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MATRIX APPORTIONMENT: GENERAL CASES AND APPORTIONMENT
CONSTANTS*
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Abstract. A matrix is apportionable if it is similar to a matrix whose entries have equal moduli. This paper shows that
all nilpotent matrices and all matrices with rank at most half their order are apportionable. General results are established
and applied to classify all apportionable matrices of order 2 and partially those of order 3. Additionally, the study of the set
of apportionment constants for matrices is initiated.
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1. Introduction. The concept of matrix apportionment was recently introduced and explored by Clark
et al. in [2]. In many ways, matrix apportionment is antithetical to Jordan decomposition. While the latter
seeks to concentrate the nonzero entries of a matrix near the diagonal, apportionment aims to transform
a matrix into one whose entries have equal moduli. More precisely, a square matrix A is apportionable if
there exists a nonsingular matrix M such that M AM ™! is uniform, meaning all entries of M AM ~! share
the same modulus. The results in [2] primarily focused on matrices that are unitarily similar to a uniform
matrix, termed U -apportionable. The present paper delves into the more general case in greater detail.

Throughout this paper, unless otherwise specified, all m x n matrices A are assumed to have complex
C™*™. For a square matrix A of order n and a nonsingular matrix M of the same order,
if MAM ™" is uniform, the common modulus & of its entries is called an apportionment constant of A. We
denote the set of all apportionment constants of A by K(A). While some matrices, such as the zero matrix,

entries, i.e., A €

may have a unique apportionment constant, this is often not the case for others, as is illustrated in many
of the following results. When M is unitary, we say that x is the unitary apportionment constant of A. As

noted in [2], unitary apportionment constants are unique because the entries of an n x n uniform matrix B
IBllr

£, and the Frobenius norm || B|r is unitarily invariant.

all have the common modulus

Given the recent emergence of apportionable matrices, their applications in the existing literature are
still relatively few. One significant connection to uniform matrices lies with complex Hadamard matrices.
A complex Hadamard matriz is a matrix H € C™*" such that every entry has a modulus of 1 and %H
is unitary. Section 2 of this paper utilizes the well-known Hadamard inequality to derive bounds on the
apportionment constants of apportionable matrices. For further details on Hadamard matrices, the reader
may consult [1, 6]. An intriguing application of U-apportionable matrices from [2] involves their use in
studying graceful labelings of graphs. The authors of [2] also discuss connections between equiangular lines
and uniform matrices. Other research pertaining to equiangular lines has also made use of uniform matrices.
Notably, an equiangular tight frame (ETF) is said to be flat if every entry has modulus 1 (see, for example,
[4, 5]). Flat ETFs have connections to coding theory and waveform design.
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Before presenting the main results, Section 1.1 provides a review of our notational conventions and
definitions. Section 2 establishes preliminary results and addresses [2, Question 7.3]: If B is uniform, is
spec(B) U {0} the spectrum of a uniform matrix? In Section 3, we demonstrate that all nilpotent matrices
A are apportionable and their set of apportionment constants is K(A4) = (0,00). Section 4 proves that all
n x n matrices with rank at most 5 are apportionable. Section 5 presents additional general results, with
a primary focus on applying these findings to classify apportionable matrices of small order. We conclude
with Section 6 where we provide direction for future work.

1.1. Notational conventions and definitions. We write R and C to denote the set of real and
complex numbers, respectively. To avoid confusion with indices, we write 1 for the imaginary unit. We will
use exp(z) and e interchangeably. The conjugate and modulus of z € C are Z and |z|, respectively.

The n-dimensional complex vector space is written as C", and the set of m X n complex matrices is
denoted C™*™. All vectors are written in bold Roman font, e.g., v. The transpose of a vector v and matrix
A is written v and AT, respectively. The standard basis vectors of C* are ey, ...,e,, and the zero vector
is 0. We imbue C" with the standard dot product defined by v -w = w*v. The orthogonal complement of
a subspace V of C" is denoted V1.

The zero matrix is denoted O, with its dimension specified as O,, in the square case or O,,x, in the
rectangular case. The identity matrix is denoted I with its order specified as I,,, as necessary. An n X n
diagonal matrix D = [d; ;] may be written as D = diag(di1,...,dn,n). We write E; ; for the matrix with a
1 in the (7, j)-entry and 0 elsewhere; its dimension will be clear from context. The conjugate transpose of
a matrix A is denoted A*. The column space and row space of a matrix A are denoted col(A4) and row(A),
respectively. The adjugate of a nonsingular matrix M is adj(M) = det(M)M 1.

The spectrum of a matrix A, denoted spec(A), is the multiset of its eigenvalues. The spectral radius of
Ais p(A) = max{|\| : A € spec(A)}. We write rank(A) to denote the rank of a matrix A and if rank(A) =r
we say A is a rank 7 matrix. The Jordan form of a matrix A is denoted J(A), and the k x k Jordan block
corresponding to an eigenvalue X is denoted Ji(A).

We now recall the definitions in the introduction related to apportionment. Let A € C™*™ and write
A = [a; ;]. Then, A is uniform if there exists a nonnegative real number x such that |a; ;| = k for all 4,5 €
{1,...,n}. Note that this definition clearly extends to the rectangular case. The matrix A is apportionable
if there exists a nonsingular matrix M such that M AM ~! is uniform and is U-apportionable if there exists a
unitary matrix U such that UAU* is uniform. If M AM ! is uniform, the common modulus & of its entries
is called an apportionment constant of A. The set of all apportionment constants of A is denoted K(A).

2. Preliminary results. This section contains tools that are broadly useful in the study of appor-
tionable matrices. One elementary observation is that we may always assume, without loss of generality,
that a matrix A is in Jordan form since A is similar to J(A). Explicitly finding a nonsingular matrix
M that apportions a matrix A is often made much easier by utilizing the sparsity of J(A). Note that if
spec(A) = {A1,..., A}, then the Jordan form of A can be written as

n n—1
(2.1) J(A) = Z /\kekez + Z akeke;_l,
k=1 k=1

where each oy, € {0,1}. The following observation is elementary but provides an explicit way to simplify the
Jordan form of matrices for apportionment.
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OBSERVATION 2.1. Let A € C™*™ be a matrix in Jordan form and A # 0. The Jordan form of AA can
be obtained by scaling the diagonal entries of A by A. In particular, S(AA)S~! is in Jordan form, where
S = diag(1, A, ..., A" 1),

Our first result, Lemma 2.2, establishes that if A is apportionable, then A ® O is apportionable. We
remark that Lemma 2.2 also answers [2, Question 7.3] to the affirmative, i.e., if B is uniform, then spec(B)U
{0} is the spectrum of a uniform matrix.

LEMMA 2.2. Let A € C™*™. If A is apportionable, then A ® O is apportionable. Moreover, if k is an
apportionment constant of A, then k is an apportionment constant of A ® O.

Proof. Assume A is apportionable. It suffices to prove A@[0] is apportionable. Let M be a nonsingular
matrix such that B = MAM ™" is uniform with common modulus x € K(A). Let w = €™/3 and D =
diag(@,1,...,1). Consider the (n+ 1) x (n+ 1) matrix

I —weq
N =

=
we; 1

D e
with inverse N~! = .
—e]— w

Let c; and r{ denote the first column and the first row of B, respectively. Observe that the matrix

-1
M|o][ Ao MEsL BD | o
0" . 1] o7 . 0 0" |1 | wr!D | wrfe |’
is uniform with common modulus . Thus, A @ [0] is apportionable with apportionment constant . 0
To motivate the next lemma, consider n x n matrices M; and My with columns uy,...,u, and rows

vi,...,v,) respectively. If A € C"*" is in Jordan form and spec(A) = {\,..., A\, }, then by (2.1)

n n—1 n n—1
M AMs = M, (Z )\kekekT. + Z akeke;_l) My = Z )\kukv,j + Z akukva+1,

k=1 k=1 k=1 k=1
where each ay € {0,1}. Thus, if 0 is an eigenvalue of A, some of the columns of a nonsingular matrix M
and some of the rows of M~! may be inconsequential in determining if M AM ! is uniform. In order to
leverage this, we make use of the next result which only requires basic linear algebra knowledge. As a formal
reference could not be found, a proof is provided below.

LEMMA 2.3. Let U € C*™™ and V € C™*™ with m < n and assume VU = I,,. Then, there exist

[ U ‘ U’ ] = I,,. Moreover, the columns of

!

matrices U € C*(n=m) qnd V' € C=m)%n gych that [“//

U’ may be chosen to be any basis of col(V*)+ = ker(V).

Proof. Let U’ be a matrix whose columns form a basis for col(V*)+ = ker(V'). Then, VU’ = O. Observe
that if x € col(U)Ncol(U’), then x = Uy for some y, and col(U’) = ker(V) implies 0 = Vx = VUy =Ty =y.
Thus, x = Uy = 0, and so col(U) Ncol(U’") = {0}. Since m = rank(VU) < min(rank(V),rank(U)) and
m < n, the dimensions of U and V imply rank(U) = m and rank(V*) = rank(V) = m. Thus, U’ has n —m
columns and [ U ‘ U’ ] is nonsingular. Let V' be the (n —m) x n matrix V/ = [ O ‘ I[u ‘ U’ }_1.
Multiplying both sides of the defining equation for V' on the right by [ U ‘ U’ ] reveals that V'U = O and

V'U’ = I. By construction,
vu | vU’
vV'u | vV'u’

Vv
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Recall that one of the goals of this paper is not only to determine which matrices are apportionable but
also to determine their apportionment constants. The remaining results of this section aid in this endeavor
by providing lower bounds on apportionment constants in terms of the trace and determinant of a matrix.

LEMMA 2.4. Let A € C™ ™ be apportionable with apportionment constant k. Then, k > LA

n
Proof. Let M be a nonsingular matrix such that B = [b; ;] = M AM ! is uniform with common modulus
k. Then, nk = Y7 |brk] > |[Xr, brxl = [ tr(A)] and hence x > 1A 0
Let ¢ be a positive real number and let A be an n X n nonsingular matrix such that each entry has
modulus at most ¢. Then, Hadamard’s inequality [1] states that |det(A)| < ¢"n™?, with equality if and
only if %A is a complex Hadamard matrix.

LEMMA 2.5. Let A € C"*" be apportionable with k € K(A). Then, k > n~'/?|det(A)|'/". Moreover,
if MAM™! is uniform with nonzero common modulus k = n~/2|det(A)|'/", then LMAM~! is a complex
Hadamard matriz.

Proof. The proof is immediate in the case A is singular since it is always the case that x > 0. So, suppose
that A is nonsingular. Let M be a nonsingular matrix such that B = MAM ! is uniform with common
modulus x. Then Hadamard’s inequality implies | det(A)| < x"n™/2 with equality if and only if 2AM/AM~?
is a complex Hadamard matrix. Solving the inequality for x yields the desired result. 0

When an apportionable matrix A € C"*" is singular, Lemma 2.5 offers a trivial bound, making
Lemma 2.4 potentially more useful. If A is traceless (tr(A) = 0), then the bound in Lemma 2.4 becomes
trivial, and Lemma 2.5 may be more useful.

3. Apportioning nilpotent matrices. Recall that a square matrix A is nilpotent provided A* = O
for some integer k. Thus, if A is nilpotent, 0 is the only eigenvalue of A. By (2.1), the Jordan form of an nxn
nilpotent matrix A can be written as J(A) = 22;11 akere,, |, where each oy, € {0,1}. The main result of
this section, Theorem 3.2, uses this observation to establish that every nilpotent matrix A is apportionable
and K(A) = (0, 00).

The following example is provided as a guiding reference for the proof of Theorem 3.2. Note that, for a
nonsingular matrix M, M AM ! is uniform if and only if M A adj(M) is uniform.

ExXAMPLE 3.1. In this example, we determine values dy, ..., ds such that
01 0 0O 1 0 0 0 ds
001 00 d 1 0 0 0
A=[0 0 0 0 O is apportioned by M =| 0 d» 1 0 O
0 0 0 01 0 0 d3s 1 0
0 0 0 0O 0 0 0 ds 1

Assume that M is nonsingular, i.e., det(M) = 1 4 dydadsdsds # 0. Tt is readily verified that

1 dodsdads —dsdyds dads —ds
—dy 1 didsdsds  —didads dids
adJ(M) = dldg —d2 1 d1d2d4d5 —d1d2d5 5
7d1d2d3 d2d3 7d3 1 d1d2d3d5

didadsdy  —dodsdy — dzdy —dy 1
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and so

MAadj(M) = Meje] adj(M) + Meges adj(M) + Meye] adj(M)

—dq 1 dydsdsds —dydyds dyds
didy —d? —do+dy 1+ d3dsdyds didedsds — d3dyds  —dydads + dids
= dyd3 —d3 da dyd3dyds —dyd3ds
didodsdy  —dadsdy dzdy —dy 1
didadzd]  —dodsd? dzd? —d? dy

To ensure the (5,2)-entry and the entries in the first row of M Aadj(M) all have the same modulus, it is
necessary that each d; has modulus 1, i.e., d; = e¥it for some v; € R.

Setting the modulus of the (2,2)-entry of M Aadj(M) equal to 1, we obtain 1 = |d; —da| = [1—e(2—¥1)i|,
With the goal of proving Theorem 3.2 in mind, it is worth noting that if the (3,4)-entry of A had been 1,
the (3, 3)-entry and (4, 4)-entry would similarly require 1 = |d; — d;11| = |1 — es+17¥)%| for j = 2,3. Thus,
TR o == -
it is reasonable to choose v; = === for j =1,...,4.

Setting the modulus of the (2,3)-entry of M Aadj(M) equal to 1 gives

5 5
1 = |1 + d2dsdyds| = ]1 +(dd;H]] dj\ - ‘1 + () ] dj}.

Jj=1 Jj=1

A choice of d5s = —exp ((%ﬂ - I/j)l'l) = —¢?™/3 does the job and ensures det(M) # 0. With these

Jj=1
values of di,...,ds, we obtain
-1 1 _emi/3  _g2mi/3  _ 2mi/3
e2mi/3  _p2mi/3  _2mi/3  _mi/3  _ mi/3
MAM-! — - 12ﬂ/3 e2mi/3  _g2mi/3  mi/3 _emi/3  _mi/3
—c 1 —1 —exi/3 1
~1 1 e?mi/3 -1 -1

which is uniform with common modulus % See [3] for verification of these calculations using Python [3].

We now utilize the techniques in Example 3.1 to prove the main result of this section.
THEOREM 3.2. Every complex nilpotent matriz A is apportionable, and if A # O, then K(A) = (0,00).

Proof. Throughout the proof, all index arithmetic is done modulo n, with indices in the residue system
{1,...,n}. All empty products are equal to 1.

Let A € C™*™ be nilpotent. Without loss of generality, assume that A is in Jordan form. If A = O,
then we are done. So, suppose A # O. Note that this implies n > 2. By Lemma 2.2, we may also assume
that every Jordan block of A has order at least 2. Thus, A = >>7_, ajeje], |, where each oy € {0,1} with
a1 = 1 and «a,, = 0. Note that there do not exist consecutive zeros along the superdiagonal of A, i.e.,

max{aj, a1} =1foral j=1,...,n.
Let P be the n x n permutation matrix for which Pe; = e;;, for each e;, and let D = diag(ds,...,d,),
where

n—1
dj = exp (@ﬁ) forj=1,...,n—1, and d,, = exp ((?—W?’L—ZW)]&).
j=1
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We show that the matrix M = I 4+ PD apportions A by demonstrating B = [b, ;] = M Aadj(M) is uniform.
Note that M is indeed nonsingular since

(3.2) det(M) =1+ (-1)"! ﬁ dj =1—exp (i) .

With the goal of verifying adj(M) = anl (—PD)7, observe that (PD)? can be written as the telescoping
product P7[[)_, P~7+*DPi=*. Recall that P’e, = ejy; and notice e] P = (P~'e;)T = e/ ,. Since
D =7_, dyexe], we have (PD)/ = P []i_, (Zk:l dkek_j+[ek7j+e>. Reindexing the sum yields

(33) (PD)j = Pj H (Z dk+]‘_geke;> = Pj Z <1:[ dk+g> eke,z.
k=1

/=1 \k=1 £=0

Observe MZ?:_OI(—PD)j = Z?:_Ol (I+ PD)(—PD)7 is a telescoping sum that equals I + (—1)""Y(PD)". It
follows from (3.3) and (3.2) that

MY (-PD) =1+ I = det(M)I,

H'E:

proving the claim adj(M) = Z;-L;Ol(—PD)j.

Further, (3.3) implies

n—1 n 7j—1 n—1 n -
adj(M) = Z(—l)ij Z <H kore) ekek = J Z (H dk+z> ekﬂek,

§=0 k=1 \¢=0 j= 0 k=1

and so the (r, s)-entry of adj(M) is

n tr,s—1

e;r adj(M)es i ) Z <H dk+e> e, ekﬂe;res = H dste,
7=0 =0

k=1

where ¢, = (r —s) mod n; unlike indices ¢, s is computed using the least residue system modulo n, i.e.,
trs €{0,...,n —1}. Thus, the (r,s)-entry of B is

el MAadj(M)e, =e, (I + PD) Zajeje;rﬂ adj(M)es

j=1

br,s

(e +dr— 1er 1) Z%ea ]+lad-](M) )
Jj=1
n tiv1,s—1
=Y a (e ej +dr_se] e;)(—1)beis H dose
Jj=1 =
trg1,s—1

(3.4) =ap (-1t ] deve + apordpa(<1) H dysp.
=0
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Recall that min{a,_1,0,} = 1 and |d;| = 1 for every j € {1,...,n}. Thus, (3.4) implies |b, | = 1
whenever o, = 0 or a1 = 0. So, suppose that o, = a,_1 = 1. Note that 1 < r < n since a,, = 0. We
consider the cases ¢, s =n — 1 and 0 < ¢, ; < n — 2 separately.

First, assume ¢, s =n — 1. Then, ¢,41,, =0and s =r — (n — 1) mod n. Since r ¢ {1,n},

dr_1 Hd[ = dr_ld exp ((— — 7rn) ) = exp ((f — 7m) n)

L#£r

Thus, by (3.4)

by.s] = (14 (=1)t2d, 1Hds+g 1 — exp(nmi)d,_1 [ [ de| =

b

‘l—exp(g )‘—1.

Now assume 0 < ¢., < n— 1. Then, t,41s = t,s + 1. Since r ¢ {1,n}, we have d, — d,_1 =
dy (1 —exp (— %i)). Thus, by (3.4)

trs—1

(dr —drv) J] dore| =

£=0

b, 5| = |1—exp(—§1’1)|:1.

tr,s
+ (Hds+g r 1 H ds—&-()‘
£=0

Therefore, B is uniform.

It remains to show that K(A) = (0,00). We have already established that A is apportionable with
some nonzero apportionment constant . Thus, there exists a nonsingular matrix M such that MAM !
uniform with common modulus . Let x’ € (0,00). By Observation 2.1, A and ' ! A have the same Jordan
form, i.e., there exists a nonsingular matrix N such that NAN~! = x’k~'A. Thus, (MN)A(MN)~! =
K'k~IMAM~! is uniform with common modulus /. O

Having established that all nilpotent matrices are apportionable, it is reasonable to ask if Lemma 2.2
can be improved:

QUESTION 3.3. Is A @ J,,,(0) apportionable for every m > 1 and every apportionable matrix A?

Thus far, the authors have only affirmed Question 3.3 for matrices of order n < 3 (see Example 5.13).

4. Apportioning matrices with at most half rank. This section’s primary result, Theorem 4.4,
proves that every A € C"*™ with rank(A) < % is apportionable. To pave the way, we first prove Theorem 4.2.
This theorem, while essentially equivalent to our main result, allows us to address the question: For any
matrix A, does there exist an m such that A & O,, is apportionable? This specific inquiry motivates
Problem 4.5. Since the core techniques in Theorem 4.2 can get buried in the technical details, we include
Example 4.1 as a warm-up. This example also demonstrates that the bound in Lemma 2.4 is sharp.

EXAMPLE 4.1. We show that I,, & O,, is apportionable with K(I,, ® O,,) = [%, oo). Let k € [%, oo) and
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¢ =1+ /k? — ;i. Observe that Re(¢) =  and [(| = . For each k € {1,...,n}, define u;, v, € C*" via

—C 0
2n 2k—1 _Z _'1
ukZCZej—ZZeJ’Z ¢ and vy =eg —eg_1 = 1
j=2k =1
L ¢ L 0
By construction, viuy = ( +( = 1 for all k € {1,...,n}, and v,/ u, = 0 provided k # ¢. Thus, U =
[ u - u, } and V = [ Vi oo Vg }T satisfy VU = I,. By Lemma 2.3, there exists a matrix

U’ € C?>"*" such that M = [ U ‘ U’ ] is nonsingular and, for k = 1,...,n, row k of M~ is v;—. Observe
that

B=M(I,®0,) (Zekek>M 1:i Mey) ( J\fﬁ:ijukvkT
k=1 k=1

n
= [ 02n><(2k—2) ‘ —Ug ‘ Ug ‘ O2n><(2n—2k) ] .
k=1
Since each outer product contributes two distinct uniform columns to the sum, the matrix B is uniform with
common modulus || = &. It follows that [§,00) € K(I,, ®O,,). Since % = 1, Lemma 2.4 guarantees

K(L1@90n>::[%’00)

In Example 4.1, we defined the vectors uy,...,u, and vy,...,Vv, so that their sum of outer products,
Sory ukvg—, was uniform and hence I @ O was apportionable. Verifying that this matrix was uniform was
aided by the fact that the outer products in the sum had disjoint support and their nonzero entries all had
the same modulus. For Theorem 4.2, a similar choice of vectors will be used to apportion a matrix of the
form A® O (in Jordan form). However, to account for extra cases, their definition is more complicated, and
the analogous sum is not nearly as well behaved.

Note that, unlike Example 4.1, Theorem 4.2 does not fully determine the set of apportionment constants
for the more general setting.

THEOREM 4.2. Let A € C"*" and assume rank(A) =r > 5. Then A®Ogp—p € C27%27 is apportionable
and (@, 00) C K(A ® Ozp—p). In particular, A is apportionable when rank(A) = 2.

Proof. By Theorem 3.2, we may assume A is not nilpotent. So, p(A) > 0. Let k € (@,oo) and

B = k' A. Tt suffices to show that the 2r x 2r matrix B @ Os,_,, is apportionable and has apportionment
constant 1. Note that the eigenvalues of B all have modulus strictly less than 2. Without loss of generality,
assume B is in Jordan form (see (2.1)):

n n

T T

B = E Arere, + g ap_1€r_1€y,
k=1 k=2

where each oy € {0,1} and [Ag| > [Agg1] for k=1,...,n— 1.

We now use Lemma 2.3 to construct a matrix that will be used to apportion B & Os,._,. For each

/ 2 . k
k€ {1,...,r} such that A\, # 0 let ¢ = |>"“‘ + Mn and v, = ( (C’CQ - 1) Ak) . Note that |¢x[ =1 and
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Im({g) = 7“1_;/\’“‘2 which implies vj # 0 since |[A\;| < 2. For each k € {1,...,r} such that \; # 0 define

2r 2k—1
1 _
e Ve Akl Sk Z ©j ~ G Z €| € c and Vi = (e, —ex—1) € C*,
=2k j=1

and for each k € {1,...,r} such that Ay = 0 define

2r 2k—1
uy, = e/3 Z e — o /3 Z e; € c? and Vi = eg), — egj,_1 € C?".
j=2k j=1
For each k € {1,...,r} define
2r 2k
ﬁk = Z €; —Zej S c?r.
=2kt 1 =1
For k€ {r+1,...,2r} let uy = Ug_,. It is readily verified that v,;ruk =1 and V,;I—UZ =0 for £ #k, i.e.,
v{
[ul""‘ur]:-[ra
i
Moreover, {1y, ...,U,} is a basis for span{vy,...,v,}*. Thus, by Lemma 2.3, the 2r x 2r matrix M =
[ w ‘ ‘ uy, | is nonsingular and the k-th row of Mt is v, for k € {1,...,r}.

To obtain a matrix that apportions B & Os,._,, we must permute the columns of M. Let
Q={1yuf{te{2,....,n} : A Z0 or ay_y # 0},

ie., Q is the set of indices corresponding to nonzero columns of B. Note that |2] = r since B is not
nilpotent. Let ¢ be any bijection on {1,...,2r} such that ¢|q maps the j-th smallest element of  to j. So,
{o(k) : k€ Q} ={1,...,7r} and @[(x:1, 20} is the identity map. Let P be the 2r x 27 permutation matrix
such that Pe; = e, ;) for j € {1,...,2r}. We claim that M P apportions B & Os,_,, with common modulus
1.

Let C = (MP)(B & Ogy_y,)(MP)~!. Direct computation yields

C=MP (Z /\keke,I + Zak_lek_le;> PTM!

k=1 k=2

=M Zkkeww)e;(kﬁ Z h—1€p(e-1)€h0 | M

keQ keQ\{1}
T T
=D MUVt D kiU Va):
keQ keQ\{1}
Let 4,5 € {1,...,2r}. Since every pair of vectors taken from {vi,...,v,} have disjoint support and

Ui—, supp(vi) = {1,...,2r}, there is a unique ¢ € {1,...,r} such that v]e; # 0 (specifically, £ = {%1)
Note that if £ = ¢(k), then k — 1 = ¢~ !(¢) — 1. For brevity, write £ = ¢~!(¢) — 1 and let ¢; ; denote the
(i,j)-entry of C. Then, ¢; ; = Are] uyv{e; for j € {1,2}. For j > 3, since A\p = Ay-1(y),

T T T T T
Cij = €; Cej = )\gei wv, e; + ape; Uy )V €.

There are three cases to consider: A\p =0 and ay =1, Ay # 0 and ap = 0, and Ay # 0 and ap = 1.
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Assume that Ay = 0 and ay = 1. Then, the j-th entry of v, is equal to 1. Note that U, () = Uy or
u,(py = Uy for some k € {1,...,7}. So, the i-th entry of u,( is in the set {e™/3 —5m/3 1 —1}. Thus,
i = |ave ug@eyvie;| = 1.

Assume Ay # 0 and ay = 0. Then, the i-th entry of uy is in {'Ye%\el’ w_|§72| }, and the j-th entry of vy is

equal to £7y,. Thus, |¢; ;| = |)\geiTungej’ = |¢| = 1.

Assume )y # 0 and ap = 1. Then, the j-th entry of vy is equal to £7,. Observe that ¢(¢) = ¢ since
Ae # 0 and [Ag| > [Agya| for all k € {1,...,n —1}. Thus, ¢ =¢—1 and ¢(¢') = ¢ — 1. Since ay—_; = 1, we
have that Ay_1 and A, are in the same Jordan block. So, Ay_1 = Ay which implies that ;1 = {p. Let x;
denote the i-th entry of uy, and y; denote the i-th entry of u,_;. Then,

leij| = [heef wev] e; + e/ ui_1v] ej| = |Newi(£v0) + yi(£70)],

and - B
=S if g _ T s B
. {wi fi<2-1, o {ng[ if i <203,

Wﬁ\” if ¢ > 24, m if 4 > 20 — 2.
; _ ; ; =G =l ¢ ¢
(S)lll)ppose Ehgt 20 — 3 or i > 2¢. Then either z; = ,m)fel and y; = Wil“;l‘, or x; = Mge' and y; = Wil‘*‘)\[‘.
serve tha
9 ¢
o L@y
Ye-1 [ (=2 1=\ -
@)
Thus,
A —2
Jeaal = Pei(re) + yilEre)| = 6ol | 75 o= (@)=
|\l Ye-1Ae
Suppose 2¢ —2 < i < 2¢ — 1. Then,z; = #f\i‘ and y; = ﬁﬁm So,
e ||=Ce Ye —2 (=2
i,51 = [AeTi(TYe (V)| = 16| | x| | = = |—Ce ¢ — =L
lei il = [Aewi(£7e) + yi(£ve)| = |Cl + G+ (& —1)=1
el ]| G ve—1he
Therefore, C' is uniform with common modulus 1. 0

Theorem 4.4 follows from Theorem 4.2 by utilizing some basic facts about Jordan form. Recall that if

the rank of A € C™*" is r, then the zero eigenvalue has geometric multiplicity n — r, which means J(A)

contains precisely n —r Jordan blocks corresponding to 0. Thus, rank(A) < 5 implies the number of Jordan
n

blocks of J(A) corresponding to 0 is strictly greater than % and so J(A) contains at least one Jordan block
of size 1 corresponding to 0.

OBSERVATION 4.3. Suppose A € C™*™ with rank(A) < %. Then, there exists a B € C"~1*"~1 such
that A is similar to B & [0].

THEOREM 4.4. Every A € C"*" with rank(A) < % is apportionable and (@,oo) C K(A).
Proof. Since rank(A) < %, there exists an m € {0,...,n} such that 2(rank(A)) = n — m. Repeated

n—m

applications of Observation 4.3 imply that A is similar to a matrix of the form B® O,,, with rank(B) = 5™,

i.e., its rank is half its order. Since p(B) = p(A), Theorem 4.2 implies B is apportionable with (@, oo)

C
K(B). Therefore, A is apportionable with (@, oo) C K(A) by Lemma 2.2. d
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Define ¢ on the set of all square matrices via ¢(A) = min{m : A @ O,, is apportionable}. Note
Theorem 4.4 guarantees ¢(A) = 0 for all A € C"*" with rank(A) < %, and Theorem 4.2 guarantees
§(A) < 2rank(A) —n < n for all matrices A € C"*™ with rank(A) > %. Examples of nonsingular matrices A
in which ¢(4) = n and 0 < ¢(A) < n are discussed after Theorem 5.4. This naturally leads to the following

problem.

PROBLEM 4.5. Determine ¢(A) for all A € C™*".

5. Small order apportionable matrices. This section addresses apportionment for small order ma-
trices. We first present a few tools in Section 5.1. These include an apportionment constant result for rank
one matrices (Proposition 5.2) and an apportionment result on perturbations of the identity (Theorem 5.4).
Section 5.2 summarizes all results for 2 x 2 matrices, the characterization of which was initiated in [2] and
is completed by Theorem 5.7. As a proof of concept, a Python function in [3] determines if a 2 x 2 matrix
is apportionable and provides an apportioning matrix if one exists. Section 5.3 initiates the classification of
all 3 x 3 matrices.

5.1. Useful tools. We note that [2, Example 8.1] indirectly establishes K(A4) = [%I,oo) for A =
diag(A, 0). The following proposition generalizes this result by establishing the set of apportionment constants

for rank one matrices of any order. We first require the following lemma.

LEMMA 5.1. For any integer n > 2 and real number r > % there exist real numbers 0, . ..,0, such that
ry g e =1
Proof. Fix an integer n > 2 and let r > % be a real number. Consider the continuous real function f
given by f(0) = ‘Z?Zl '), Since f(0) = n and f (22) = 0, there exists a real value p € [0, 2%] such that
n

flp) = % Let a be any real number satisfying ' f(p) = ijl elJ?. For each j € {1,...,n} take 0; = jp—a
so that 727, €% = re™i 370 | €¥P =1 f(p) = 1, as desired. 0

The following proposition provides another example for which Lemma 2.4 is sharp.

PROPOSITION 5.2. Let A € C"*" and assume rank(A) = 1. Then, A is apportionable and

K(A) (0, 00) if A is nilpotent
B [pTA), oo) otherwise.

Proof. If A is nilpotent, then we are done by Theorem 3.2. So, suppose that A is not nilpotent. Up to
similarity A = diag(},0,...,0), where |A| = p(4) #0. Let x € [#, oo) and r = ~#45. Observe that r > L
By Lemma 5.1, there exist real numbers 61, ... ,6, such that 7“2?:1 el =1. Let u = [ 1 -1 ]T and

v = [ reift ... peifn ]T so that v'u = 1. By Lemma 2.3, there exists a nonsingular matrix M such
that the first column of M is u and the first row of M ~! is v. Then, the (i, j)-entry of MAM~! = \uv'
is Are'% which has modulus x. Thus, M AM~" is uniform and [%, oo) C K(A). Equality follows from
Lemma 2.4. O

A rank one perturbation of a matrix A is a matrix of the form A 4+ B, where B is a rank one matrix.
Since every rank one matrix B of order n > 2 is similar to E; 2 or AE, , for some A € C, we have the
following observation.
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OBSERVATION 5.3. Let n > 2 and A € C™*"™ be a rank one perturbation of I. Then, A is similar to
I+ Eq 5 or I@®[)] for some A € C.

THEOREM 5.4. Let A € C™*™ be a rank one perturbation of the identity for some n > 3. Then, A is
apportionable if and only if A is similar to I © [A] for some X € C such that Re(\) = 1 — §. Furthermore,
if A is apportionable, then the set of apportionment constants of A is

[5,00) if n is even and Im(\) = 0,

K(A) =

{ %+%:s=0,...,L%J} otherwise.

Proof. We begin with the backward direction. It suffices to assume A = I @ [A] for some A € C such

that Re(\) = 1 — 5. Let F be the n x n discrete Fourier transform matriz, i.e., the unitary matrix whose

(4, k)-entry is ﬁw(j’l)(kfl), where w = e=27%/"_ Then,

FAF* = F(I - (1 - Nene  )F* =1 — (g - Im(A)ﬁ) Feyne] F*.

Observe that the diagonal entries of Fe,e F* are equal to % and the off diagonal entries have modulus
M3 and the off-diagonal entries of FFAF™* have

n

%. Thus, the diagonal entries of FAF* are equal to % +
‘; _ Immﬁ‘
2 n :

modulus Therefore, A is apportionable.

Now suppose A is apportionable. By Observation 5.3, we may assume, without loss of generality, that
A=1+E;50r A= I®[) for some A € C. We consider both cases simultaneously by observing A = I+uv '’
for some u, v € C™. Since A is apportionable, there exists a nonsingular matrix M and a positive real number
k such that B= MAM ™' =T+ Muv' M~ is uniform with common modulus . Let z; and y; denote the
i-th entry of Mu and v M1, respectively. Since B is uniform, x = |z;||y;| for all i # j. Thus, for distinct
i,7,k € {1,...,n} (which exist since n > 3), we have |z;||yx| = |z;||lyx| and |y;||zx| = |y;||zx|, which implies
|z;| = |z;| and |y;| = |y;|. Thus, Mu and v M~! are uniform vectors. It follows that both B = [b; ;] and
I — B = Muv'M~! are uniform with common modulus x. Comparing the diagonal entries of I — B and
B we obtain |b; ;| = |1 — b; ;| and so Re(b; ;) = & for j € {1,...,n}. Consequently, if A = I + Ej 5, then
n = tr(A) = tr(B) = % + zi for some z € R, a contradiction. Thus, A = I @ [A]. Since Re(b;;) = % and

2
L4 /k2—1iand

|bj ;| =k for j € {1,...,n}, each diagonal entry of B is of the form b; ; = 5 3

(5.5) K€ [§,00).

So,

(5.6) n71+)\:tr(A):tr(B):g+(nf25)1/5273ﬁ,

where s € {0,...,n} is the number of indices j such that Im(b;;) < 0. Solving (5.6) for A yields Re(\) = 1—-7%,
as desired.

To complete the proof, we must determine the apportionment constants of A. Assume that A is appor-
tionable. By the preceding argument, we may assume A = I @ [A] for some A € C such that Re(A) =1 — 3.
For each t € [§,00) and r € {0,1,...,n} define the matrix
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[ =1 - =1 =1 wi(t) ]
0 0 1 ws(t)
Mr(t) = 1 0 ’IU3(t) ’
0 .
L 0 0 wn(t) |
1 1 1 T
where wy (t),...,w,(t) = @ and wy41(t), ..., wy(t) = 2—%—2—. Note that M, (¢) is nonsingular

if and only if the first row of M, (t) is not in the span of the remalmng rows of M, (t) if and only if
Zn L w;(t) #0.
First, suppose that n is even and Im(A) = 0. Let s = § and s € [%,oo) and consider the matrix
M; (k). Observe that 3 7, w;(k) = 1, and hence M;(x) is nonsingular. Let 1 be the all ones vector. Since

Yo wi(k) =1, we have 1" M, (k) =e,}. Ergo, e] M;!(x) =1T and so

wi(k) - wi(k)
My(R)AM (k) = My(k)(I — (1 — Nene, YM (k) =T —

n 2
wn(’i) wn(’i)

Since 1 — A = 2 and £ > 1, the diagonal entries of M(x)AM (k) have modulus

1 2 _ 15
2:I: K 71

n n 1 1
1 - = —_— = 1 - = |- :I: 2 — 1 = .
2 11—\ 2 n PR A I A
A similar calculation shows that the off-diagonal entries also have modulus x. By (5.5), K(4) = [3, 00).

Now suppose that n is odd or Im(A\) # 0. Let M be a nonsingular matrix that apportions A with

apportionment constant . By (5.6), there exists an s € {0,...,n} such that Im(\) = (n — 2s)4/K2 — %.
Observe that n — 2s # 0 since n is odd or Im(\) # 0. Solving for k yields k = (I;l(;s); + i. Since

{(n=25)%:5=0,....n} ={(n—25)?:5=0,..., 25|}, we have

Im(\)2 1 n—1
K(A)g{ (71_(2()9)24—4:8:0,...,{ 5 J}

Let s € {0,...,| %] } and ks = (I;n(g‘s))zz + 1. If Im(X\) > 0, take M = M,(x,), otherwise if Im(\) < 0,
take M = M, _s(ks). Similar to the argument above, M is nonsingular and 1T M = e implying that
MAM 1 is uniform with common modulus #,. Thus, K(A4) = { (IJIL(;))Q + Z :5=0,..., L"Q 1J } |

REMARK 5.5. Let A =1,_1 ®[A] such that Re(A\) =1 — 2. The proof of Theorem 5.4 shows that A is

U-apportionable.

Theorem 5.4 provides the only known nontrivial lower bound on ¢(I) (c.f. Problem 4.5). Specifically, this
result implies ¢(I,,) > 2 for n > 2. Combining this with Theorem 4.2 gives 2 < ¢(I,,) < n. Thus, ¢(I3) = 2.
It is unknown whether ¢(13) is 2 or 3.
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5.2. Classification of apportionable matrices of order 2. Before presenting the complete charac-
terization of apportionable 2 X 2 matrices, we summarize prior results. Clearly, the zero matrix O is uniform
and K(O) = {0}. By [2, Theorem 2.2], all rank 1 matrices are U-apportionable and hence apportionable.
If A € C?*2 has a nonzero repeated eigenvalue, then A is not apportionable by [2, Theorem 7.4]. This
leaves the case of nonsingular 2 x 2 matrices with distinct eigenvalues. By [2, Theorem 7.6], if A € C2*2 is
nonsingular and has real eigenvalues, then A is apportionable if and only if spec(A4) = {\, —A}.

Table 1 presents which 2 x 2 matrices are apportionable in terms of their Jordan form and includes new
results determining their sets of apportionment constants.

TaBLE 1
Apportionment constants for 2 X 2 matrices in Jordan form (A1 and A2 are distinct and nonzero).

Matrix A 0 0 0 1 A 0 At 0 A1 At 0
0 0 0 0 0 O 0 M\ 0 M\ 0 A2
Apportionable Yes Yes Yes No No Depends on A1, A2
K(4) {0} (0, 00) [%, OO) 1] 1] Depends on A1, Ao
Proof A=0 Theorem 3.2 | Proposition 5.2 A=MI [2, Theorem 7.4] Theorem 5.7

The following theorem provides exact conditions for when 2 x 2 matrices with rank 2 and distinct
eigenvalues are apportionable, along with all possible apportionment constants. To simplify calculations, we
make the following observation and leave its verification as an exercise to the reader.

OBSERVATION 5.6. Let 21, 22, 23 € C. Then,
|21 — 22” — |23 — 2|? _ |z1]? — |zs]?
2 2
THEOREM 5.7. Let A € C**2 have distinct nonzero eigenvalues Ay and Ao and let v = % Then, A
is apportionable if and only if v = 0 or Re(y?) < |y|* < 1. Moreover, if A is apportionable, then
A .
(242, o0) ify=0
ALtA L—|y|* ;
{|%| \/1 + W}M} otherwise.

Proof. Without loss of generality A = diag(\1, A2). Assume that A is apportionable. Then, there exists

— Re(#172) + Re(2372).

K(A) =

a matrix M = {a b} such that det(M) = ad —bc = 1 and B = MAM ™! is uniform. Let w = 2bc + 1.
c

d
Utilizing the substitution ad = 1 4 be, it is readily verified via direct computation that
1= b
(5.7) B:()\Q—)\l)[ —20d 2t }
Since B is uniform |y — w| = |y + wl|. Further, |y? — w?| = |1 — w?| since
|72 — w?| = |y — w||y + w| = 4|ab|| — cd| = 4|adbe| = 4|(1 + be)be| = | — 4(be)? — 4be| = |1 — w?|.

For brevity, write z = Re(w) and y = Im(w). By Observation 5.6,

I O el 0 kel

0 4

Re(yw) = Re(7)z + Im(7)y,
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and (note Re(yw) = 0)

0 L= =1y -

B 2
1— 4

= L2 Rew?) + Re ((2))
1— 4

= % — 2% +y* + 2Re(yw)? — |yw|?
1— 4

= %*.@2 +y27|'}/w|2
1— 4

N e
1— |y

= — (e + (1= )y

Thus far, we have shown = = Re(w) and y = Im(w) satisfy the system

(5.8a) Re(y)z + Im(vy)y =0

1— 4
(5.8b) (14 11222 = (1= [4|2)y? = TM

We finish establishing that v = 0 or Re(y?) < |y[* < 1 by considering the cases |y| > 1, v = 0,
0 < |v| <1, and |y| = 1 separately. In each relevant case, we determine a necessary condition on the set
K(A).

Observe |y| > 1 yields a contradiction: the expression on the left of (5.8b) is nonnegative while the
expression on the right of (5.8b) is strictly negative.

If v = 0, then the claim is established, and it remains to find K(A). Then,A\; = —\s and the system (5.8)
reduces to 2% — y* = %. Thus, |w| € [%, oo) and the entries of B all have modulus |(A2 — A1)%| = p(A)|w],

ie, K(4) C [M oo)

\/5 b
Suppose that |y| = 1. Note that v # +1 since this would imply Ay = 0 or Ay = 0. Thus, Im(y) # 0
and (5.8) implies x = y = 0, so w = 0. Hence, the entries of B all have modulus ‘7()‘227)‘1) = |>‘1;)‘2 |, ie.,

K(A4) C {‘)“'gih‘} Since 72 # 1, it follows that Re(y?) < |y|* < 1, as desired.

Suppose that 0 < |y| < 1. Note that if Im(y) = 0, then = = 0 by (5.8a). Consequently, (5.8b) simplifies

142
3

to y? = , a contradiction. Thus, Im(y) # 0 and so (5.8a) is the equation of a line that intersects the

Re(v)
Im(y) "

Since || # 1, (5.8b) is the equation of a hyperbola whose asymptotes have slope

Re(v) | 1+[y[?
Im(v) 1—|v]?
Re(7)?(1 = [4]?). Regrouping gives 0 < Im(y)* — Re(7)* + (Re(7)? + Im(7)?)|7|* = Im(7)? — Re(y)* + [1|*.
Utilizing the identity Re(y)? — Im(v)? = Re(y?) gives the desired inequality Re(y?) < |y|* < 1. To obtain a

origin with slope —

+ }fmz A solution to (5.8) therefore requires ‘

’ or equivalently 0 < Im(v)%(1 + |v|?) —

necessary condition on K(A), substitute y = —F;Ej{%x (obtained from (5.8a)) into (5.8b) and solve for x?:
1— 4
22 = ol

e 2
2(1+ bl = (1= 2 ety
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Im(y)2(1 — [7}*)
2 (Im(3)? — Re(3)? + [y (Im(7)% + Re(7)%))
_ I 1Y)
2(17[* ~ Re(12))’

Thus,

ravie (1B 4 () — Re()i -yt L-p*
o=z tyi= (1) =2y R””)¢ﬂww—Raw» jﬂVﬂhF—Rd%D

Therefore, the entries of B all have modulus
1— 4
— ol -
2(]7[* = Re(v?))

1— |4 . ’A1+)\2
1:|: —_— | =
V%wmw» 2

i.e.,K { |)\1+)\2|\/1 |’Y‘14 |"/‘4 ))}

We now prove the converse. Assume that v = 0 or Re(y?) < |y|* < 1. Then, v = 0, |y = 1 or

0<|y] <1 Let k€ [p\(/é),oo) and

2 2

—-—w Ao — A
ou - 0255 <[ 252

w2 ..
ViGE 1+ /3Gen) -t ithi=0
e . .
7\ T Rey) if0<lyl <1
Pick a value b € C such that b? = %. Consider the matrix M = { Z Z ], where a = 1, ¢ = ‘*’2—21 and

d = ¢t Observe that det(M) =1 and w = 2bc + 1. Following the same calculations used to obtain (5.7),

we find that
1 == ab 5 b
B=MAM™"' =~ A)| 2 e | = A2 — A1) v |-

We consider the cases v =0, |[y| =1 and 0 < |y| < 1 separately.

Suppose that v = 0. Then, Ao = —A;, w = \/% p’f4 + + \/ — 2 1and
w —2b
B=2A\ .
! { 2b —w }

(SIS

For brevity, write z = Re(w) and y = Im(w). Since 2% — y? =

1
20 = |w? — 1] = |2% — y? + 2zyi — 1| = ‘—2 + 2zyi = |22 — y? + 2zyi| = |w|?

1
= | — 2 1
‘2—1— Tyl

Therefore, B is uniform with common modulus |\ ||w| = &, i.e., A is apportionable and K(A4) D [L\g), oo).

It follows that K(A) = {L\g), oo).

Suppose that |y| = 1. Then, w = 0 and (choosing b = L)

NS

1

SNERI R L

2

|
2=
=2 =
| S

[SSINIEN

o
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2d2 | € K(A). Since

Therefore, B is uniform with common modulus ’szz ,
1—|y]4 N APVED) i
VI sty = 1 we have K(4) = {| 252 | \/1+ gy |

Finally, suppose that 0 < |y| < 1. Then, w = v,/ W 1 and

/\2—)\1 v w 2b
2 -2b v+4w |’

B =

It is not difficult to see that the (1,2)-entry and (2,1)-entry of B have the same modulus. The (1,1)-entry
and (2, 2)-entry of B have the same modulus since

=l = bl 1 = g g I i) = o Ly el =yl
2(1y* = Re(v?)) 2(171* = Re(7?))
To establish the (1,1)-entry and (1,2)-entry have the same modulus, we first note that
ol 2 ol
_ ~ L=y : -y
2 4
@) = || s (1) | = - e
) < \/ 27— Re(7)) | )> S E = Re?)
Then, by Observation 5.6,
1— w22 —|v2 — w22 1 — |y
‘ w ‘ 2|7 w | _ 2|7| —Re(w2)+Re(('yw)2)
11— 11—y 11—y
= 2 Rey) ol*

2 2(7|* =Re(s?) " 2(17]* —Re(1?))

1— 4 2\ 4
_1-Dl <1+ Rep ) |72| )
2 [7[* — Re(7?)

=0.
So, |1 — w?| = |y* — w?|. Tt follows that

120> = [w® — 1| = |y —w?| = |y —w|ly + w| = |y —w|*.

A L, 1D
2(]7|* — Re(y?)) 2(17|* = Re(7?))’
, A is apportionable and ”\IJ”\? ’ \/1 + W € K(A). Since this gives containment in both

A +A
directions, K(A) = { ALTA2 \/1 + 2(|7|4 Re(v ))} d
REMARK 5.8. Theorem 5.7 demonstrates that the bound in Lemma 2.5 is sharp for some matrices.

Indeed, if A € C?*? with v = 0, then K(4) = {L\/’%), oo) = [%, oo). Interestingly, Lemma 2.4 is not

Thus, B is uniform with common modulus

A2 — A1
2

A2+ A\
Ao — A\p

A2 — Ap
2

. A1+ Ao
B 2

sharp in this case.

The following corollary builds upon Theorem 5.7 by providing easily verifiable necessary and sufficient
conditions that a nonsingular 2 x 2 matrix is apportionable.
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1.5 H

1.0 4

0.5

0.0 4

Imaginary

—.5 4

—1.04

—1.5 4

—2.0 4 T T T
20 -15 —10 05 00 0.5 1.0 1.5
Real

FIGURE 1. Admissible Tegion for the second eigenvalue of a 2X 2 apportionable matriz with one eigenvalue equal to 1.

COROLLARY 5.9. Let A € C**? have nonzero eigenvalues \; = r1ei% and Ay = r2e1%2, where r; > 0 and
0<60; <0y <2m. Letr = :—f and 0 = 03 — 601. Then, A is apportionable if and only if A\ = —X2, A1 = ci)do

for some c € R, or T <6 < 32X and |rcos(9) + 1| < |sin()|.

Proof. Assume that A is apportionable (hence Ay # Ag) and let v = ﬁ Then, v = ﬁ%}, where
"= % = ret?. By Theorem 5.7 1 = —1 or Re(7?) < |y|* < 1. In the case u = —1, by definition \; = —\,.
Now consider the case 1 # —1 so that Re(7?) < |y|* < 1. Let # = r cos(#) and y = rsin(f) so that u = z+yi.

Direct computation yields

Re(+?) = Re <<w>> CRe (W 1 —2ﬁy)2> P14

=12 =11 =1
Since |y|* = %, the inequality Re(y?) < |y|* < 1 is equivalent to
(5.9) (Jul> =1)? =4y < |u+1]* < [p— 1"

The rightmost inequality of (5.9) implies < 0. If x = 0, then the definition of p implies A\; = ci\g for some
c € R. So, suppose = = rcos(f) < 0 which implies § < 0 < %” Simplifying the leftmost inequality of (5.9)
using the identity z2 + y2 = r? yields

(5.10) 0 < 2r% +rcos(6)(r® + 1).

Multiply both sides by @ < 0 and simplify to obtain 0 > (rcos(d) + 1)? — sin?(#). Thus, |sin(d)| >
|r cos(0) + 1], as desired.

The converse follows a similar argument. We note that 3 < 6 < 37” implies A\; # As. ]
Figure 1 provides a visualization of the admissible eigenvalues of a 2 x 2 apportionable matrix; we fix

an eigenvalue to be 1 and plot the region that contains the remaining eigenvalue. See [3] for a Python script
that produces an interactive image that allows the user to select the value of an eigenvalue.
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We now use Theorem 5.7 and Corollary 5.9 to address [2, Question 9.2], which asks whether the set of
apportionable (or non-apportionable) matrices has a positive Lebesgue measure. While not fully explored
in this paper, we have observed that for n = 2, there exists a set of apportionable matrices and a set of
non-apportionable matrices that have positive Lebesgue measure. The next example shows that all 2 x 2
matrices sufficiently close to the identity are not apportionable.

EXAMPLE 5.10. Let B € C?*? such that || — B||p < 3. Let the eigenvalues of B be denoted by A
and Ag. The eigenvalues of I — B are 1 — A\; and 1 — Ag. If Ay = Ao, then B is not apportionable, so
suppose A1 # Ag. Since the Frobenius norm is unitarily invariant, and I — B is unitarily similar to an upper
triangular matrix, |1 —B|lp = v/[1 = M2+ [1 — X2[?> + [a]? < 1, where a € C is the (1, 2)-entry of the upper
triangular matrix. It follows that |1 — A;| < & for j € {1,2}, which implies Re(X;) > %. Thus, |[A2 4+ A;| > 1.
By the triangle inequality, we also have [A2 — A1 < [A2 = 1| + |1 — M| < 1. Let v = % Since |y| > 1,
Theorem 5.7 guarantees B is not apportionable. Therefore, the open ball of radius % centered at the identity
matrix in C2*2 provides an example of a set of non-apportionable matrices with positive Lebesgue measure.

We now use the Gershgorin Circle Theorem to obtain a set of apportionable 2 x 2 matrices with positive
Lebesgue measure. Recall, for any A = [a;;] € C"*", the Gershgorin Circle Theorem states that every
eigenvalue A of A lies in one of the discs {z € C: [z —a;3| < 32, [a; 4|} for i € {1,...,n}. Furthermore, if
these discs are disjoint, then each disc contains exactly one eigenvalue.

EXAMPLE 5.11. Let A = diag (1, —3 + 1) and B = [b; ;] be a 2 x 2 matrix such that |4 — Bl|p < &.
Let the eigenvalues of B be denoted by A; and As. The Gershgorin Circle Theorem implies that, without
loss of generality, |A\; — b1.1| < |b12] and |Ag —baa| < |b21|. Thus, A1 — 1] — |1 —b1 1| <A1 —b11] < 1—12 and
so [A; — 1] < §. Similarly, [\ + 3 —i| < 3.

As in the proof of Corollary 5.9, let u = /A\—’;’ = x + yi, where x = rcos(f) and y = rsin(f). For the case
x < 0 in the proof of Corollary 5.9, we obtain (5.10) which we restate: 0 < 2r%+r cos(#)(r?+1). Expressing
(5.10) in terms of x and y yields

1\? 1
r<0<(x+1) <<x+2) +y24> + 2

This gives rise to a sufficient condition for apportionability:
1
—-1<z<0 and |y|>§
Hence, it suffices to show |u — ( — % + 1'1)| < % Indeed

(L) | e Ao 0o ()

A 2 [A1]

SRR IE:
B |A1]

1 1+ﬁ
s

6

1

<§.

Therefore, the open ball of radius % centered at A in C2*? provides an example of a set of apportionable
matrices with positive Lebesgue measure.
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5.3. Apportionable matrices of order 3. This section initiates the classification of apportionable
3 x 3 matrices. A summary of all results for 3 x 3 apportionable matrices A for which K(A) is known is
presented in Table 2. Examples 5.12 and 5.13 establish that matrices with Jordan form

A 10 A0 0
0 A 0 and 00 1]/,
0 0 0 000

where X is nonzero and are apportionable. Theorem 5.7 and Lemma 2.2 establish that some matrices with
Jordan form

M0 0
0 X 0|,
0 0 0

where A\ # Ay are nonzero and are apportionable. There is nothing known for the remaining cases, listed
below (A1, A2, and A3 are distinct and nonzero):

Ao 10 A 10 A0 0
0 )\1 1 5 0 Al 0 and 0 )\2 0
0 0 X 0 0 X 0 0 As

TABLE 2

3 x 3 apportionment results in Jordan form (A1 and A2 are distinct and nonzero).

0 0O A 0 0 01 0 010
Matrix A 0 0O 0 X O 0 0O 0 0 1
0 0O 0 0 X\ 0 0 0 0 0 0
Apportionable Yes No Yes Yes
K(4) {0} 0 (0,00) (0,00)
Proof A=0 A=M\T Thm. 3.2 Thm. 3.2
A 00 A 10 A 0 O A 00
Matrix A 0 00 0 X O 0 X O 0 N O
0 00 0 0 X\ 0 0 X 0 0 O
Apportionable Yes No Yes < Re (i—f) = f% No
2
K(4) (241, o) 0 (=B 1=} 0
Proof Prop. 5.2 Thm. 5.4 Thm. 5.4 Thm. 5.4

We now provide two examples of apportionable 3 x 3 matrices that are not covered by preceding results.
Note that the next example provides an example of a nonsingular matrix B € C**” for which 0 < ¢(B) < n
(c.f. Problem 4.5). Indeed, the upper 2x 2 block of A in the next example is J2(\), which is not apportionable
for A # 0 by [2, Theorem 7.4].
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ExAMPLE 5.12. Let A € C. We show that the matrix

A1 0
A=10 X of,
00 0

is apportionable. The case A = 0 is handled by Theorem 3.2, so we may assume A # 0. Consider the matrices

0 1 1 A0 0 A0 o0 0 0 1
M=| /3 o 1 0 1 0 and M ‘t=| 0 1 0 1 —1 e2mi/3
1 00 0 0 1 0 0 1 1 —e2mi/3
Straightforward computation yields
0 11 A A O 0 0 1 1 -1 e2mi/3
MAM™' = | 2™/3 0 1 0 A 0 1 =1 /3 | =\ | e2i/3 _e2mi/3 -1
1 00 0 0 0 0 1 —e2mi/3 1 -1 1+ e2mi/3

Then ,M AM~! is uniform with a common modulus |A|. Thus, A is apportionable.

EXAMPLE 5.13. Let A € C. We show that the matrix

A0 0
A=|0 0 1],
0 0 0

is apportionable. The case A = 0 is handled by Theorem 3.2, so we may assume A # 0. Consider the matrices

0 1 e2ri/3 1 00 ) 1 0 0 —1 ™3 1
M = 1 0 €7r1'1/3 0O XN O and M_l = W )\_1 0 1 —€7Tﬁ/3 e”ﬁ/?’
11 0 00 1 te 0 1 ]| e™/3 e m/3 _e-mi/3
Straightforward computation yields
) [0 1 e2mi/3 A0 O —1  emi/3 1
]\414]\4_1 = W 1 O 6”i/3 O O )\ 1 —eﬂ-ﬂ/s 67”‘1/3
¢ 1 1 0 0 0 O e~ /3 emmi/3  _—mi/3
[ 1 1 -1
— A _67r1'1/3 627r1'1/3 67r1'1/3
1+ 67”-1/3 . . /e - /e
i 1— 67711/3 14+ 6271']1/3 eml/d -1

Then, MAM ™" is uniform with a common modulus %M\ Thus, A is apportionable.

6. Conclusion. This paper complements the initial exploration in [2], which primarily focused on
U-apportionable matrices, by shifting the focus to the general case. Our primary contributions include
establishing the apportionability of all nilpotent matrices and proving that any n x n matrix A € C**"
with rank(A4) < & is apportionable. We also initiated the study of sets of apportionment constants showing
that K(A) = (0, 00) for any nonzero nilpotent matrix A and identifying nonzero matrices with finite sets of
apportionment constants.
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The characterization of apportionable matrices of small order provided critical insights and yielded many
of the techniques and tools developed in this paper. We achieved a complete classification for 2 x 2 matrices
and made substantial progress toward a classification for 3 x 3 matrices. Further efforts to complete the
characterization of all 3 x 3 apportionable matrices would likely uncover additional general results. Based
on our study of 2 X 2 matrices, it appears that the case involving three distinct eigenvalues will present the
most significant challenge in the 3 x 3 classification.

Several open problems and avenues for future research emerge from this work. We are particularly inter-
ested in the relationship between the rank and dimension of an apportionable matrix, especially regarding
Problem 4.5. A promising starting point for investigating these problems is to determine ¢(I,,). For instance,
it remains unknown whether ¢(/3) is 2 or 3.

Although Section 5.1 has fully characterized apportionability of 2 x 2 matrices, another avenue of future
research is characterizing ¢(A) for all matrices A € C2*2. We found that the set of apportionable matrices
and the set of non-apportionable both have positive measure. This naturally leads to the question: When
we partition the non-apportionable matrices as {A € C2*2 : ¢(A) = 1} U {4 € C?*? : ¢(A) = 2}, does each
set have positive measure? Note that the white region in Fig. 1 consists of all A € C such that the matrix
A = diag(1,\) has either ¢(4) =1 or ¢(A) = 2.

A question related to the study of ¢ is whether Theorem 4.4 is sharp. That is, what is the least r > 3
such that there exists a non-apportionable A € C"*™ with rank(A) = r? For 3 x 3 matrices, the answer is
r = 2 as shown by I> & O; which is not apportionable (see Table 2). This suggests that simple candidates
for such non-apportionable matrices might be I, © O,,_, for any order n and rank r > 7.

Beyond the classification of matrices and their apportionment constants, another avenue for research
involves studying the set of matrices that apportion a fixed matrix. Understanding the nature of these
transforming matrices may provide further insight into apportionment.
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