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TWO SPECIAL KINDS OF LEAST SQUARES SOLUTIONS FOR
THE QUATERNION MATRIX EQUATION AXB+CXD=FE"*

SHI-FANG YUANT AND QING-WEN WANGH#

Abstract. By using the complex representation of quaternion matrices, the Moore-Penrose
generalized inverse and the Kronecker product of matrices, the expressions of the least squares
n-Hermitian solution with the least norm and the expressions of the least squares n-anti-Hermitian
solution with the least norm are derived for the matrix equation AXB+CXD = E over quaternions.
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1. Introduction. Throughout this paper, let Q, R™*", SR™*", ASR"*", C™*",
and Q™*"™ be the skew field of quaternions, the set of all m X n real matrices, the
set of all n x n real symmetric matrices, the set of all n x n real anti-symmetric
matrices, the set of all m x n complex matrices, and the set of all m x n quaternion
matrices, respectively. For A € C™*" Re(A) and Im(A) denote the real part and the
imaginary part of matrix A, respectively. For A € Qm*", A, AT, A# and A" denote
the conjugate matrix, the transpose matrix, the conjugate transpose matrix, and the
Moore—Penrose generalized inverse matrix of matrix A, respectively.

A quaternion a can be uniquely expressed as a = ag + a1i + aoj + agk with real
coefficients ag, a1, as, as, and 32 = j2 = k? = —1,ij = —ji = k, and @ can be uniquely
expressed as @ = ¢; + c2j, where ¢; and co are complex numbers. The following
quaternion involutions of a quaternion a = ag + a1i + azj + ask, defined as [4]

a' = —iai = ag + a1i — azj — aszk,
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I — _daj=ap — aii+ asi — ask
a Jaj = ap — ait + azj — ask,
a® = —kak = ag — ayi — asj + ask.

For any A € Q™*"™, A can be uniquely expressed as A = A; + Agj, where Ay, A €
Cm™*n and A¥ = Re(A4;)T — Im(4;)7i — Re(A2)Tj — Im(A2)Tk. The complex rep-
resentation matrix of A = Ay + Asj € Q™*™ is denoted by

Ay As

c (CQmXQn.
-4, A

f(A) =

Notice that f(A) is uniquely determined by A. For A € Qm*" B € Q"**, we have
f(AB) = f(A)f(B) (see [39]). We define the inner product: (A, By=tr(BH A) for all
A, B € Qm*™. Then Q™*"™ is a right Hilbert inner product space and the norm of a
matrix generated by this inner product is the quaternion matrix Frobenius norm || - ||.
For A = (aij) e Q" B = (bij) € QP*4, the symbol A ® B = (aijB) € Qmpxna
stands for the Kronecker product of A and B.

DEFINITION 1.1. [6, 18] A matrix A € Q"*" is n-Hermitian if A" = A, and
a matrix A € Q™" is n-anti-Hermitian if A" = —A where A" = —nAty
n € {4,j,k}. n-Hermitian matrices and n-anti -Hermitian matrices are denoted by
nHQ" ™™ and nAQ™*", respectively.

Various aspects of the solutions for real, complex, or quaternion matrix equations
such as AXB = C, AX + XB = C, AXB+CX"D = E, X — AXB = C, and
AXB + CYD = E have been widely investigated (see [2], [§]-[11], [12], [14], [15],
[19]-[38], [40] and references cited therein). For the matrix equation

(1.1) AXB+CXD=E,

if B and C' are identity matrices, then the matrix equation (LI reduces to the well-
known Sylvester equation [3]. If C' and D are identity matrices, then the matrix
equation (LJ]) reduces to the well-known Stein equation. There are many impor-
tant results about their solutions. For example, Mitra [I4] and Tian [I6] considered
the solvability condition for the complex and real matrix equation (L], respectively.
Herndndez and Gassé [0] obtained the explicit solution of the matrix equation (LI]).
Mansour [13] studied the solvability condition for the matrix equation (L)) in the
operator algebra. For the quaternion matrix equation (1)), Huang [7] obtained nec-
essary and sufficient conditions for the existence of a solution or a unique solution us-
ing the method of complex representation of quaternion matrices. Using the complex
representation of quaternion matrices, the Moore—Penrose generalized inverse, and
the Kronecker product of matrices, Yuan, Liao, and Lei [38] studied the least squares
Hermitian problems for the quaternion matrix equation (AXB,CXD) = (E,F). n-
Hermitian and 7-anti-Hermitian quaternion matrices, are important class of matrices
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applied in widely linear modelling due to the quaternion involution properties (see
[4, [T, 18] for details). In this paper, we use the results of [38] to consider the least
squares 7-Hermitian and n-anti-Hermitian problems for quaternion matrix equation
(TI). The related problems are described as follows.

Problem I. Given A € Q™*"™, B € Q"**, C € Q™*™, D € Q"*%, and E € Q™**,
let

Hp = {X|X € gHQ™"",||[AXB+CXD—E||= min [[AXoB+CX,D— E||}.
XoenHmen

Find Xy € Hy, such that

I Xall = min [IX]].
€Hy,

Problem II. Given A € Qm*", B € Q"*%, C € Q™*", D € Q"**, and F €
Qe let

Ap = {X|X € nhQ " [[AXB+CXD — B[ =  min _[|AXoB+CXoD — B|}
XOG,”A mXxXn

Find X4 € Ap, such that

[ Xall = min [|X]].
EAL

The solution Xz of Problem I is called the least squares n-Hermitian solution with
the least norm, and the solution X 4 of Problem II is called the least squares n-anti-
Hermitian solution with the least norm for matrix equation (1)) over quaternions.

Our approach to solving these problems is based on the way of studying vec(ABC')
mentioned in [38], which can overcome the difficulty from the noncommutative multi-
plication of quaternions, and turns Problems I and II of quaternion matrix equation
([TJ) into a system of real equations, respectively.

This paper is organized as follows. In Section 2, we analyze the structure of
two special matrix sets: nHQ"*™ and nAQ"™*"™. In Section 3, we derive the explicit
expression for the solution of Problem I. In Section 4, we derive the explicit expression
for the solution of Problem II. Finally, in Section 5, we give numerical algorithms and
numerical examples for Problems I and II, respectively.

2. The structure of nHQ"*" and nAQ"*". In this section, we analyze the
structure of nHIQ™*™ and nAQ"™*".

DEFINITION 2.1. For matrix A € Q"*™, let a1 = (a11,v2a21, . ..,v2an1), az =
(0/22, \/EG/SQa EERE \/Qan2)7 R (a/(nfl)(nfl)a \/Qa/n(nfl)% Ap = Gpn, and denote
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by vecs(A) the following vector:

n(n+1)
2 .

(2.1) vecs(A) = (a1, az,...,a,_1,a,)" €

DEFINITION 2.2. For matrix B € Q™*"™, let b; = (bgl, b3, ... ;bnl)a by = (b32, b4o,
..,bng), ceey bn,Q = (b(n—l)(n—2)abn(n—2))a bn,1 = bn(n—l)a and denote by vecA(B)
the following vector:

n(n—1)
2

(2.2) vecs(B) = V2(b1, b, ... ,by_2,bp_1)T €Q

LEMMA 2.3. [38] Suppose X € R"*"™. Then,

(i) X € SR™" <« vec(X) = Kgvecs(X), where vecs(X) is represented as
n(n+1)

@), and the matriz Kg € R X5 g of the following form:

Kg=-
STV
V2e; ez ez -+ ep_1 en 0 0 0 0 0 0 0
0 el 0 0 0 V2ey e3 - ep_1 en - 0 0 0
0 0 e 0 0 0 eo 0 0 0 0 0
0 0 0 el 0 0 0 eg 0 V2en_1 en 0
0 0 0 el 0 0 0 eg 0 en—1 VZen

(i) X € ASR™" <= vec(X) = Kaveca(X), where veca(X) is represented as
n(n—1)

22), and the matriz K4 € R ™5 s of the following form:

ey es3 en—1 en 0 0 0
—eq 0 0 0 eg en—1 en
1 0 —eqp - 0 0 —eg - 0 0
Ki=—| . . _ S ,
\/5 . : : . : 0 0 0
0 0 —eq 0 0 —eg 0 en
0 0 0 —eq 0 0 —eg —ep_1

where e; is the i-th column of I,,. Obuiously, KSTKS = Inint+y and KZKA =
2

I'n.(nfl) .
2

We identify ¢ € Q with a complex vector § € C?, and denote such an identification
by the symbol 22, that is,

o~

c1+cj=q=q=(c1,c2).
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For A= Ay + Agj € Qm*™ we have A = ®y4 = (A1, A),

vec(Aq)
vec(Ar) + vec(As)j = vec(A) = vec(Py) = ,
vec(As)
so that
vec(Ay)
[[vec(A)[| = |lvec(®a)|| = ~
vec(As)
We denote A = (Re(A1),Im(A1),Re(Az), Im(As)),
vec(Re(A1))
vec(Im(A
Vec(X) = (Im(A1))
vec(Re(Az2))
vec(Im(As))
Notice that ||vec(®4)|| = Hvec(X)H. In particular, for A = Ay + Api € C™*" with
Aq, Ay € R™*™ we have A & A = (A1, As), and
vec(A
vec(Ay) + vec(Az)i = vec(A) = Vec(Z) = ()
vec(As)

Addition of two quaternion matrices A = A; + Asj and B = By + Bsj satisfies
(A1 + B1) + (A2 + B2)j = (A+ B) 2 ®a1p = (A1 + B1, Az + Ba),
whereas multiplication satisfies
AB = (A1 + A2j)(B1 + Baj) = (A1 B1 — A2Bs) + (A1Bs + A2 By)j.
So AB = ® 45, moreover, ® 4 can be expressed as

®p = (A1 By — A2Ba, A1 By + A3 By)
B1 B

:(AlaAQ) _— —
—By B,

=04 f(B).
For X = X1 + X5j € nHIQ™*™, by Definition 1.1, we have
XH77 =nX

= (Re(X1)" — Im(X1)Ti — Re(X2)Tj — Im(X2) k)n



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 23, pp. 257-274, February 2012

262 S.F. Yuan and Q.W. Wang

= n(Re(X1) + Im(X1)i + Re(X2)j + Im(X,)k)

7Im(X1)7 n=i
Re(X1)”T = Re(X1), Im(X))T = ,
< Re(X1) (X1) (X1) { (X)), n#i
—Re ’ =J —lm{Az), =
Re(XQ)T{ (X2), 7 i Im(Xg)T{ Im(Xz), n=k
Re(X2), n#j Im(X2), n#k

THEOREM 2.4. If X € Q"*", then X € nHQ"*" <— VGC(Y) = KnHvean(Y),
where

Ks 0 0 0 vecg(Re(A1))
0 Ka 0 0 veca (Im(Ay))
Kig = ,  vec; A) = ,
H 0 0 Ks 0 u(4) vecs(Re(Az))
| 0 0 0 Ks | vecs (Im(Az))
[ Ks O 0 0 7 [ vecs(Re(Ar)) ]
0 Ks 0 0 vecs(Im(A44))
Kig = ,  vec; A = ,
" 0 0 Kug O () veca(Re(Asz))
i 0 0 0 Ks ] | vecs(Im(Az)) |
[Ks 0 0 0 ] [ vecs(Re(Ay)) ]|
0 Ks 0 0 vecs(Im(A7))
Kig = , vec A) =
H 0 0 Ks O v (4) vecs(Re(Az))
L 0 0 0 Ka ] | veca(Im(A2)) |

Proof. We prove it only the case of n = j, similar arguments handle the cases
that n = ¢ and n = k. For X € Q"*", we have

X € jHQ™ "
— XHj=jXx
= Re(X1)" = Re(X;), Im(X;)" =Im(X)),
Re(X2)T = —Re(X>), Im(X;)” = Im(X;)
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vec(Re(A41)) Ks 0 0 0 vecg(Re(A1))

2 _ vec(Im(Ay)) B 0 Ksg 0 0 vecs(Im(A4q))

= veelX) = vec(Re(Az)) 10 0 Ka O veca(Re(Az))
vec(Im(As)) 0 0 0 Kg vecs (Im(Az))

Similar to the discussions mentioned above, we have

THEOREM 2.5. If X € Q™*", then X € nAQ™*" < vec(?) = KnAvean(?),
where

Ky 0 0 0 ] veca(Re(A;))
0 Ks 0 0 vecs (Im(A41))
Kia = ,  vec; A) = ,
4 0 0 Ksp O ald) veca(Re(As2))
i 0 0 0 Ka | vecs (Im(Asz))
TKa 0 0 0 ] [ veca(Re(4y)) ]
0 Ka O 0 vecy (Im(Aq))
Kija= ,  vec; A) = ,
iA 0 0 Ks 0 i4(4) vecs (Re(Az))
I 0 0 0 Ka | | veca(Im(Az)) |
[ Ka O 0 0 ] [ vecs(Re(Ay)) |
0 Ka O 0 vecy (Im(Ay))
Kpa = , vec A) =
kA 0 0 Ka O ea(4) veca(Re(As))
| 0 0 0 Ks ] | vecs(Im(Az)) |

3. The solution of Problem I. It is well known that for A € C™*", B € C"**,
and C € C**¢,

(3.1) vec(ABC) = (CT @ A)vec(B).

However, in the setting of quaternion matrices, if A € Q™*", B € Q"**, and
C € Q***, (3) does not hold because Q is not commutative under multiplication.
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Nevertheless, by applying the method in [38] to study vec(ABC'), we can turn Prob-
lem T for quaternion matrix equation () into the least squares problem with the
least norm for a system of real equations, and solve Problem I.

LEMMA 3.1. [B8] Let A = Ay + Ayj € Q™*™, B = By + Byj € Q"*%, and
C = Ci + O35 € Q5% be given. Then

vece(Papc) = (f(C)T ® AL, F(CHT & As)

vec(Pp) 1

vec(—®; ;)

LEMMA 3.2. For X = X; + Xoj € nHQ"*™, let

L: il 0 0
0 0 Lo il
W= I  —il,: 0 0
0 0 Lo  —ile
Then
vee(Px)

vee(—®Pjx;) 1 = WKnHvean(?)_

Proof. For X = X1 4+ Xoj € nHQ™*"™, by Theorem 2.4, we have

vee(X7)
vec(Px) vec(Xa2)
l vee(—Pjx;) ] - vec(X1)
| vec(Xz)
[ 12 iln2 0 0 vec(Re(A1))
0 0 Iz il vec(Im(A4y))
T Le =il 0 0 vec(Re(Az))
0 0 Iz —ily2 vec(Im(As))

= WKUHVGCUH(Y). 0

By Theorem 2.4, and Lemmas 3.1 and 3.2, we have

LEMMA 3.3. If A = A + Asj € Q™" X = X, + Xaj € nHQ™", and
B = By + Boj € Q"*%, then

vec(®axp) = (F(B)T ® Ay, f(Bj) @ Ap)W K, pvecyn (X).
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LEMMA 3.4. [I] The matriz equation Ax = b, with A € R™*™ and b € R"™, has a
solution x € R™ if and only if

AATH =1,
in this case it has the general solution
z=ATb+ (I — AT A)y,
where y € R™ is an arbitrary vector.

LEMMA 3.5. [I] The least squares solutions of the matriz equation Ax = b, with
A e R™*"™ gnd b € R"™, can be represented as
z=A"b+ (I - At Ay,
where y € R™ is an arbitrary vector, and the least squares solution of the matriz

equation Ax = b with the least norm is x = ATb.

Based on our earlier discussions, we now turn our attention to Problem I. The
following notation is necessary for deriving the solutions of Problem I. For A = A; +
Agj c men, Be QnXs7 C=0C + CQ] c men7 D e QnXs7 E e Qme7 set

P =[(f(B)" @ A1, f(Bj)" @ Az) + (f(D)" @ C1, f(D) @ Co)]W Ky,

(3.2) P, =Re(P), P,=Im(P), e=

R=(I- P PPy,

Z=(I+(I-R'R)P,P PP} (I - RTR))™",

H=R"+(I - R'R)ZP,PP"" (I — PIR"),
S =I-PP"+PMPIZ(I - RTR)P, P/,
Sis=—PTP(I -RTR)Z,
Sas = (I — R"R)Z.

(From the results in [12], we have

+ +
P j2 j2
| = (P}~ H'R,PF HY), ! " | = PP, + RRY,
P2 P2 P2
+
, P P | Sn S12
P, P, ST, Soy |
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THEOREM 3.6. Let A € Qm*", B € Qs C € Q™*", D € Q¥**, and E €
Q™*s. Let Py, P2, and e be as in B2)). Then

(3.3) Hy, = {X ‘vec(?) = K,u|(Pf — HEPyP} HT)e + (I — PP, — RR* )y } ,

where y € R27°+7 s qn arbitrary vector.
Proof. By Lemma 3.3,

|AXB+CXD — E|? = ||®axp + Pcxp — Pg|?

= ||vec(Paxn) + vec(Poxp) — Vec(<I>E)H2

2 vec(Re(Pg))
= |[@veeqn (X) = vec(Im(Pp))
2
Py
= vee,n(X) — e
< P, ) nH( )
By Lemma 3.5, it follows that
+ +
Py 1
Vean(Y) = e+ [I— (P, P) | v,
Py p

and thus,

vee(X) = Kyu(Pf — HTPyPf H  )e + Ky (I — Py P, — RRY)y. O

By Lemma 3.4 and Theorem 3.6, we get the following conclusion.

COROLLARY 3.7. The quaternion matriz equation (LI)) has a solution X €
pHQ™*™ if and only if

(3.4)

l S11 S12
e=0.

St S22
In this case, denote by Hg the solution set of (LI). Then

Hp = {X ‘vec(?) = K,ul(Pf — HE PP} HT)e + (I — PPy — RR*)y) } ,
where y € R27°+7 s qn arbitrary vector.

Furthermore, if B4) holds, then the quaternion matriz equation (1)) has a unique
solution X € Hg if and only if

Py
(3.5) rank =2n?% +n.
Py
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In this case,

(3.6) Hp = {X ‘Vec(Y) = K,u(P} — HT PP HT)e} .

THEOREM 3.8. Problem I has a unique solution Xy € Hy,. This solution satisfies

(3.7) vee(Xy) = Ko (P — HT PP HT e

Proof. From (B3)), it is easy to verify that the solution set Hy, is nonempty and
is a closed convex set. Hence, Problem I has a unique solution Xz € Hy.

We now prove that the solution Xy can be expressed as (3.1).
From (3.3)), we have

min [|X|| = min |vec(X)],
XeH XeH

by Lemma 3.5 and ([B.3)),

p "

vec()TI;) =Kyu e.

Py

Thus,
vee(Xg) = Ko (Pf — H' PP H )e. O
COROLLARY 3.9. The least norm problem
Xzl = min ||X]]
€Hgp
has a unique solution Xy € Hr and Xp can be expressed as ([B1).

4. The solution of Problem II. We now discuss the solution of Problem II.
Similar to Lemmas 3.2 and 3.3, we have the following conclusions.

LEMMA 4.1. For X = X, + X35 € nAQ™ ", one gets
vec(Px)

= WK avecy, Y
vee(—®;x;) ] aveenal)

LEMMA 4.2. For A = Aj + Asj € Q™" X = X1 + Xoj € nAQ™", and
B = B; + Bsj € Q"*%, one gets

vee(®axp) = (F(B)T ® A1, f(Bj) @ A2)W K, aveeya(X).
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For A=A+ Aj € QM*", Be Q"*, C=Cy+Cyj € Q" D € Q"**, and
E € Qm*s, set

Q=I[f(B)T ® Ay, f(B))" @ Az) + (f(D)" ® C1, f(DJ)" @ Co)]WK 4,

Ry =(I-QfQ1)Q7,
Zy=(I+(I—-R{R)QQ{ Q" QY (I — R{ Ry))™,
Hy =R} + (I - R{ R\)Z1Q2Q{ Q1T (I — QT R}),

Ay =1-Q1Qf +Q7TQYZ\(I — Rf R1)Q2Q7,

Ay =-Q7"Q3 (I — R R1)Zy,

Ago = (I — RFRy)Z;.

(From the results in [12], we have

+ +
lg] = (Qf — HTQ-QF, HT), lg] [gl 1 — QY Q. + RiR},
2 2 2

I_[erl@ [ An A
Q2 Q2 Ay A

THEOREM 4.3. Let A € Q™*", B € QF*s, C € Q™*", D € QF**, and E €
Qm*#. Let Q1, Q2, and e be as in [@&I). Then

A = {X [vec(X) = K,alQF — HT QxQF HJe+ (I - Qf Q1 — RaB )y |

where y € R27* =" s qn arbitrary vector.
By Lemma 3.4 and Theorem 4.3, we get the following conclusion.

COROLLARY 4.4. The quaternion matriz equation (LI)) has a solution X €
nHQ™*™ if and only if

A11 A12

(4.2)
Aly Ay

e=0.
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In this case, denote by Ag the solution set of (L1)). Then
Ap = {X|vee(®) = Kyal@F ~ HIQuQt  HT e + (I - Qf Q1 — RiR{)y] |,

where y € R27* =" s qn arbitrary vector.

Furthermore, if (£2) holds, then the quaternion matriz equation (1)) has a unique
solution X € Ag if and only if

(4.3) rank [ @ ] =92n% —n.
2

In this case,

(4.4) Ap = {X }veC(X}) = K, u(QF — HTQ2Q1, HlT)e} .

THEOREM 4.5. Problem II has a unique solution X 4 € Ay,. This solution satisfies

(4.5) VGC()TA)) = K,a(Qf — HI Q2Q7, H )e.

COROLLARY 4.6. The least norm problem
[1Xall = jmin ||X]|
EAE
has a unique solution X4 € Ag and X 4 can be expressed as (43]).

5. Numerical verification. Based on the discussions in Sections 2, 3 and 4, we
report two numerical algorithms and three numerical examples to find the solutions
of Problems I, II in this section.

Algorithms [B.1] and provide the methods to find the solutions of Problems I
and II. When the consistent conditions for matrix equation (I.I]) hold, Examples
and [B.4] consider the numerical solutions of Problems I and II for X € jHQ™ ™ and
X € KAQ™*", respectively. In Example 5.5 we use a matrix to perturb the matrix
E of Example[5.4], obtain the inconsistent matrix equation (Il), thus we can analyze
the least squares solution with the least norm for matrix equation (1)) in Problem
II. For demonstration purpose and avoiding the matrices with large norm to interrupt
the solutions of Problems I and II, we only consider the cases of small n = 5 and take
the coefficient matrices in Examples (5.3l and (5.4
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ALGORITHM 5.1. (for Problem I)

(1)
and £ € Qm*®).
Compute Pl, PQ, R, H, 511, 512, 522, and e.

N
=~ W
z =

to next step.

(5) Calculate Xy (Xpy € Hy) according to (31).

ALGORITHM 5.2. (for Problem II)
(1)

and E € Qm*s).
Compute Q1, Q2, R1, Hyi, A1, A12, Ay, and e.

—
e~
N2

to next step.

(5) Calculate X 4(X4 € Ap) according to (£3]).
ExaMPLE 5.3. Taking
A=A+ Aqj,

B =DB1+ Byj, C=C;+Cqj,

1.
;01: ’ )
03x5

D, = ones(5,6)1,

E=AXB+ CXD, where

I5

Ay =
ones(3,5)

i, Ay =

Bl = (15;05><1); B2 = (*I5,05><1)7:,

D = D1 + Daj,

o

X =
[ 1.0000 + 0.4000% 0.5000 + 1.0000% —2.0000 + 0.25001¢ —1.0000 — 1.0000%
0.5000 + 1.0000% 2.0000 + 2.0000% 1.0000 + 1.00001% 2.0000 — 0.50001%
—2.0000 + 0.2500% 1.0000 + 1.00001% —1.0000 + 4.0000% 0.5000 — 2.000017
—1.0000 — 1.0000% 2.0000 — 0.5000% 0.5000 — 2.0000% 1.0000 + 3.0000%
0.2500 4 0.5000% —0.5000 + 1.0000¢ 1.0000 + 0.25001% 2.0000 — 1.00001%
Xy =

[ 0+ 2.0000i
—0.5000 4 0.5000%
1.0000 + 1.0000%
—0.2500 — 0.20001%
—2.0000 4+ 1.0000%

0.5000 + 0.5000%
0 4+ 0.50001%
—2.0000 + 2.0000¢
1.0000 — 0.5000%
—0.2500 + 1.0000¢

Obviously, X € jHQ"*®. Let

D4 = (A1, Ag),

®p = (B, Ba),

—1.0000 + 1.0000%
2.0000 4+ 2.0000%
0 + 1.00001%
—1.0000 + 1.0000%
2.0000 4+ 0.5000%

Oc = (Cy,Cy),

0.2500 — 0.200017
—1.0000 — 0.5000%
1.0000 + 1.0000%

ELA

Input A, B, C, D, and E (A € Q™*", B € Q"**, C € Qm*", D € Q"**,

If (34) and @3 hold, then calculate X (Xp € Hg) according to (B.6]).

If (34) holds, then calculate X (Xp € Hg) according to (3.7), otherwise go

Input A, B, C, D, and E (A € Qm*", B € Q"**, C € Q™*", D € Q"**,

If (@2) and (@3) hold, then calculate X4 (X4 € Ag) according to (£4).
If (@2) holds, then calculate X 4(X 4 € Ag) according to (&), otherwise go

X =X+ Xoj,

|

Dy = ones(5,6),

I5

O3><5

0.2500 4 0.5000%
—0.5000 4 1.0000%
1.0000 + 0.25001%
2.0000 — 1.0000%
—2.0000 4+ 2.0000%

2.0000 + 1.0000%
0.2500 4 1.0000%
—2.0000 4+ 0.5000%

0 — 1.0000% 1.0000 — 1.0000%
—1.0000 — 1.0000% 0 — 4.00001%
®p = (D1, D2),
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Py = (X1,X2), Pp=04f(X)f(B)+ Qcf(X)f(D).
By using Matlab 7.7 and Algorithm 5.1l we obtain

Py S11 Si2 13
rank = b5, - e=1.1249 x 107 ™.
P, Sia  Sa2

According to Algorithm 5] (3), we can see the matrix equation AXB+ CXD = E
has a unique j-Hermitian solution and a unique Hermitian solution with the least
norm Xy € Hg, and we can get || Xy — X || = 1.5131 x 10714,

EXAMPLE 5.4. Suppose A, B,C, D are the same as in Example 5.3 X = X +
X2j € kAQ™™ and E = AXB + CXD, where

X, =
0 0.5189 + 0.50001% —2.0000 + 1.00001% —1.0000 — 0.25641% 0.2500 4+ 1.0000%
—0.5189 — 0.50001% 0 1.0000 + 2.0000% 2.0000 — 0.5000% —0.5000 + 1.00001%
2.0000 — 1.0000% —1.0000 — 2.00001% 0 0.5000 + 1.00001% 1.0000 + 0.5000%
1.0000 + 0.25644 —2.0000 + 0.5000% —0.5000 — 1.00001% 0 2.0000 — 1.0000%
—0.2500 — 1.0000% 0.5000 — 1.0000% —1.0000 — 0.5000% —2.0000 + 1.00007% 0
Xy =
0 + 0.4000% 0.5000 + 1.0000% —1.0000 + 0.25001% 0.2500 — 1.0000% 2.0000 + 0.50001
—0.5000 + 1.00001% 0 + 2.0000% 2.0000 + 1.00001% —1.0000 — 0.50001% 0.2500 4+ 1.00001%
1.0000 + 0.25007 —2.0000 + 1.00001% 0 + 4.00001% 1.0000 — 2.0000% —2.0000 + 0.25001%
—0.2500 — 1.0000% 1.0000 — 0.50001 —1.0000 — 2.0000% 0 + 3.0000% 1.0000 — 1.0000%
—2.0000 4+ 0.50001% —0.2500 + 1.00001% 2.0000 + 0.25001% —1.0000 — 1.00001% 0 + 2.0000%
Let

Py = (Al,AQ)v Op = (BlvBQ)a Oo = (ClaCQ)a Op = (D17D2)a

Py = (X1,X2), Pp=04f(X)f(B)+ Qcf(X)f(D).

By using Matlab 7.7 and Algorithm [£.2] we obtain
Py S Si2 s
rank =45, e =8.2499 x 107 *°.

Py SEL, Sas

According to Algorithm (4), we can see the matrix equation AXB + CXD = F
has infinite k-anti-Hermitian solutions and a unique k-anti-Hermitian solution with
the least norm X4 € Ap for Problem IT and we can get || X4 — X|| = 1.4058 x 10~ 14,

ExXAMPLE 5.5. Suppose

A7 Ba Ca Da X7 q)A; q)B7 (1)07 q)D7 q)X
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are the same as in Example 5.4 ®¢ = ones(8,12) and let &5 = O, f(X)f(B) +
Do f(X)f(D) + P¢. By using Matlab 7.7 and Algorithm (5:2] we obtain

P S11 Si2
rank =45, . e = 9.5570.
P Sis  So22

According to Algorithm (5), we can see the matrix equation AXB +CXD = F
has infinite least squares k-anti-Hermitian solutions and a unique least squares k-
anti-Hermitian solution with the least norm X4 € Ay, for Problem II and we can get
| X4 —X|| =0.1866. and X4 = X a1 + Xa2j, where

Xa1 =

[ O 0.5189 4 0.5000% —2.0000 + 1.0000% —1.0000 — 0.25641 0.2500 4+ 1.0000%
—0.5189 — 0.5000% 0 1.0000 + 2.00001% 2.0000 — 0.500017 —0.5000 + 1.0000%
2.0000 — 1.000017 —1.0000 — 2.00001% 0 0.5000 + 1.0000% 1.0000 + 0.50001%
1.0000 + 0.25641 —2.0000 4+ 0.5000% —0.5000 — 1.0000% 0 2.0000 — 1.0000%
—0.2500 — 1.0000% 0.5000 — 1.0000% —1.0000 — 0.50001% —2.0000 + 1.0000% 0

Xag =

[ 0+ 0.36271% 0.5000 + 0.96271 —1.0000 + 0.2127% 0.2500 — 1.03731% 2.0000 + 0.46271
—0.5000 + 0.96274 0+ 1.962714 2.0000 + 0.96271 —1.0000 — 0.5373% 0.2500 4+ 0.96271
1.0000 + 0.21271% —2.0000 + 0.9627¢ 0+ 3.9627i 1.0000 — 2.0373% —2.0000 + 0.2127%
—0.2500 — 1.03731% 1.0000 — 0.5373% —1.0000 — 2.03731% 0+ 2.96271% 1.0000 — 1.03731i

L —2.0000 + 0.46271 —0.2500 + 0.9627¢ 2.0000 4 0.21274 —1.0000 — 1.0373% 0+ 1.9627¢

In addition, the related numerical results are also verified and listed in Table 1
and Table 2, where

P P * S11 S12
N(Pl,PQ): I— — T and
|| P ST Sy
A l[a]" [au A
1 1 11 12
N(Q1,Q2) = || — - .
Q2 Q2 Afy Ao

Table 1. Numerical results for Example

[[Sull | |[S1z2]] [|S22]| | H| 1Z]] N(Py, P)
FE5.3 | 82938 | 1.4272 | 174.4133 | 2.2601 | 9.1727 | 3.2778¢ — 014

Table 2. Numerical results for Example 5.4l and Example

A | [[Auell | Azl | [[H:ll | [IZ:]l | N(Q1,Q2)
E5.4, E5.5 | 8.3695 | 1.3086 | 8.5747 | 1.7614 | 9.2480 | 3.6131e — 014
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Examples5.3] 5.4l and B8l are used to show the feasibility of Algorithms[5.1land
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