj; 855 — (a;5855 — aifii + 2a:iBup(Ja)p(JB))}
= aiiPii — aiiBip(Ja)p(JB)

= aiifi(1 = p(Ja)p(JB))

o 1= p(Ja)p(JB) aii
— 1+p*(JB)  bi

Thus, we have

N

j
}

N

_ 1
T(AoB™h) > min 5{%5@ + a8 — [(aiiBi — aj3855)°

+daiia;j; BiBip° (Ja)p* (JB)] : }
o 1=p(Ja)p(JB) o i

. O
1+ p%(JB) 1r§nz'1§n bis
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REMARK 2.6. Theorem 2.5 shows that the result of Theorem 2.4 is better than
the result of Theorem 9 in [5].

3. Examples.

ExAaMPLE 3.1. Let

1 —05 0 0 4 -1 -1 -1
|05 1 s 0 | 2 s 1
0 -05 1 —05 0 -2 4 -1
0O 0 -05 1 1 -1 -1 4
Then
0.4 01 0 0
—0.1167 0.3667 —0.1 0
717
AoB™ = 0 ~0.1167 04 —0.1
0 0 —01 04

By calculating with Matlab 7.0, we have p(J4) = 0.809, p(Jp) = 0.7652, and
7(Ao B7') = 0.2148. By Theorem 9 in [5], we have

T(Ao B*I) > —1 — pJa)p(J5) min dii

= 0.048.
- 1+ p2(JB) 1<i<n bii

By our Theorem 2.4, we have

_ 1
T(AoB™") > min 5{%@'5@@ + ;855 — [(aiiBi — a;;855)°
+ 4aiiajjﬁiiﬁjjp2(JA)pQ(JB)] 5} = 0.1524.

which approaches the real value 0.2148. This numerical example shows that the result
in Theorem 2.4 is better than that in Theorem 9 in [5] in some cases.

EXAMPLE 3.2. Let

2 —0.5
—0.5 1 '
Then

Aop-l — { 1.7142  —0.5714 }

—0.2857  2.2858
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By calculating with Matlab 7.0, we have p(Ja) = 0.7071, p(Jp) = 0.3536, and
7(Ao B~!) = 1.0144. By Theorem 9 in [5], we have

T(Ao B’l) > —1 —pJa)p(JB) min dii

= 0.6666.
- 1+ p2(JB) 1<i<n by

By our Theorem 2.4, we have
_ 1
T(AoB™") > min 5{%‘5% +a;;855 — [(aiBi — a;;855)°

1
+4aiiajjﬁiiﬁjjp2(JA)p2(JB)] 2} =1.0144.

It is a surprise to see that our bound is the minimum eigenvalue of Ao B~!. This
numerical example shows that the bound of Theorem 2.4 is sharp.
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