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ON MAXIMAL DISTANCES IN A COMMUTING GRAPH*
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Abstract. It is shown that matrices over algebraically closed fields that are farthest apart in
the commuting graph must be non-derogatory. Rank-one matrices and diagonalizable matrices are
also characterized in terms of the commuting graph.
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1. Introduction and preliminaries. Let M,,(F) be an algebra of nxn matrices
over a field F. Its commuting graph I'(M,,(IF)) is a simple graph (i.e., undirected and
loopless) with the vertex set consisting of all non-scalar matrices. Two distinct vertices
X,Y form an edge X —Y if the corresponding matrices commute, i.e., if XY =Y X.

To date, much research has concerned the isomorphisms between commuting
graphs (see, e.g., [I, [16]) and the determination of the diameter of commuting graphs
of various algebraic structures (see, e.g., [4l [6 10, 1T, 19]). If n > 3 and F is alge-
braically closed field, then the diameter of I'(M,,(F)) is always four, and if F is not
algebraically closed, then either the commuting graph is disconnected or the diameter
is between four and six [4]. It is conjectured that the diameter is at most five [4].
Note that for n = 2 the commuting graph is always disconnected [5, Remark 8]. In
the present paper, we are interested in the commuting graph of matrix algebra M, (F)
over algebraically closed field F with n > 3. In particular, we study vertices which
are farthest apart in the commuting graph, i.e., at the distance four.

Let us briefly recall some standard definitions and notations. Throughout the
paper F is an algebraically closed field. We make no assumption on the characteristic
of F. Further, My, »(F) is the space of m x n matrices over F with a standard basis
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E;;, and M, (F) = M, »(F) is the matrix algebra with identity I,, and the zero matrix
0,. When it is clear from the context, we omit the subscript. Given an integer k > 2,
we denote by Ji(p) = uly + Zi:ll Eji41) € My(F) the upper-triangular elementary
Jordan block corresponding to an eigenvalue u. Let Ji(p) = p € F. For convenience,
we use Ji to denote Ji(0). Matrix B is a conjugate to A if B = S7'AS for some
invertible matrix S. The transpose of a matrix A is denoted by AT, and rk A denotes
its rank. Given a subset Q C M, (F), let

C) ={XeM,(F): AX = XA for every A € Q}.

The set C(Q2) is called the centralizer of Q. If Q is a singleton set {A}, then we set
C(A) = C({A}). Note that by a double centralizer theorem, C(C(A)) = F[A] where
F[A] is the unital subalgebra of M, (F) generated by A (see [21I} Theorem 2, p. 106]).

A centralizer induces two natural relations on M, (F). One is the equivalence
relation, defined by A ~ B if C(A) = C(B). We call such two matrices centralizer-
equivalent (or C-equivalent). The other relation is a preorder given by A < B if
C(A) C ¢(B). It was already observed that minimal and maximal matrices in this
preorder are of special importance, see for example [8] [9 20]. Recall that a matrix A
is minimal if C(X) C C(A) implies C(X) = C(A). It was shown in [20] Lemma 3.2]
that a matrix A is minimal if and only if it is non-derogatory which means that its
Jordan canonical form is equal to J = Jp, (M) @ - -+ & Jpn, (M) with A; # A; for ¢ # 5.
In this case,

C(J) =F[Jn, (M) & - - @ F[Jn, (Ae)] = FLJ] (1.1)

(see, for example, [7, Proposition 4.1] or [I3] Theorem 3.2.4.2]). So C(A) = F[4] if A
is non-derogatory. A matrix is derogatory if it is not non-derogatory or equivalently, if
it is not minimal, which we abbreviate to non-minimal. Recall also that a non-scalar
matrix A is mazimal if C(A) C ¢(X) implies C(A) = C(X) or X is a scalar matrix.
It is known (see [§, Lemma 4] and also [20] Lemma 3.1]) that a matrix is maximal
if and only if it is equal to af + BP or to ol + N, where P2 = P is a non-scalar
idempotent, N # 0 is a square-zero matrix (i.e., N*> = 0), and a scalar 3 is nonzero.
It should be noted that in [8] [20] the description of minimal and maximal matrices
was given only for the field of complex numbers, but the arguments can be applied
almost unchanged for arbitrary algebraically closed fields.

A path of length k in a commuting graph, denoted by X¢o—X; — -+ — Xy, is
a sequence of k + 1 distinct vertices Xy, ..., Xy such that X; 1 — X, is an edge for
it =1,...,k. The distance d(A, B) between a pair of distinct vertices A and B is the
length of a shortest path between them, and d(A4, B) = 0 if A = B. If there exists no
path between them, then we define d(A, B) = co. The diameter of commuting graph
is the maximal distance between any pair of vertices in it.
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The main purpose of this paper is to characterize matrices for which the diameter
of commuting graph T'(M,,(F)) is attained, that is, to prove the following theorem.

THEOREM 1.1. Let n > 3 and let F be algebraically closed field. Then the
following statements are equivalent for a non-scalar matric A € M, (F).

(i) A is non-derogatory.
(i) A is minimal with respect to the preorder <.
(iii) There exists a matriz X € M, (F) such that d(A, X) = 4.

Hence, a matrix A is non-derogatory if and only if there exists a matrix X, such
that for every B € C(A) and every Y € C(X) we have ¢(B)N¢(Y) =FI.

REMARK 1.2. There exist infinitely many non-derogatory matrices which are
pairwise at the maximal distance but each of them is at distance two from a fixed
rank-one matrix; see Lemma 2.7

To prove Theorem [[LI] we need the characterization of matrices that are C-
equivalent to matrices of rank one. Since these matrices are important, e.g., in theory
of preservers [I7], we state this characterization as a theorem.

THEOREM 1.3. Let n > 3 and let F be algebraically closed field. Then the
following statements are equivalent for a non-scalar matriz A € M, (F).

(1) A= X + R for some rank-one matriz R € M,(F) and some scalar X\ € F.
(i) A is C-equivalent to a rank-one matriz.
(ii) d(A,X) <2 for every non-minimal matric X € M, (F).

So, C(A) = C(R) for some rank-one matrix R if and only if C(A) NC(X) contains
a non-scalar matrix for each derogatory matrix X.

We will conclude the paper with the characterization of diagonalizable matrices.

THEOREM 1.4. Let n > 3 and let F be algebraically closed field. Then the
following statements are equivalent for a non-scalar matriz A € M, (F).

(i) A is diagonalizable.
(ii) There exists a minimal B € C(A) such that for each path B— X —Y in
(M, (F)) there exists a minimal matrix M such that X — M —Y is a path

Recall, if X commutes with a minimal matrix M, then X € F[M] by (TI).
Thus, Theorem [[.4] says that a matrix A is diagonalizable if and only if for every
non-derogatory B € C(A) and arbitrary X € C(B) and Y € C(X), there exists a
non-derogatory matrix M with X, Y € F[M].
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2. Proofs. Throughout F is an algebraically closed field and n > 3. We start
with four lemmas that we need to characterize rank-one matrices.

LEMMA 2.1. For every non-scalar matric A € M,(F), there exists a rank-one
matriz R € M, (F) with d(A, R) < 1.

Proof. Tt suffices to show that A commutes with at least one matrix of rank one.
Let = and y be eigenvectors of A and of AT, respectively, corresponding to the same
eigenvalue \. Then R = zy" is a rank-one matrix with AR = (Az)yt = \zyt =
2(ATy)T = RA. O

Using Lemma [Z] we can give an alternative proof of the result [4, Corollary 7]
on the diameter of a commuting graph.

COROLLARY 2.2. The distance between arbitrary two matrices in the commuting
graph is at most four.

Proof. Let A and B be arbitrary matrices. By Lemma 2] there exist rank-one
matrices Ry = xfT € C(A) and Rz = ygT € ¢(B). Since n > 3 we can find a nonzero
z € F* with fT2 = g7z = 0 and a nonzero h € F" with hTz = hTy = 0. Then, for
a rank-one matrix Ry = zh", we obtain A— R —Ry— R3—B. O

LEMMA 2.3. Let A = Ji, ® Jr, € My, 41, (F) be a nilpotent matriz with two
Jordan blocks of sizes k1,ka. Then, for each rank-one R € My, 11, (IF), there exists a
rank-one matriz Z € C(A) NC(R).

Proof. If k1 = ko = 1, then A is a zero matrix and the conclusion is obvious.
Otherwise, k1 > 2 or ko > 2. Let k = k1 4+ ko and let eq,...,e, be the standard
basis of column vectors in F". For every choice of A1, As, u1, o € F, the matrix Z =
A1 Evy M p2 B+ Ao i1 By 41k, +A2p2 B 11y = (Are1+Aoer, 11) (H1er, +poer)’
is of rank at most one and commutes with A. Let R € My, 1k, (F) be a rank-one
matrix. Then R = ab® for some column vectors a,b € F* and we may choose
(A1, A2) # (0,0) and (u1,p2) # (0,0) so that Za = Z' = 0. With this choice,
ZR=RZ=0.0

LEMMA 2.4. Suppose that a non-scalar matric A € M, (F) is not minimal. Then
d(A, R) <2 for each rank-one matrix R € M, (F).

Proof. Since A is non-minimal, at least two of its Jordan blocks, Ji, (A1) and
Ty (A2), satisfy Ay = A2 = A. Let k = k1 + k2. As C(A) = C(A — AI) and by using
appropriate conjugation, we may assume that A = Ji, & Ji, ® A for some matrix
Ae M,,_(F). A rank-one matrix R can be written as R = xyT with x = 21 ® 24 €
Fr @ F"* and y = y1 @ yo € FF @ F*~*. We define two vectors 21,71 € F* to be
Z1 =x if 21 #0, and 71 = ey if x; = 0. Similarly, it is defined that 73 = y; if y1 # 0,
and 71 = e; if y3 = 0. By Lemma 23] there exists a rank-one Z € M, (F) which
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commutes with 27T and with Jy, @ Ji,. Since ZTj¥ = Tyt ZT = .(Zp)",
Ty # 0 and 41 # 0, it follows that there is a scalar A such that Zz; = Az; and
ZT yl = )\yl

Let Z =Z @ My Then Z € C(Jk, & Ji,) ® (FI,—x) C C(A) is a non-scalar
matrix. Clearly, Zz = Zz; ® Axo = Az and Z'y = \y. Hence, Z commutes with
R=xyT and A. O

LEMMA 2.5. Let n > 4. Suppose that a non-scalar A € M, (F) is either

(i) a mazimal matriz with 2 <tk A <n —2, or
(ii) a nilpotent matriz with A3 = 0 and tk(A?) = 1.

Then there exists a non-scalar and non-minimal matriz X with d(A, X) > 3.

Proof. Suppose (i) holds. It was already mentioned in the first section that a
maximal matrix A is either A = al+ N for some square-zero matrix N or A = al+ 3P
for some idempotent P. Since A is singular, it follows that A = N, A = P, or
A=pP-1I).

Let k& = tkA. If A is a square-zero matrix, then 2 < k < 3. For every /,
we define s, = (1,1,...,1)T € F’ and 290 = (0,1,0,1,...,0,1)" € F?*. Also, let
Nyy = @521 J3 € Ma(F). Note that N22€ = 0 and rk Noy = £. Tt is easy to see that
a matrix

Noj_2 0 Z9k—2
0 On—2k+1  Sn—2k+1 (2.1)
0 0 01

is a square-zero of rank k, hence conjugate to A. So, we can assume without loss
of generality that A is already in the form (Z1]). Define also a non-minimal matrix
X =Jo®01 ® D, where D is a diagonal matrix with n — 3 distinct nonzero diagonal
entries.

Let B € C(X) NC(A) be arbitrary. We prove that B is a scalar matrix. Since
B € ¢(X), it easily follows that B = B3 & D,,_3 for some B3 = {% éi 8} and some
D,,_3 = diag(As, ..., An). By denoting A\,, = A\, we have Be,, = Ae,,. Also B € C(A),
i.e.,, BA = AB. Therefore, BAe,, = ABe,, = Me,, and ¢ = Ae, = (ea +e4+ -+
eak—2)+(ea2r—1+- - -+e,_1) is an eigenvector of B corresponding to eigenvalue A. Since
B = B3® D,,_3, we obtain Bey = Aeg and D,,_3 = diag(\, pi5, Ay .« -, flok—3, Ay -, A).
From Bes; = )es, it follows Bs = {8 ?\ 8} Also, Xegp_o = Beogp_o = BAegy_3 =
ABesp_3 = piog—3Aegk_3 = u2k73egko,g,éso top—3 = A. Proceeding backwards gives
por—3 =+-=pus =N, s0 B=Bs®A,_3. f k=2, thenzx=es+e3+ ---+e,-1
is an eigenvector of B so By = Al3. If K > 3, then \ey, = Bey = BAes = ABeg =
A(ees + ve1) = eeq + vea, so v = 0 and € = A, and so B = AI. This completes the
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proof that d(A, X) > 3 if A2 =0.

If A is a scalar multiple of an idempotent, then we may assume that A is an
idempotent of rank k with § < k < n — 2, because C(uA) = C(A) = C(I — A) for
u # 0 and if A is an idempotent then rk(I — A) = n — rk A. Using an appropriate
I, W
0 Op—sk
matrix W has ones at positions (k, 1), (k,n—k), and (i,n—k—i+1),i=1,...,n—k,
and zeros elsewhere. We also take a non-minimal matrix X = J, & 01 P L,,_r_1-

conjugation, we can additionally assume that A = { }, where k x (n — k)

Let B € C(X) N C(A) be arbitrary. Since B € C(A), it is easy to see that

B — ‘]\04 MW]:T WN for some M € My(F),N € M,_(F). Since B € C(X),

we deduce that M = Zle miJ,Z;l is upper-triangular Toeplitz, N = A @ Y with
AeF Y = [yij]ng',jgn—k € My_j—1(F), and (MW — WN);; = 0, except possibly
for i = 7 = 1. By equations

OZ(MW*WN)]CJ :m17>\,

0= (MW — WN)k,nfk =M1 — Yn—kn—k,
0=(MW —WN);n—r = mi—j+1 forall i with (n — k) <i < (k—1),

it follows that m1 = yp pxnt = A and, if § <k, my = m3 = -+ = mag_pny1 = 0.
Moreover, if § < k, then 0 = (MW — WN);1 = mp_g—iy1 + mp_iy1 for i =
(n—k—1),...,2, and since mg = mg = -+ = Mag_nt+1 = 0, we recursively obtain
mak—m+2 = -+ = MEg_—1 = 0. If % = k‘, then 0 = (MW — WN)i,l = Mk—i+1 for
i1 =2,3,...,n—k—1=Fk—1 and again mg = --- = mg_1 = 0. Now, equation

0= (MW —WN)ip_r = mi1+ Mk — Yn—kn—k = Mg completes the proof that
M = \},.

We proceed by 0 = (MW — WN); p_k—it1 = M1 — Yn—k—it1,n—k—it1 fOr i =
2,...,n—k—1land 0 = (MW —WN); ; = —Yn—k—it1,; for i =1,2,...,n—k—1
and j = 2,3,...,n — k, such that i + j # n — k+ 1. It follows that N = Al,,_; and
(MW — WN) = 0. Thus, B = Al and d(A4, X) > 3.

(i) Let A be a nilpotent matrix such that A% = 0 and rk(4%) = 1. We may
assume A is already in its Jordan canonical form, i.e.,

k
A=J38 @ Jo ®0p—3_2k.

i=1

S V
where T = t113 + toJ3 + t3J2 € M3(F), V € M,_3(F), and where the first column of

The centralizer of A is contained in the set of matrices of the form B = {T Sl],
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Sy € My_33(FF) as well as the last row of S; € M3 ,,_3(F) contain only zero entries.
We define a non-minimal matrix X =10 0® J,_s.

Let B € C(A) N¢C(X) be arbitrary. Since B € C(X), its off-diagonal entries in
the first row and the first column are all zero. Comparing with the above form for
B, we deduce that T' = ¢113. Moreover, B € C(X) also implies that the bottom-right
(n —2) x (n — 2) block of B is upper triangular Toeplitz matrix, which is equal to
t) I,—o for some t] € T, by the fact that the third row of Sy vanishes. Actually, t; =t
because a 3 x 3 block T overlaps with (n —2) x (n — 2) bottom right block. Further,
B € ¢(X) implies that the only possible off-diagonal nonzero entries in the second row
and column are at positions (2,n), and (3,2). Actually, B3y = T32 = 0, while from
B € C(A) we deduce that if By, # 0, then also By(,_1) # 0, which would contradict
the fact that the first row of B has zero off-diagonal entries. Hence, B = ¢1[ is a
scalar matrix, and therefore, d(4, X) > 3. 0

Proof of Theorem [[.3 If (i) holds, then C(A) = C(AI + R) = C(R). Hence,
A is C-equivalent to a rank-one matrix R. Inversely, if A is C-equivalent to some
rank-one matrix R’, ie., if C(A) = C(R'), then, by a double centralizer theorem,
Aec(c(A) =c(CR)) =FR] ={N+pR : X\peF}. Thus, (i) follows with
R = pR', and hence (i) is equivalent to (ii). Let us prove that (ii) is also equivalent
to (iii). Recall that non-minimal matrices are exactly derogatory ones.

If n = 3, then the Jordan canonical form of every non-minimal matrix X has at
most three Jordan blocks, and two of them must have the same eigenvalue, say .
Then X is C-equivalent to a rank-one matrix X — AI. Hence, by Lemma 24 (ii) and
(iii) are equivalent for n = 3.

It remains to prove the equivalence for n > 4.

(ii)= (iii). We can assume without loss of generality that A = R is rank-one.
Let X be an arbitrary non-minimal matrix. Then, by Lemma 24 d(4, X) < 2.

—(ii) = —(iii). Suppose that A is not C-equivalent to a rank-one matrix. Note
that there exists at least one non-invertible maximal matrix M > A. In fact, if
A=A @& - ® A, is a primary decomposition of A (see, e.g., [12]), then, by [7]
Proposition 4.1], F[A] = F[A1] @ - - - & F[A,]. Hence, using the Jordan structure of A;,
we can find a polynomial p such that M = p(A) is a non-scalar idempotent matrix or
a non-scalar square-zero matrix. Hence, 1 <tk M < n — 1. Note that tk M =n -1
implies M is an idempotent, and therefore, it is C-equivalent to a maximal matrix of
rank one. Thus, we can assume that 1 <rk M <n — 2.

If there exists a maximal M = A with 2 < rtkM < n — 2, then, by Lemma [2.5]
there exists a non-scalar and non-minimal matrix X with d(M, X) > 3. Hence, also
d(A, X) > 3 because C(A) C ¢(M).
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Otherwise, every maximal matrix M > A is C-equivalent to a rank-one idempo-
tent matrix or to a rank-one nilpotent matrix. Note that M = A if C(A) C ¢(M),
which implies M € ¢(¢c(M)) C ¢(C(A)) = F[A]. Therefore, for n > 4, the primary
decomposition of A contains at most two blocks, and in the Jordan structure of each
block there are only blocks of size at most three. Moreover, A can have only one
Jordan block of maximal size. This implies that (1) A is C-equivalent to a nilpotent
matrix whose Jordan structure is equal to Jg@@le J2®0,,_3_9k, (2) Ais C-equivalent
to a matrix whose Jordan structure is equal to 1@ J2 @ 0,3, or (3) A is C-equivalent
to a matrix whose Jordan structure is equal to 1 & J3 @ @le Jo ® 0p—s_ok-

In the case (1), Lemma assures that there exists a non-minimal X with
d(A,X) > 3. In the case (2) we have, modulo conjugation, A = 1® Jo ® 0,,_3.
It is easy to see that X = Jy @ J,,_o is non-minimal and d(A4, X) > 3. In case (3) we
have, modulo conjugation, A < A’ =06 J3 & @le Jo @ 0,,_4_o,. By Lemma 28]
there exists a non-minimal matrix X with d(A’, X) > 3 and hence, d(A,X) > 3. O

It was proven in [4, Lemma 2] that for matrices of order n > 3 the diameter of the
commuting graph is at most four (see also Corollary22labove) and that d(J, J* ) = 4.
These results imply that the diameter of the commuting graph of matrix algebra over
algebraically closed field is equal to four. It is well-known that the transpose of a
matrix is conjugate to the original (see, for example, [13] p. 134]). Thus, [4, Lemma
2] implies that the maximal distance from J to some of its conjugates is equal to
four. Our next lemma will strengthen this result by considering maximal distances
between an arbitrary minimal matrix A € M, (F) and matrices from conjugation orbit
{S7IBS: S invertible} of another minimal matrix B € M,,(F). Recall that a matrix
is minimal if it is conjugate to é In; (Ai), where \; # \j for i # j, and (n1,n9, ..., ng)

i=1
is a partition of n. In the following lemma we show that for two arbitrary partitions

of n, we can find two minimal matrices at distance four, having their Jordan forms
corresponding to the two partitions. One of the matrices is already in its Jordan
canonical form, while the other is a matrix which is conjugate to its Jordan canonical
form by an invertible matrix with all of its minors nonzero. Such invertible matrix is,

for example, a Cauchy matrix [xliy]}” (see [18]).

LEMMA 2.6. Let S be a matriz with all of its minors nonzero. For two arbitrary
k 1
minimal matrices A = @ Jn,(Ni) € M, (F) and B = @ Jp, (1s) € My (F), we have
i=1 i=1
d(A,S7'BS) = 4.

Proof. Assume to the contrary that d(A, S~1BS) < 3. Since C(A) = C(aA) for all
nonzero o € I, we can make every path longer by adding vertices which correspond to
scalar multiples of matrices. Hence, there exists a path A— X —Y —S~1BS of length
3in I'(M,(F)). We can assume without loss of generality that X and Y are maximal
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matrices. If X is not maximal, then there exists a maximal X’ = X. Thus, we could
consider a path A—X’'—Y —S~!BS of length 3, since 4,Y € ¢(X) C ¢(X'). A
similar argument applies to Y.

We now show that no two maximal matrices X € C(A) and Y € C(S™'BS)
commute and thus obtain a contradiction to the assumption d(A, S~!BS) < 3. Since
all maximal matrices are C-equivalent either to a non-scalar square-zero matrix or to
a non-scalar idempotent matrix, we will consider the following three cases.

First, let us assume that both X and Y are nonzero square-zero matrices. Note
that A = @le JIn; (Ai) and B = @221 Jm; (i) are minimal and hence, A; # A; and
wi # pj for i # j. Thus, we have that

X=ToTh& - &Tx and Y=SYT1eTyo - -a&T))Ss,

where all T; and Tj( are upper triangular Toeplitz matrices. Since X is a nonzero
square-zero matrix, its image Im X is a linear combination of a subset of vectors of
standard basis, i.e., ImX = Lin{eg(l),eg(g), .. .,eg(r)} for some permutation o of
length n and some integer r, 1 < r < 4. Moreover, since the nonzero X is Toeplitz
block-diagonal matrix, there exists a column with exactly one nonzero entry, i.e.,
there exist indices ¢t and s such that Xe; = aes # 0. For simplicity, we denote
T=T&T)&---@T/. Now, assume YX = XY. Then S™'TSXe; = YXe, =
XYe; € Im X, and therefore,

aTSe; € S(ImX) = Lin{SeU(l), 560(2), ey SBJ(T)}

which is clearly possible if and only if the rank of the n x r matrix
1 1 1
M = |=Sey1), —Sey2), -y, —S€q(r 2.2
o 2€a(1)) (@) os L PCa(r) (2:2)

is the same as the rank of the augmented matrix [M | T'Ses]. However, we will show
that this is not the case. Since all minors of S are nonzero, the s-th column of S, Ses,
has no zero entries, and it cannot be annihilated by a nonzero Toeplitz block-diagonal
matrix T, i.e., T'Se, # 0. However T2 = 0, so T has at least 5 zero rows, hence the
vector T'Se, has at least % zero entries. Recall that r < % and consequently there
exists an (r + 1) x (r + 1) submatrix of the augmented matrix having exactly r zeros
and one nonzero element in its last column. Using the Laplace expansion along the
last column of this (r + 1) x (r 4+ 1) submatrix, we observe that its determinant is
equal to a multiple of an 7 x 7 minor of the matrix M which, by ([Z2)), is equal to
()" times an 7 x 7 minor of S. By the assumption every minor of S is nonzero
and so r + 1 =1k [M |TSes] > rk M = r. This implies T'Ses ¢ S(Im X), which is a
contradiction.

Second, suppose that a non-scalar idempotent matrix X € C(A) commutes with
a non-scalar square-zero matrix Y € ¢(S™!BS). We can assume that r = tk X <
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5. Otherwise, we can take I — X instead of X. Hence, X = Zzzl E;(3)o@) and
Y = S~ITS, where o is an appropriate permutation of length n and T' = T} & T4 &
- @® T/ is as above. Let t = o(1). As before, if YX = XV, then S™!'TSXe; €
ImX = Lin{ea(l), €o(2)s - -5 eg(r)}, that is, T'Se; € Lin{Seg(l), Seg(g), ey Sea(r)}.
We proceed as in the first case to obtain a contradiction.

By the symmetry the only case remaining is the case when X and Y are both
non-scalar idempotents. Then X = >7_; Es(iyoi) and Y = S~IPS for idempotent
P = Zle E. -y and appropriate permutations o and 7 of length n. We can
assume that r < 5, since otherwise we substitute X by I — X, and s < 7, since
otherwise we substitute Y by I — Y. Again, let ¢ = o(1). If YX = XY, then
S71PSXe; € ImX = Lin{e,(1), €5(2),---,€0(r)} as before, or equivalently PSe; €
Lin{Se,(1), S€x(2),- -+ S€s(r)}. Since PSe; has n — s > 4 zero entries, we obtain a
contradiction as in the first case. This shows that d(A, S™'BS) > 4. But the diameter
of commuting graph is equal to four and hence, d(A, S™1BS) = 4. O

Now we prove that minimal matrices are the ones which maximize the distance
in a commuting graph.

Proof of Theorem[I.1l We already know that (i) and (ii) are equivalent by [20].
Also, (i1) = (iii) follows by Lemma To prove (iii) = (i¢) consider a non-
minimal matrix A and let X be an arbitrary non-scalar matrix. By Lemma 2.1] there
exists a rank-one matrix R with d(X, R) < 1. By Theorem [[.3 we have d(A, R) < 2,
so by a triangle inequality it follows d(A4, X) < 3. O

We continue by proving the assertions in Remark

LEMMA 2.7. There exist an infinite family of matrices (Xo)a € M,(F) and a
rank-one matriz Z such that d(Xq, Xg) =4 for a # f and d(Xq, Z) = 2 for all a.

Proof. Suppose first that n > 4 and let A = diag(A1, ..., A,) where \; are pairwise
distinct. Since |F| = co, we may choose a nonzero scalar v with v2 # 2 — n to form
an infinite family of rank-one nilpotent matrices R, = z(f* + ag?), a € F, where
r=1,..., L, f=2-n1,....,1,00T andg=(2—n—~%1,...,1,7)T. Note
that RoRg = 0 for all o, 8 € F. Thus, matrices S, = I + R, are invertible with
S, =1I—-R,. For every a € F, let X, = S,AS, . We claim that d(X,, Xg) = 4 for
a # B.

Fix o, 3 € F and denote S = S;1S5 = (I — Ro)(I + Rg) = I + &g", where
Z = (B — a)x. Since the distance is invariant for simultaneous conjugation, we can
replace (Xo, Xp) with (4,SAS™!). Now, to prove d(A,SAS™1) = 4, it suffices to
show that, non-scalar matrices D € C(A) and SDS™! € S¢(A)S™! do not commute.

Assume to the contrary that Dy and SDS~! commute. This implies that Dy (I +
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zg")D(I — 7gT) = (I + 297 )D(I — 7gT)D;. Since A is minimal (hence, non-
derogatory), C(A) consists of diagonal matrices only, which implies that D; and D
are diagonal. Since diagonal matrices commute, after expansion and simplification,
we get

(D1#)(Dg)" — (D1D¥)g" — (9" D&)(D1i)g"
— #(D1Dg — (¢" DF)D1g)" — (DF)(D1g)". (2.3)

Observe that g and Dg are linearly independent because each entry of g is nonzero and
D is a non-scalar diagonal matrix. Hence there exists a vector 3 such that g7y =0
and (Dg)Ty = 1. Then post-multiplying both sides of equation (Z3) with y gives
D1& = pZ +vDZ, where u = (D1 Dg — (g¥ D#)D1g)T y and v = —(D1g)T y. We infer
that (D1 —vD — pI)Z = 0. This implies that Dy = uI +vD, since Z has all its entries
nonzero. Hence, equation (Z3)) is simplified into

(DE)(Dg)" — (D*%)g" — (9" Dz)(DF)g"
=#(D% — (4" DZ)Dg)" — (D&)(Dg)*. (2.4)

If char IF # 2, we choose a vector z such that g7 2 = 0 and (Dg)T 2z = 1. By evaluating
both sides of equation (24 at z, we obtain that

2Di = ((D?*g)* 2z — (¢* Di))i.

Then 7 is an eigenvector of a non-scalar diagonal matrix 2D, which is a contradiction
because all entries of & are nonzero. Hence, d(X4, X3) = 4 for each o # S.

If charF = 2, then we choose a vector z such that ¢gT 2z = 1 and (Dg)T z = 0.
Similarly, this simplifies equation ([24) into D27 + (¢¥ DZ)Di = A%, where \ =
(D?g)T 2. Arguing as above, D%+ (g DZ)D—\I = 0. Since D is a non-scalar diagonal
matrix, which is annihilated by a quadratic polynomial p(t) = t? + (¢* DZ)t — )\ =
(t—01)(t—02), it has exactly two distinct eigenvalues, say d; and d2 (with multiplicities
k and n — k, respectively). Hence, D = diag(dy, da,...,d,), where d; € {01,092} and
without loss of generality d; = d;. Comparing the coefficients of polynomial p in
characteristics 2, we obtain

n—1

51+ 62 = (¢T D7) = (B — @) ((2 —n=)d + Y di+ 72dn>. (2.5)

i=2
Note that dy +de + -+ + d,, = ké1 + (n — k)d2. If d,, = 61, then (ZI) simplifies
into 01 + d2 = (8 — a)(n — k)(61 + 92). If d,, = J2, then it simplifies into §; + do =
(B —a)(n —k+~+%+1)(d; + 62). Since D is not a scalar matrix, we can divide by
81 + 02 to obtain either (8 —a)(n —k) =1or (8 —a)(n—k+~2+1) = 1. Note that
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n—k € {0,1} (mod 2), and therefore, we obtain that 8 € a+{1, = ﬁ} Clearly,

a@a
we can choose an infinite subset of indices A = {0, a1, 1 + a0, 1 + s+ as,... } CF
such that o — 8 ¢ {1, ﬁ, ﬁ} for o, 5 € A and for this subset, d(X,, Xg) = 4.

It remains to find a matrix Z such that d(X,, Z) = 2 for each a. Observe that
the rank-one matrix

SaBnSy" = (I+a(f +ag)")ere? (I - a(f +ag)")

commutes with X, = SaAS;l. Sincen>4andg=2+(1—n— 72)61, there exists
a nonzero vector w with w"e; = wTz = w" f = wT g = 0. Then rank-one matrix
Z = ww"' commutes with S, F1;S, " and hence, we have path X, —S,E115,'—Z
in T'(M,,(F)) for every a. Actually no shorter path between X, and Z exists, because
otherwise d(X,,Xg) < 3 for each §, which is a contradiction. Thus, d(Xa,Z) = 2
for every a.

Consider now the remaining case n = 3. Choose Z = FEj; and define matri-
ces Ry, = (0,1,0)" (0,0, —1), o € F, that form an infinite family of pairwise non-
commuting nilpotent rank-one matrices. Notice that each R, commutes with F1;.

0 a -1
Moreover, for each a € T, define a nilpotent matrix X, = 1 0 O with
a 0 0

rank-two. Note that X i = R,. Since n = 3 and X, is minimal, all non-scalar ma-
trices which commute with X, are C-equivalent to either X, or R,. Therefore, as
d(Rqa, Rg) = 2 for o # B, we see that d(X,,Xg) =4 for a # 5. O

Diagonalizable matrices can also be classified using the distance in the commuting
graph. Before doing that we need two lemmas.

LEMMA 2.8. Suppose a minimal matric B € M, (F) is diagonalizable and let
B—X—Y be a path in T'(M,(F)). Then there exists a minimal matriz M € C(X)N
cy).

Proof. Assume with no loss of generality that B is diagonal. Since B is minimal
and hence non-derogatory, every X € (C(B) is also diagonal. Using simultaneous
conjugation on (B, X) we may further assume that X = A\ L,, @ -+ ® ALy, , with
A1, ..., Ap pairwise distinct and ny,...,ng > 1. Since Y € ¢(X) = M,,,(F)®--- @
M, (F), it follows that ¥ = Y3 & --- & Y} is block-diagonal. Thus, we can find
an invertible block-diagonal matrix § = S; @ --- @ Sk such that S7'XS = X and
STy S = @le S;7YYiS; = @;_, Jm, (1) is in upper-triangular Jordan form, m; > 1,
s > k. Then we can choose distinct vq,...,vs € F such that the matrix M =
S®;_, Jm:(v;)S™! is neither equal to X nor Y. Also, since v1,...,v, are distinct,
M is minimal and it commutes with X and with Y. 00

LEMMA 2.9. Suppose a minimal B € M,(F) is not diagonalizable. Then there
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exist non-scalar matrices X,Y forming a path B— X —Y in T'(M,(F)) such that
C(X)Nc(Y) contains only non-minimal matrices.

Proof. Without loss of generality assume B is already in its upper-triangular
Jordan form, B = J,, (A1) @ -+ @ Jn, (Ax) with Aq,... A\, distinct and n; > 2.
Define X = FEi,, = J 7 @ 0,—pn, € C(B), and for fixed k € {1,...,n} \ {1,n1}
define Y = FEjj. Clearly, X commutes with Y. Let us show that no minimal A =
SDi—y In, (11;)S™! commutes with both X and Y. Since X,Y € C(A) = F[A]
are of rank one, it follows that X € IFS(Omjh1 @ il g OSJ,rl)S_1 and Y €

7’7,]1
I[?S(Omjr1 &5, Js;‘jil 69087.271)5'_1 for some ji, j2, where mj,_1 =n; +---+nj_1 and
$j,—1 =n —mj,_1 —n;,. However, tk(X +Y) = rk(E1,, + E1x) = 1 and so ji = jo,
which implies X and Y must be linearly dependent, giving a contradiction. O

Proof of Theorem[1.J} Suppose A is diagonalizable and assume without loss of
generality that A is already diagonal. Choose distinct scalars uq, ..., u, to form a
minimal matrix B = diag(p1, ..., tn) which clearly commutes with A. Then (ii)
follows from Lemma

If A is not diagonalizable, then choose a minimal B € C(A). Note that such B al-
ways exists. For example, if A = S@le Jn,(Ni)S™1, then B = S@le T, (pi)S™1 €
C(A) is minimal for distinct scalars pq, ..., ug. Since C(B) = F[B], it follows that
A € F[B] which implies that B itself is not diagonalizable. It now follows from
Lemma that there exist X,Y with B— X —Y, but no minimal matrix commutes
with both X and Y. Thus, (ii) does not hold, which proves the theorem. O
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