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ON THE CORE-NILPOTENT DECOMPOSITION OF THRESHOLD GRAPHS*

DANIEL A. JAUME', CRISTIAN PANELO}, AND MAIKON M. TOLEDO$

Abstract. In this work, we show that the core-nilpotent decomposition of the adjacency matrix A(G) of a threshold graph
G can be obtained directly from the graph through its null decomposition. More precisely, we construct two invertible matrices
Q and C, defined in terms of the adjacency relations of G, such that Q=1 A(G)Q is a block diagonal matrix with two blocks.
The first block is C, an r X r matrix satisfying rk(C) = rk(A(G)) = r, and the second block is the zero matrix. Consequently,
the core-nilpotent decomposition of A(G) can be read directly from the combinatorial structure of G.
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1. Introduction. Let M be an n x n matrix with rank r (i.e., tk(M) = r). The index of M is the
smallest nonnegative integer k such that rk(M*) = rk(M**+1). Thus,

R" = R(M*) & N'(M*),

ie, R" = R(MF*) + N(MF) and R(M*) NN (M*) = 0, where R(M) and N (M) are the range and the null
space of M, see [1]. Let N be an square matrix. N is said to be nilpotent whenever N* = 0 for some positive
integer t. Thus, if k is the smallest positive integer such that N* = 0, then k is the index of N.

If M is an n x n singular matrix of index k such that rk(AM*) = r, then there exists a nonsingular matrix
Q such that

(1.1) Q-IMQ:{C 0 ]

0 N

where C is a r X r nonsingular matrix, and NN is nilpotent of index k. When M is nonsingular, @ = I and
C = M. The block-diagonal matrix in (1.1) is called a core-nilpotent decomposition of M.

If M is an n x n real symmetric matrix with rank r, then M has index 1 and
R"=R(M)®N(M).

Thus, for any nonsingular matrix @ = [X|Y], where the columns of the n x r matrix X and the columns of
the n X (n — r) matrix Y form basis for R(M) and N (M), respectively, the following holds:
Cc 0
—1
M =
dwa-] € 0]
since, if N is nilpotent of index 1, then N = 0.
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The main idea behind the core-nilpotent decomposition of graphs is to find optimal vertex labelings
that allow the construction of simple bases for both the range and the null space. Such bases can be
obtained by analyzing the adjacency relations among vertices. This approach has already been carried
out for trees and unicyclic graphs: first, their null decomposition was studied (see [9, 11]), and later their
core—nilpotent decomposition was analyzed (see [10, 12]). In this work, we follow the same line of action
to study threshold graphs. We begin by analyzing their null decomposition and subsequently derive their
core—nilpotent decomposition.

The null space of threshold graphs has been studied in several works; see [3, 6]. In this paper, we provide
an explicit basis for the null space. Using the support of this basis, we obtain a partition of the vertex set.
Finally, we derive a formula for the rank of threshold graphs in terms of this partition.

For the core-nilpotent decomposition, we adopt the framework introduced in [10, 12], and ultimately
show that the core-nilpotent decomposition of threshold graphs is similar to that of trees, except for a
submatrix associated with vertices having the same supported neighborhood.

This paper is organized into six sections. Section 2 covers notation and preliminary results. In Section 3,
we provide a simple basis for the null space of the adjacency matrix of any threshold graph. Section 4 is
concerned with the null decomposition of threshold graphs. Section 5 provides a simple basis for the range
of the adjacency matrix of any threshold graph, which is key for the graph-theoretic interpretation of the
core—nilpotent decomposition of threshold graphs. In Section 6, we present a proof of our main result.

2. Notation and preliminaries. Let G = (V, E) be a simple undirected graph of order n, with vertex
set V.={1,...,n} and edge set E, the adjacency matrix A(G) = (ayy)nxn of G is defined as

1, if {u,v} € E;
Qyy =
0, otherwise.

The null space of A(G), denoted by N(G), is the set {x € R" : A(G)x = 0}. The nullity of G is denoted by
nl(G). The rank of A(G) is denoted as rk(G). For brevity, we use expressions like “the null space of G” or
“the nullity of G is nl(G)”, etc.

For any v € V(G), the neighborhood of v, denoted by N(v), is the set {u € V(G) : u ~ v}, where
u ~ v means that v and v are neighbors: {u,v} € E(G). The neighbor of a subset W C V(G) is N(W) =
Upew N(v). Two vertices u,v € V(G) are called duplicate vertices if N(u) = N(v). For each i € N, we use
e; to denote the vector with a one in the ith position and zeros elsewhere; the order of the vector will always
be clear from the context. The vector ) _y €, is denoted by ey . Regarding duplicate vertices, it is known
that if v, u are duplicated, then e, — e, € N (G). For more details, we recommend reading Section 5 in [4].

A way to characterize threshold graphs is through an iterative process that starts with an isolated vertex,
and where, at each step, either a new isolated vertex is added, or a dominating vertex is added. We can
represent a threshold graph GG on n vertices by a binary sequence s = b1bs . .. b,, where if b; = 0, then v; was
added as an isolated vertex, and if b; = 1, then v; was added as a dominating vertex. This representation
has been called a creation sequence in [2] and is the most convenient for our work. From now on, w.l.g. we
assume that by is always zero. Consider a connected threshold graph with at least two vertices. Its creation
sequence s is given by

s=0---01---10---01---1---0---01---1,
— N

1 t1 r2 to Tm tm
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where t;,7; > 0 for all 4 and r1 +t1 + 19 +to + -+ + 7 + ty = n. To shorten the notation, we will write
s =0rt1tiQgr21t2...Q"m 1tm

3. A basis for the null space of a threshold graph. In this section, we obtain a basis for the null
space of a threshold graph. These results will be crucial for the construction of the null decomposition in
the next section.

Let G be a connected threshold graph with the creation sequence
§=biby---b, =0"110"1" ... 0" 1",

We will denote by z; a subsequence of s formed by r; zeros, where its zeros are chosen consecutively, that is,
2 = bp,bp, +1bp, 42 - bp,4r,—1 = 07, Similarly, we will denote by u; a subsequence of s composed of ¢; ones,
where its ones are chosen consecutively, that is, u; = by,bg,+1bg;+2 * * * gy 4,1 = 1.

The set of vertices generated by z; and w; will be denoted by V(z;) and V(u;), respectively, that is,
V(Zl) = {piypi + la ces DT — 1}7

and
V(u) ={qi-qi +1,...,q; +t; — 1}.

Through the recursive process of construction of a threshold graph G, we can make the following remark.
REMARK 3.1. Consider two different vertices u and v such that u,v € V(zi). Note that u and v are
m
duplicated because N(v) = |J V(u;) = N(u).
i=k

1=

The next lemma is a known result and can be found in [7, 8].

LEMMA 3.2. Let G be a connected threshold graph with the creation sequence s = 0"11%1Q721%2 ... ("m 1tm
Then

m

nl(G) =Y (r; = 1).

=1

The following theorem is a reformulation of a known basis for the null space of threshold graphs due to
Andeli¢, Koledin, and Stanié [5], expressed in terms of the creation sequence. Since this result is well known,
we omit its proof.

THEOREM 3.3. Let G be a connected threshold graph with the creation sequence
s=0"1"0"1"2...0"m 1P,
Let z; = bp,bp, +1bp, 42+ - bp,4r,—1 be a subsequence of s. Consider B; a set of vectors given by:

o Bi={ep, —ep,yj:j=1,2,...,r — 1}, whenr; > 2;
e B, =0, when r; = 1;

Then, B = Lnj B; is a basis of N(G).
=1

1=
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ExXAMPLE 3.4. Consider
s = 010001100001 = 010%120*1 = z,u1 20u223us.
This sequence determines the graph G in Fig. 1. Note that

e z1=b;=0and u; =by =1;
® 2o = bgb4b5 =000 = 0d and Uy = b6b7 =11= 12,'
® 23 — b8b9b10b11 = 0000 = 04 and Us = b12 =1.

The set of vertices generated by each of these subsequences are
V(z1) = {1}, V(u1) = {2}, V(22) = {3,4,5}, V(ua) = {6,7}, V(23) = {8,9,10, 11} and V(uz) = {12}.
Theorem 5.3 allows us to obtain a basis of N(G). Note that the creation sequence s of G has three zero

sub-sequences: z1 = 0™, zo = 0", and z3 = 0”3, where ro,r3 > 2. Thus, the basis of N(G) is formed by the
vectors:

0 7 r 07 r 017 r 01 r 07
0 0 0 0 0
1 1 0 0 0
—1 0 0 0 0
0 -1 0 0 0
€3 — €4 = 0 ;€3 — €5 = 0 ;€8 — €9 = 0 ;€8 — €10 = 0 ;€8 — €11 = 0
0 0 0 0 0
0 0 1 1 1
0 0 —1 0 0
0 0 0 —1 0
0 0 0 0 —1
0 J L 0 0 J L 0 J L 0 J
@ Supp(G)
O Core(G)
O Inv(G)

Figure 1: Threshold graph G with creation sequence s = 0103120%1.

4. Null decomposition of threshold graphs. In this section, we present the null decomposition of
threshold graph, more precisely we compute its null decomposition from its creation sequence.

DEFINITION 4.1. Let G be a graph. We define the following subsets of V(G):
e Supp(G) = {v € V(G) : 3x € N(G) such that x, # 0};
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e Core(G) = N(Supp(G));
e Inv(G) = V(G) — (Supp(G) U Core(G)).

Following the terminology introduced in [9], we refer to the vertices in Supp(G), Core(G), and Inv(G) as
support, core, and invertible vertices, respectively. The cardinalities of Supp(G), Core(G), and Inv(G) are
denoted by supp(G), core(G), and inv(G), respectively.

The following result shows that in order to compute the support of G, it is enough to analyze the
coordinates of the vectors of a basis of null space.

LEMMA 4.2 ([9]). Let G be a graph and B = {x1,...,x;} a basis of N(G), then

Supp(G) = {v € V(G) : Ix; € B such that (x;), # 0}.

In the next propositions, we compute Supp(G), Core(G), and Inv(G) of a threshold graph G using its
sub-sequences z;’s and u;’s.

PROPOSITION 4.3. Let G be a connected threshold graph with the creation sequence
s=0" 1t1 02 1t2 ce QT 1tm

If k is the minimum index such that ri > 2, then

(1) Supp(G) = U V(z);

ri>2

(ii) Core(G) = U V(u:);

i=k

(ii1) Inv(G) = (kul V(ul)> U ( U V(zi)>;

i=1 r;=1

(iv) Supp(G) is a independent set.

Proof. (7) The result follows from observing the nonzero entries of the basis of AN'(G) provided by
Theorem 3.3. We conclude that the only nonzero entries correspond to the vertices generated by
the sub-sequences z; such that r; > 2.

(i) From item (i), we know that the support vertices are those generated by the sub-sequences z; such
that r; > 2. Through the iterative construction process of G, we find that the only neighbors of the
support are the vertices generated by sub-sequences u; such that ¢ > k.

(#4¢) Simply use items (¢) and (i4).
(iv) Simply use item (7). |

EXAMPLE 4.4. FExample 3.4 shows a basis for the null space of the graph G in Fig. 1. Note that

Supp(G) = {3,4,5}, Core(G) ={6,7,12} and Inv(G)={1,2}.

5. A basis for the range of threshold graphs. In this section, we obtain a basis for the range of
threshold graphs. This basis will be fundamental for obtaining the core-nilpotent decomposition of threshold
graph in the next section. Next, we will define some combinatorial matrices associated to threshold graphs,
similar to those in [10, 12].

DEFINITION 5.1. Let G be a threshold graph and v € Core(G). We call v-flower of G to the set N(v)N
Supp(G). The v-flower is denoted by Fe(v).
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DEFINITION 5.2. Let G be a graph. Define a relation R on Core(G) by
uRv  if and only if Fg(u) = Fa(v).
It is straightforward to verify that R is an equivalence relation on Core(G). For v € Core(G), let
[v] := {w € Core(G) : wRv}.

We define
TW(QG) := {[v] : v € Core(G)}.

For [v] € TW(Q), define Fa([v]) := Fa(v).

By Proposition 4.3, we have the following corollary that exhibits some properties of v-flowers.

Orm tm . If

COROLLARY 5.3. Let G be a connected threshold graph with creation sequence 0"1%10721% ...
v € Core(G) NV(u;) and w € Core(G) NV (ug) such that j < k, then

(i) Fa(v) = U V(z);
1”7;22
i<
(i) Fa(v) = Fa(w) ifand only if j =k orrjp1 =rjpe = =rp=1;

(i) [TW(G)| = 3 1.

The next proposition provides a formula for the rank of threshold graphs.

PROPOSITION 5.4. Let G be a connected threshold graph. Then,

rk(G) = core(G) + inv(G) + |TW(G)] .

IL
AS

690

Proof. Consider 0711107212 ... 0" 1! as the sequence of creation of G. By Lemma 3.2, we have that

Il
2
lngthe

~
~

+
AU

5

= core(G) + [TW(G)| + inv(G).



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I I
Volume 42, pp. 685-696, July 2026.

AS

691 On the core-nilpotent decomposition of threshold graphs

A null labeling of a threshold graph G is a labeling of G with the positive integers {1,2,...,|V(G)|},
where the core vertices are labeled first, then the invertible vertices, and finally the supported vertices of G.
Let G be a null-labeled threshold graph. Let Br(G) be the following set of vectors

Br(G) :={e, : v € Core(G)} U{e, : u € Inv(G)} U {er, () : [v] € TW(G)} .

Next theorem guarantees that the set Br(G) is a basis for the range of A(G).
THEOREM 5.5. Let G be a null-labeled threshold graph. Then, Br(G) is a basis of the range of A(G).

Proof. Let A, be the column of A(G) associated with the vertex u. If u € Supp(G), then

Au = eN(u) = Z e, .

v € Core(G)NN (u)

If u € Core(@), then

Au =€eN(u) = Z e, + Z ey, + Z €y

v € Supp(G)NN (u) v € Core(G)NN (u) v € Inv(G)NN (u)

:e]:G([u]) —+ Z e, + Z €y .

v € Core(G)NN (u) w € Inv(G)NN (u)
If u € Inv(QG), then

Ay =en() = Z e, + Z ey -

v € Core(G)NN (u) w € Inv(G)NN (u)

Therefore, the linear space spanned by Br(G) contains the range of A(G). Note that Br(G) is obviously
a set of linearly independent vectors. Moreover, by Proposition 5.4, we have that |Br(G)| = core(G) +
|[TW(G)| + inv(G) = rk(G). Therefore, Br(G) is a basis of the range of A(G). O

EXAMPLE 5.6. Figure 2 shows a null-labeled threshold graph G. Note that Core(G) = {1,2,...,6},
Inv(G) = {7,8,9,10,11}, and Supp(G) = {12,13,...,18}. We have that

o Fo(l) ={12,13} = Fc(2);
o Fu(3) ={12,13,14,15,16} = Fu(4) = Fa(5);
® F;(3) = Supp(G).

Thus, [1] = [2] = {1,2}, [3] = [4] = [5] = {3,4,5} and [6] = {6}. Therefore, TW(G) = {[1],[3],[6]}. Thus, a
basis for range of G is

Br(G) = {e1,ea,...,e11,€x, (1)) €Fa(3)): €Fa () }

= {el, €2,...,€11,€{1213}, €{12,13,...,16}» e{12,13,..4,18}} .
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@ Supp(G)
O Core(G)
O Inv(G)

Figure 2: Null-labeled threshold graph G with creation sequence s = 01010212031201021.

6. Core-nilpotent decomposition of threshold graphs. Let G be a null-labeled threshold graph.
Note that, by Proposition 4.3, we have that

Acc(G) ACN(G) ACS(G)
Anc(G) Ann(G)
Asc(Q)

A(G) =

where, throughout this section, Ap i denotes the adjacency matrix between the vertex sets H and K, with
H,K € {S,C,N} (S :=Supp(G), C := Core(G), and N :=Inv(Q3)), and all omitted blocks are zero blocks.

We define the following matrices, which will be useful in obtaining the core-nilpotent decomposition of
threshold graphs. Given u € Supp(G) and [v] € TW(G), let Asr(G) be a supp(G) x |TW(G)| matrix given
by
if u~ v,

L
AST(G)u,[v] = { 0

, otherwise,

ie., if v € TW(G), then the v-column of Agr(G) is the vector ez, (,). We define the matrix F'(G) :=
Acs(G)AsT(G). Note that for u,v € Core(G)

|Fa()], ifu e fv],

F(Guv = (Aos (@) AsT(G))uy = { |Fo(u) N Fa(v)|, otherwise.

Let Bhun be a basis of the null space of a null-labeled threshold graph G. In Section 3, it was proved
that the |V(G)| x nl(G) matrix whose columns are the vectors of By, has the following form:

o |
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where 01 is a (core(G) + inv(G)) x nl(G) zero matrix and N(G) is a supp(G) x nl(G) matrix. By Ieore(q)
and [iny (@), we denote identities matrices of sizes core(G) x core(G) and inv(G) x inv(G), respectively.

Let Q(G) be a |[V(G)| x |V(G)| matrix given by

Icorc(G)
Iinv(G)

Q(G) =

Ast(G) N(G)

The first core(GQ) + inv(G) + |TW(G)| columns of Q(G) are the columns of Br(G), i.e., form a basis for the
range of A(G), and the last nl(G) columns of Q(G) form a basis of the null space of A(G).
Given [u] € TW(G) and v € Core(G), let Itw (G) be a [TW(G)| x core(G) matrix given by

1, ifv e [ul,
0, otherwise.

Irw (G0 = {
LEMMA 6.1. Let G be a threshold graph. Then,
Ast(@)Irw (G) = Asc(G).
Proof. Given u € Supp(G) and v,w € Core(G). Note that Agp(G),,[n) = 1 if u ~ v and 0 otherwise.
Moreover, ITw (G)p],w = 1 if w € [v] and 0 otherwise. Thus, if w € [v] and u € N(v), then w ~ u, since

Fa() = Fe(w). Therefore,

1, if u~w,
0, otherwise,

(AsT(G) 1w (G)) 4y = {

= (Asc(Q)) yy - o

Let G be a null-labeled threshold graph. Let K(G) be a rk(G) x rk(G) matrix given by

Acc(G) Acn(G) F(G)
Anc(G) Ann(G)
ITW(G)

K(G) =

THEOREM 6.2. Let G be a null-labeled threshold graph. Then,
_ K(G) o0
aeaGee = | K T

Proof. By Lemma 6.1, we have that

Acc(G) Acn(G) F(G) 0
AG)QG)=| Anc(G) Axn(G) 0 0 |=Q(G) [ KE)G) g ]
Asc(Q) 0 0 0 0




IL
A

Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 42, pp. 685-696, July 2026.

S

694

D.A. Jaume, C. Panelo, and M.M. Toledo

EXAMPLE 6.3. For G in Fig. 2, we have that

r
o O O O O O O O OO0 O O o o o o
o O O O O O O OO0 o0 O o o oo
S O —H o~ O O O O O o o o o o o
S O —H o~ O O O O OO oo o oo
S O O O O O OO0 O O o o oo
— = = O O O OO0 o0 o o o oo
— = = O O O O O o o o o oo
o O O O O O O O OO0 O O o o oo
— = = —S = O OO O O O O oo
—
G — = o O OO +H OO O O o o o o
=
n @ QO
O — = = — O O H O O O O O O O
<
— = = O —H O —H OO0 O O O O O O
—~~
IGHG) — o~ o~ — o oA A o A =
~— —
nNUMO_llll e A Ao A H Ao - H O O
AA — = - O — = o O = = - - O O
R - O e H A O A A~ - O O
IO
O 0 U = O A -~ N = A O+ H O O O O O
O 2z 0
T T T o~ — —~ - H H—H O+ H O O OO O
L 1 1 1
I Il
—
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O O O O O OO oo o0 o oo o~
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0000000000011,400000
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and
Q@) aGee) = | N2
[ Acc(G) Acn(G) F(G) 0
| Anc(G) Ann(G) 0 0
Irw (G) 0 0 o
L 0 0 0 0
ro 1 1 1 1 11 1 1 1 02 2 210 0 0 07
1011117111102 2 200 00
110111111102 55|00 00
111 01 1|1 1 1 1 02 5 5|0 0 0 O
111 10 1|1 11 1 1|2 5 5|0 0 0 O
1111101 1 11112 5 70 0 00
11111 1{0 1 01 0}j0 O 0|0 O O O
11111 1|1 0 0O1 0O}|0 O O|0 O O O
/11111100 01O0/0O0O0OI0O0O0O0
~|l1 1111 111 100/0O0O0/0O0UO0TO
00001 1{0 0 0 O0O0OI0O0O0O|0O0O00 0
1100 0 0[(0 OO 0O 0|0 0 0[]0 O0O0TUO
001 11 0{00O0O0UO0I0O0O0O|0O0O00 0
00000 1{0 0 0 O0O0OI0O0O0O|0O0O00 0
0O 0O0OO OO0 O0OOU OO O0O0O|O0O0O0OTO0
0O 0O0OOOO0O|O0O0OOUOIO0OO0OO0O|O0O0O0OTOU
0O 0O0OOO0OO0O|O0O0OOOUO OO O0O0O|O0O0O00
L0 0 0 0 0O 0Oj]O OO OO0O|]0 O O0O|O O 0 0
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