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POSTLIE ALGEBRA STRUCTURES ON THE LIE ALGEBRA SL(2,C)*

YU PANT, QING LIUT, CHENGMING BAI ¥, AND LI GUO#

Abstract. The PostLie algebra is an enriched structure of the Lie algebra that has recently
arisen from operadic study. It is closely related to pre-Lie algebra, Rota-Baxter algebra, dendriform
trialgebra, modified classical Yang-Baxter equations and integrable systems. This paper gives a
complete classification of PostLie algebra structures on the Lie algebra sl(2,C) up to isomorphism.
The classification problem is first reduced to solving an equation of 3 X 3 matrices. Then the latter
problem is solved by making use of the classification of complex symmetric matrices up to the
congruent action of orthogonal groups.
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1. Introduction. We begin with recalling background on PostLie algebras [7].

DEFINITION 1.1.

1. A (left) PostLie C-algebra is a C-vector space L with two binary operations

o and [, ] which satisfy the relations:
[ac,y] = —[y,x], (1'1)
[z, 2] + [z, 2], y] + [[y, 2], 2] = O, (1.2)

zo(yox)—yo(zox)—i—(yoz)ox—(Zoy)ox—i—[y,z]ox:(), (1.3)

zolz,y| = [zoz,y] — [z, 20y =0, (1.4)
for all z,y € L.
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2. Let (&(L),[,]) denote the Lie algebra defined by Eq. (LI) and Eq. ([T2)).
Call (L,[, ],0) a PostLie algebra on (&(L),], ])-

3. Let (g,[,]) be a Lie algebra. Two PostLie algebras (g, [, |,o) and g,[, |,*)
on the Lie algebra g are called isomorphic on the Lie algebra (g,[, ]) if there
is an automorphism f of the Lie algebra (g, [, |) such that

flxoy)=f(z)x f(y), Va,y€g.

The concept of a PostLie algebra was recently introduced by Vallette from an
operadic study [7]. It is closely related to pre-Lie algebra, Rota-Baxter algebra,
dendriform trialgebra and modified classical Yang-Baxter equation, and has found
applications to integrable systems [2]. For example, any PostLie algebra gives a
solution of the modified classical Yang-Baxter equation introduced by Semenov-Tian-
Shansky in [6] and a natural triple Lie algebra constructing a self-dual nonabelian
generalized Lax pair. Further the corresponding operad plays the role of “splitting”
a binary quadratic operad into three pieces in terms of Manin black products [I} [g].

It is important to give examples before attempting to achieve certain classifica-
tion in an algebraic structure. Considering the great challenge in giving a complete
classification for the well-known algebraic structures such as Lie algebras and asso-
ciative algebras, it is reasonable to begin with studying the classification of PostLie
algebras on some well-behaved Lie algebras, such as complex semisimple Lie algebras.
As applications, the resulted PostLie algebras with explicit structure would be applied
directly to the above mentioned fields. Thus, as a first step and as a guide for further
investigations, we determine all isomorphic classes of PostLie algebra structures on
the Lie algebra (sl(2,C), [, ])-

Let

L Ll[ 0 1 . 0 1 . 1 0
7ol -1t 02 PP o/salr oo P o/t lo -1 |

They form a C-linear basis of sl(2,C) and determine the Lie algebra (sl(2,C),][, ])
through the relations

[62763] = €1, [63,61] = e2, [61762] = €3.

Our main result of this paper is the following classification theorem.

THEOREM 1.2. The following is a complete set of representatives for the isomor-
phic classes of PostLie algebras (sl(2,C), [, ],o) on the Lie algebra (s1(2,C),[, ]).

1. eioej:O7 ia.j:15273;‘
2. ¢ c€j; = [_ei7ej]7 Za.j =1,2,3;
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1+\/—1 \/—1—1
3. e1oe; =[—eq, e, 62061—[ eg + es, e,
esoe; = [—1Ele, + Y=le ] 1_123
4. eroe; =[(v— 1——el—|—(1——) eils
ezoe; =[(1+ Y L)er — (V=1 + 1)es -], esoe; =0, i= 123
5. eroe; = [kei,e;], egoe; = [f—e —Ves,ei], esoe; [ 7563,61'],

i=1,2,3, kecC.

As pointed out in [2], such a classification problem is related to the classification of
the modified classical Yang-Baxter equation [6]. While the classification in [6] works
for the so-called graded r-matrices in a finite-dimensional semisimple Lie algebra, in
terms of extensions of linear operators associated to the parabolic subalgebras, our
classification in the case that we are considering is given without any constraint graded
conditions and is more precise in the sense that the structural constants are spelled

out explicitly.

Our proof of the theorem consists of two steps:

Step 1.

Step 2.

Give a one-one correspondence from the isomorphic classes of PostLie algebra
structures on (sl(2,C), [, ]) to the congruent classes of solutions of the matrix
equation Eq. (Z3]). This will be carried out in Section [2

Classify the congruent classes of solutions of the matrix equation Eq. (Z3]).
This will be carried out in Section

For this purpose, we make use of a result on the canonical forms for complex
symmetric matrices under the congruent action of SO(3, C) (Proposition [3.2).
When a solution A of Eq. (233) has full rank, it can be shown that A is sym-
metric. Thus, we only need to check against Eq. (23)) the complex symmetric
matrices with full rank which are in the above canonical forms. When a so-
lution A does not have full rank, A is no longer symmetric. Then we try to
relate Eq. (Z3) of A to equations of various symmetrizations of A, such as
A’A and A’ + A so that we can still apply Proposition This strategy
turns out to work quite nicely.

2. A matrix equation from PostLie algebras. In this section, we carry out
the first step in establishing Theorem by proving Theorem Z4l We begin with
recalling two results on PostLie algebras.

LeMMA 2.1. ([7]) Let (L, [, ],0) be a PostLie algebra. Then the binary operation
given by

{z,y} =20y —your+[r,y], Vo,ye L,
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defines a Lie algebra.

ProposiTION 2.2. ([2]) Let (g,[,]) be a semisimple Lie algebra. Then any
PostLie algebra structure (g, ][, |,0) (on (g,[, ])) is given by

roy=[f(x)y], Vx,y € g,

where f g — g is a linear map satisfying

[f (@), F()] = F(If @)yl + [z, f ()] + [2,9]), Va,y € g (2.1)

REMARK 2.3.

1. A linear map f satisfying Eq. () is called a Rota-Baxter operator of weight
1 [4].

2. We also note that Eq. (Z1)) is equivalent to the condition that [f(z), f(y)] =
f{=x,y}), for any z,y € g, that is, f is a homomorphism between the two Lie
algebras (g, [, ]) and (g, {, }) from Lemma 2]

THEOREM 2.4. Let o be a binary operation on sl(2,C). The following statements
are equivalent.

1. The triple (sl(2,C),[, ],0) is a PostLie algebra on (sl(2,C),[, ]);
2. The operation o is given by

roy= [f(l')a y]a Va,y € 51(27((:); (22)

where f :81(2,C) — sl(2,C) is a linear map satisfying Eq. (21);
3. The operation o is given by

xoy=|[f(x),y], Vax,yesl(2C),

where f :sl(2,C) — sl(2,C) is a linear map whose matriz A with respect to
the basis {e1, ea, €3} satisfies

A'((tr(A) + 1) I3 — A) = A*. (2.3)
Here A’ is the transpose matriz of A and A* is the adjugate matriz of A.

Furthermore, the linear map f (and hence, its matriz A) in Item (3) is unique for a
given o.

Because of their uniqueness, the linear map f (resp., its matrix A) in the theorem
is called the linear map (resp., the matriz) of the PostLie algebra (s1(2,C),[, ],0) and
is denoted fo (resp., Ao).
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Proof. The part [{l) = (@) is a special case of Proposition 2.2

@) = [@): Applying Eq. ZI)) to z € sl(2,C) gives Eq. (IL3). Since the left
multiplication y — [f(z),y],y € sl(2,C) is a derivation, from Eq. (Z2) we obtain

Eq. (T4).
@ = @): Set

fle)) = Zaijejv where A = (a;5), ai; € C,4,5=1,2,3.
j=1

Substituting the above equation into Eq. (Z1]), we obtain

@22 G23 @23 G21 a21 a22

f((a22 + azz + 1)er — azies — azie3) = e; + e + €3,
az2 @33 a3z @31 az1 @32
a3z2 @33 a3z a31 agzyp a32

f(—a12e1 + (@11 + ass + 1)ea — agzes) = e1 + ez + €3,
@12 Q13 @13 Qi1 a11 a12
@12 Q13 @13 Qi1 a11 a12

f(—aize1 — azzea + (a11 + age + 1)eg) = e1 + ez + es.
@22 G23 a23 G21 a21 G22

By the linearity of f, we can express these equations in the matrix equation

az2 +asz+1 —ag1 —aszy f(e1) el
—ai2 a1+ ass +1 —as2 flea) | = (A%) | ea
—a13 —a93 air +agx + 1] f(es) es
That is,
€1 el
(tr(A) + ) I5 — A)A | es | = (A7) | e
€3 es

Since {e1, ez, €3} is a basis of sl(2, C), we obtain
((tr(A) +1)I3 — A)A = (A")".
This is Eq. 23).

B) = ([@): Reversing the above calculation, from Eq. [23)), we have

f({e2,es}) el e1 [f(e2), f(e3)]
f({es,en}) | = ((tr(A) + 1) I3 — A)A| ea | = (A") | e2 | = | [f(e3), f(e1)]
f({e1,e2}) €3 e [f(e1), f(e2)]

So by Remark 23 @), Eq. (Z1)) holds.
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Finally, suppose there are linear maps f and g on sl(2,C) such that x oy =
[f(z),y] = [g(z),y],z,y € sl(2,C). Since the center of sl(2, C) is zero, we have f(z) =
g(x),x € sl(2,C). This proves the uniqueness of f. O

We cite the following result [5] for later reference.

LEMMA 2.5. A linear map on sl(2,C) is a Lie algebra automorphism if and only
if its matriz with respect to the basis {e1,ea,e3} is in SO(3,C).

THEOREM 2.6.

1. Two PostLie algebras (sl(2,C), [, ],0) and (sl(2,C),[, ], *) on the Lie algebra
(s1(2,C),[,]) are isomorphic if and only if their matrices A, and A, are
congruent under SO(3,C), that is, there is T € SO(3,C) such that A, =
T'AT.

2. If A is the matriz of a PostLie algebra, then all the matrices in its congruent
class under SO(3,C) are matrices of PostLie algebras. Thus, SO(3,C) acts
on the matrices of PostLie algebras on (s1(2,C),[, ]).

3. The map that sends a solution of Eq. (Z3)to its corresponding PostLie al-
gebra in Theorem induces a bijection between congruent classes (under
SO(3,C)) of solutions of Eq. (Z3) and isomorphic classes of PostLie algebra
structures on (sl(2,C), [, ]).

Proof. (I). (=) By the assumption, there is a linear isomorphism ¢ : sl(2,C) —
sl(2,C) such that

olx)*xp(y), Vz,yesl(2,C).

©
—
SR
[e]
)
I

Let f, and f, be the linear maps on the PostLie algebras (sl(2,C), [, ], o) and (s1(2,C),
[, ],*) respectively from Proposition 22l By Egs. (24) and (21), we have

[o(fo(®)), p(y)] = ([fo(x),y]) = [fs(p(2)), 0(¥)], Vax,y€sl(2,C).

Since the center of sl(2,C) is zero, we have

p(fo(x)) = fulp(x)), Vo esl(2,C).

Thus, ¢fs = frp, that is, AT = T A, for the matrix T of ¢ with respect to the basis
{e1,e2,e3} of sl(2,C). Since T is in SO(3,C) by Lemma 2T we have A, = T'A.T.

(«<=) Suppose there is T € SO(3,C) such that A, = T'AT. Let ¢ be the
linear operator on sl(2, C) whose matrix with respect to the basis {e1,e2,e3} is T. By
Lemma 2] ¢ is an automorphism of the Lie algebra sl(2,C). Thus, Eq. (Z4) holds.
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Furthermore, from A, = T’ A,T we obtain ¢ f, = f,1. Thus we have
Pz oy) = ¢([fo(2),y]) = [(fo(2)), ¥ (y)] = [(¥fo)(2), ¥(y)]
= () (@), ¥ ()] = [f (@ (2)), ¥ (y)] = ¥ (@) xP(y),

proving Eq. (Z3)).

@). If A is the matrix of a PostLie algebra on the Lie algebra (sl(2,C), [, ]), then
A is a complex matrix satisfying Eq. 23). Thus, for any T' € SO(3,C), we have

T'ATT ((tr(A) + 1)1 — A)T = T'A*T
Since TV = T™*, this gives
(T'AT) ((tr(A) + 1)I5 — T'AT) = T*A*(T*) = T*A*(T')* = (T'AT)",

showing that B = T" AT also satisfies Eq. (Z3)). So B is also the matrix of a PostLie
algebra on sl(2, C).

@). By Theorem[24] we have a bijective map from the set of solutions of Eq. (23))
to the set of PostLie algebras on (s1(2,C), [, ]). By Item (), this bijective map induces
a bijective map from the set of congruent classes (under the action of SO(3,C)) of
the solutions of Eq. (23) to the set of isomorphic classes of PostLie algebras on

(sl(2,C),[,]). O

3. Classification of the matrix solutions. According to Theorem 2.6 ([B]), in
order to prove our main Theorem [[L2] we only need to prove the following theorem
on congruent classes of solutions of Eq. ([Z3).

THEOREM 3.1. A complete list of representatives A of congruent classes for the
solutions of Eq. (Z3) is given as follows:

[0 0 0 -1 0 0 -1 0 0
. 1T yTIo |
0o0o0f; [0 -1 0l |o e |
0 0 0 0 0 -1 0 Y 1 |
- s
ko0 ¢0—1 o I
0 -1 Hlkeg 1+ 17T ol

The proof of this theorem will be presented in this section. After discussing a
preparatory result on congruent classes of complex symmetric matrices, we will divide
our proof into the three cases when the rank of A is three, two or one. Since the case
when the rank of A is zero gives us the trivial solution, we will not discuss it further.
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The next result is essentially due to [3, Chapter XI, Corollary 2]. We modify it
in its general form and spell out the details in the dimension three case to fit the
application in this paper.

PropPoOSITION 3.2. Consider the k x k complex matrix

010 0 0] o 0 --- 0 1 0

1 01 0 0 0o 0 -~ 1 0 -1

01 0 0 0 0O 0 -~ 0 —1 0
Dy = ) +v-1

0 0 0 0 1 1 0 -~ 0 0 0

0 0 0 1 0] 0o -1 -~ 0 0 0]

1. For a complex symmetric n x n matriz A with elementary factors (A —
AR A=) k4 -+ ke =, there exists T € O(n,C) such that

TAT ! = P :=diag (A1 I, + Dy, AoIpy + Diyy - Medy, + Dy,) .

2. When n is odd, the above matriz T can be chosen to be in SO(n,C).

3. For each 3 x 3 complex symmetric matriz A, there exists T € SO(3,C) and
a unique P in the following list such that P = TAT !,
(a) Whenr(A) =3,

A 0 0 A 0 0
0 X O0]:;]0 X+v=1 1 :
0 0 X3 0 1 A—y—1
A 1++/~1 0
1++/-1 A 1—+v—1]. (3.1)
0 1—+v—1 A

(b) When r(A) =2,

; 1 A—+v=1 0f;

A0 0] [A+vV/-1 1 0
0
0 0 0 0

A 0 o 17T 0 1+v-1 0
0 v=1T 1 |i|1+v=T 0 1-y=1|. (32
0 1 —v=I] | o 1-v=T 0
(c) When r(A) =1,
A 00 v—1 1 0
00 0 1 —v=1 o (3.3)
0 00 0 0 0
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(d) Whenr(A) =0,

(3.4)

o O O
o O O
o O O

Here all constants are non-zero.

Proof. (). By [3l Chapter XI, Corollary 2], for a complex symmetric matrix A
with the elementary factors as in the proposition, there exists T € O(n, C) such that

1 1 1
TAT '=pP:= diag ()\1[]91 + §Dk1;>\21k2 + §Dk27 RN )\tIkt + §Dkt) .

Note that %A is a complex symmetric matrix whose elementary factors are (A— %)\1 L
(A= %)\t)kf. Applying the above result in [3] to %A, there is T' € O(n,C) such
that

.. . 1 1 1 1
T§AT L= dlag <§)\1[k1 + §Dk1, ceey iAtIkt + §Dkt) .

Hence, we have

TAT ! = diag ()\1]]@1 + Dkl, ey )\tIkt + Dkt) .

@). When n is odd, we can get the matrix T € O(n,C) to be a matrix S €
SO(n,C) by keeping T if det T'=1 and replacing T by —T if det T' = —1.

@). This part is a detailed enumeration of Item (2]) except the uniqueness of P
which follows since different matrices in the list of Eqs. 1)) — (B4) have different
Jordan canonical forms. 0

3.1. Case 1 of Theorem [B.It The rank of A is three. In this case, A is
invertible. Then by Eq. (23), we obtain

(tr(A)+ 1)1 — A= (A')_IA* = (A_l)'A_1 det A.
Then
A= (tr(A) + 1)I3 — (A1) A~ det A.

So A is a symmetric matrix. By Proposition 3.2} we can assume that A is one of the
three matrices in Eq. (I)).
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A0 0
3.1.1. Case 1.1. A= 0 )\2 0 ,)\1)\2)\3 7& 0.
0 0 A3

Applying Eq. (23) to A and comparing the entries on the main diagonal of the
matrices on the two sides, we have

A2+ A3 +1) =XaA3, (A3 + A +1)=A3M1, As(AM+A2+1) =M.

Adding two of the equations at a time and then dividing by A1 A2A3, we obtain

Ly Lo Lilia—o Lo liaso
Al A D PR P PR -
yielding the unique solution Ay = Ao = A3 = —1. Therefore,
-1 0 O
A=]10 -1 0
o 0 -1
This is indeed a solution of Eq. (23]
A1 0 0
3.1.2. Case 1.2. A= 0 X++v-1 1 ;A1 # 0.

0 1 A2 — /-1
Applying Eq. (23) to A and comparing entries, we have
200 + A =23, M+ DV-1+A3+ X =0, 2\ +1=0.

From the second and third equations, we find that Ay is 0 or —1, both contradicting
the first equation. Thus, the equation set does not have any solution and this case
does not give any solution of Eq. ([2.3]).

A 14++/-1 0
3.1.3. Case 1.3. A=|1++/-1 A 1—+v/-1],A#0.

0 1-v-1 A
Applying Eq. (Z3) to A and comparing the (1, 3)-entries of the two sides yield a
contradiction —2 = 2. Therefore, this case does not give any solution of Eq. (Z3)).

3.2. Case 2 of Theorem [3.Jt The rank of A is two. In this case, A is
not necessarily symmetric. But A’A is still a symmetric matrix. We will use this
observation to relate Eq. (Z3]) for A to an equation for A’A.

Let A be a solution of Eq. (23). Multiplying A from the right to the two sides
of Eq. 23), we have A'((trA+ 1)Is — A)A = det AI3 = 0. Thus,

(trA+ 1)A’A = A'AA. (3.5)
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Therefore, for a solution A of Eq. (23), A’A is symmetric and satisfies Eq. ([3.5]).

Furthermore, since r(A) = 2 and r(4’A) <r(4), r(A'A) is 0, or 1 or 2. However,
r(A’A) # 0. Otherwise, r(A’) = 2 would be the dimension of the solution space of
XA = 0, which is 3 — r(A) = 1, a contradiction. Thus, r(A’A) = 1 or 2. Then
by Proposition 32 there is T' € SO(3,C) such that P := TA’AT’ is one of the six
matrices in Eqs. (8.2)) and B.3).

By Theorem 206, B := TAT" is also a solution of Eq. (Z3]) that is congruent to
A. Further, multiplying T (resp., T") to the left (resp., right) hand side of Eq. (83,
we find that B'B = TA’AT’' = P satisfies Eq. (3] as well and is congruent to A’ A.

To summarize, in order to find solutions of Eq. (23]) of rank 2 up to congruent by
SO(3,C), we only need to consider every solution A of Eq. (Z.3]) such that A’A is one
of the six matrices in Eqs. (8:2) and (B3)), and satisfies Eq. (8:5). We now consider
the corresponding six cases separately.

A0 0
3.2.1. Case 2.1. A/A=| 0 X2 0|, M)A #0.
0 0 O

Substituting A’A into Eq. (38) and comparing entries in the first two rows, we
have

a2 =a13 =ag1 = ag3 =0, ai; =ag = tI‘(A) + 1. (36)

If tr(A) + 1 = 0, then the first two rows of A are zero. Then r(A4) < 1, which is a
contradiction to our assumption. So a11 = age = tr(A4)+1 # 0. Then, from r(A) = 2,
we get azz = 0. Substituting it into Eq. (23)) and comparing the (3, 3)-entries of the
two sides, we get 0 — 0 = aj1a92 # 0, which is a contradiction. Therefore, this case
does not give any solution of Eq. ([23).

A+v-1 1 0
3.2.2. Case 2.2. A/A= 1 A—+v/—=1 0|,A#0.
0 0 0

Substituting A’A into Eq. (38) and comparing entries in the first two rows, we
again have Eq. (3.8). Therefore, as in Case 2.1, the current case does not give any
solution of Eq. (23).

A 0 0
3.2.3. Case 2.3. A/A=[{0 -1 1 s A0,
0 1 —/-1
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Substituting the form of A’A into Eq. (3.3]), we obtain

A0 0 A0 0
(tr(A)+1lo v=1 1 |[=]0 V=1 1 |A (3.7)
0 1 —-1 0 1 —v/—-1

Since A # 0, we have
al] = tI‘(A) +1, a2 =a13=0.

By the assumption of the form of A’A in this case, we obtain

R | P R

as3 ass asz ass 1 —v-1

Hence,

(a22)” + (a32)® = V=1, (a2s)® + (as3)® = —v/—1, det [ faz 23 ] =0. (3.8

az2 Aass

From the third equation in Eq. 88) and a12 = a13 = 0, we find that the first row
of A* is 0. Thus, from Eq. (23)), we obtain

ail a1 a3zl A 0 0 0 0 0
(tI‘(A) + 1) 0 ao2o2 A32 | — 0 vV -1 1 = (A*)Ql (A*)QQ (A*)23 .
0 a3 as3 0 1 —v-1 (A*)31 (A%)32  (A")33

Comparing the (1, 1)-entries, we have (tr(A4) + 1)ai; = (tr(A) + 1) = X\ # 0. Then
a1 = az; = 0. So from Eq. (B7), we get

(tr(A) + 1)V—1 = V—lagy + asz, —(tr(A) +1)vV—1 = ag3 — vV—1lass.  (3.9)

It is easy to derive the solutions of Eq. (3:8)) and Eq. (3.9)):

agy = %(tr(A) +1+ %); as = %((tr(fl) +1)V-1+ Mﬁ)-
agg = %(tr(A) +1 (br(A) + DV=1);  azs = %((tr(A) - U"(A%)'

Hence, age + ags = tr(A) + 1. On the other hand, since tr(4) + 1 = a11, we have
agz + azz = —1. Therefore, tr(A) + 1 =—1. So

-1 0 0

A=1 0 _1+~2/—1 V=1i-1
2

0 B e Ve T |
2 2

It is straightforward to check that it satisfies Eq. (Z3)).
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0 1++v-1 0
3.2.4. Case 2.4. A/A=|1++/-1 0 1—-+v-1].

0 1—+v—1 0
Substituting A’A into Eq. ([3.3]), we obtain
ag1 = a3 =0, ag = tI‘(A) +1, G%Q + agg =0.

On the other hand, comparing the (2,2)-entries on both sides of A’A in its assumed
form in this case, we obtain a2, + a3, + a3, = 0. So a2z = 0. Then tr(A) + 1 = 0.
Thus, by Eq. (B3] in this case again, we obtain

(1+\/—_1,1—\/—_1)[a” 12 ‘“3]:0.

az1 asz2 ass

Note that (ag1, age, az3) = 0. Sor(A) = 1, which is a contradiction to our assumption.
Therefore, this case does not give any solution of Eq. (Z3).

A 00
3.2.5. Case 2.5. A/A=|0 0 0|,A#0.
0 0 O

Substituting the form of A’A into Eq. (33]), we obtain
al] = tI‘(A) +1, a2 =a13=0.

On the other hand, by the assumption of the form of A’A in this case, we obtain

[ a22 A32 ] [ a22 A23 ] —0. (3'10)
a3 Q33 azz Qg3
From Eq. (23], we have
a1l Qa1 a3zl A0 O 0 0 0
(tr(A)+1) 0 asp aza | —|10 0 0]= (A*)Ql (A*)QQ (A*)gg .
0 a3 as3 0 00 (A*)31 (A%)32  (A%)s3

Comparing the (1, 1)-entries of the two sides, we have (tr(A4)+1)a;; = (tr(4)+1)? =
A # 0. So a11 # 0. Moreover, comparing the (1,2) and (1,3)-entries of the two sides,
we see that as; = az; = 0. Since a1; # 0, we obtain ase = ass, ae3 = —aszz. Since

a11 = tr(A) + 1, we have ags + ass = —1. So age = agg = f%. Substituting them into

Eq. 3I0) gives

ail 0 0 ail 0 0

A= 0 -1 YAland A=|0 -1 -2
0 =L _1 0 v _1
2 2 2 2
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-1 0 0
The above two matrices are orthogonal congruent by | 0 0 —1]. So every
0O -1 0
matrix in this case is orthogonal congruent to one of
aill 0 0
1 V=1
0 -5 5 | ail 7& 0,
0o =1 _1
2 2

which satisfies Eq. (23)) for any a11 # 0. Thus in this case, we obtain a parameterized
family of solutions. Since the trace of a matrix is preserved by any orthogonal congru-
ent operator, the matrices with different values of a1 are not congruent. Therefore,
different matrices in the family are in different congruency classes.

v—1 1 0
3.2.6. Case 2.6. A’A = 1 —+v—=1 0.
0 0 0

Substituting A’A into Eq. (33]), we obtain

V-1 1 0 V-1 1 0
(tr(A)+1)| 1 —/=1 0|=| 1 —/-1 0]A (3.11)
0 0 0 0 0 0

If (tr(A) + 1) = 0, then

ann = vV—lag, a2 =+v-laz, a3=vV-1lags.

So (A*)11 = —v—1(A*)12. However, from Eq. 23), we obtain —A’A = A*. So
(A*)11 = V—1(A*)12 which is a contradiction. Therefore, this case does not give a
solution of Eq. (23).

If (tr(A) + 1) # 0, then by Eq. (811 and the assumption of the form of A’A in
this case, we conclude
a13 =vV—lags, az3 =0, ag =+vV—1lag; a1=+v-laz; az =+vV-1lasn.

Thus, the last row of A* is 0. Furthermore, from the last row of Eq. ([233]), we obtain
a13 = azz = azz = 0. Then r(A) = 1, which is a contradiction to our assumption.
Therefore, this case does not give any solution of Eq. (Z3).

3.3. Case 3 of Theorem [3.1k The rank of A is one. In this case, A* = 0.
So Eq. ([23]) becomes
(tr(A) + 1)A" = A'A. (3.12)

There are the following six subcases, including two subcases where A is symmetric
and four cases where A is not symmetric.
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3.3.1. A is symmetric. Since r(A) = 1, by Proposition 3.2}, we have the follow-
ing two subcases.
A0 O
Case 3.1: A=[0 0 0, A#0.
0 0 O
Then from Eq. (312, we obtain (A+1)A = (A\)2. So A = 0 which is a contradiction
to our assumption. Thus, this case does not give a solution of Eq. (Z3)).

v—1 1 0
Case 3.2: A= 1 —/=1 0
0 0 0

Note that A’A = 0. Combining it with Eq. (8:12), we have (tr(4) + 1)A’ = 0.
Since tr(A) # —1, we have tr(A) + 1 # 0. Then A’ = 0. Thus A = 0, which is a
contradiction again. Therefore, this case does not give a solution of Eq. (23)).

3.3.2. A is not symmetric. In this case, we apply a strategy similar to Case
2 by relating A to its symmetrizer %(A + A').

First note that if tr(A) + 1 # 0, then A is symmetric. So by our assumption, we
obtain tr(A) + 1 = 0. Then by Eq. (312), we also have A’A = 0.

Let A be a solution of Eq. (Z3). Since £(A + A’) is symmetric, by Proposi-
tion B2 @), there is T € SO(3,C) such that T'3(A + A’)T” is one of the matrices in
Proposition32 @). By Theorem[2:6] T'AT" is a solution of Eq. (Z3)) that is congruent
to A and its symmetrizer 3(T AT’ + (TAT’)') = T4(A+ A')T" is one of the matrices
in Proposition 3.2 [@)).

Therefore, to find solutions A of Eq. (23) with r(A) = 1 that is not symmetric,
we only need to find from those A such that (A + A’) is from the matrices in
Proposition B2 ([3)).

Furthermore, since r(A4) = 1, we can suppose A = (a1, ag, a3)’ - (1, B2, f3), where
not all a; € C are zero and not all 5; € C are zero. Then

1 a1 %(04152 + azfh) %(04153 +azfh)
5(14 + A') = | 3(a1fa2 + azfy) 232 3 (02Bs + a3 f2)
(o1 Bs + azfr)  (azBs + asfBs) asfs

If r($(A+ A")) < 2, then all the 2 x 2 subdeterminants are 0. Thus, we have

a1fe = B, @2f3 =azf, a3f = a1fs.
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Therefore, A is symmetric, which is a contradiction to our assumption. Thus,
r(3(A+ A’)) = 2. On the other hand, by basic linear algebra, we have

r(%(A 4 AY) = r(A + A') < r(A) +1(A).

Hence, r(1(A + A’)) = 2. Thus, by Proposition B2 [3)), we only need to consider the
following four cases:

A 00
Case 3.3: %(A + A/) = 0 )\2 0 ,)\1)\2 7& 0.
0 0 O

In this case,
aj1 =M #0, aip+ax =0, az+az =0 az=0.

Suppose az1 = kai1. Then from A’A = 0, we obtain

1 —k FV—(k?2+1)
A=an k —k2 :st/f(k'2 -+ 1) . (313)
+/—(k2+1) Fhky/—(k2+1) k2 +1

Since asz = 0, we have k = £1/—1 and since tr(A4) = —1, a;; = f%. Therefore,

1L V1 1 V1
\/Q—T 21 \/%1 %
A= -1 -1 or A= Vo= -5 0
0 0 0 0 0 0
0o -1 0
The above two matrices are congruent by | —1 0 0
0 0 -1
So up to orthogonal congruences, we have
1 V=1
2 2
A=|_¥T1 _1 ¢f.
2 2
0 0 0

It is straightforward to check that it gives a solution of Eq. (23).
0
1
e

In this case, we have a;; = A # 0 and ag2 +a33 = v—1—+/—-1 =0. By a
similar argument as in Case 3.3, we see that Eq. (BI3)) holds. Thus ags + as3 =

A0
Case 3.4: 3(A+A') = V-1 JAFEO.
1

0
0
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(—k? + k% + 1)ay1, implying a;; = 0. This is a contradiction. So this case does not
give any solution of Eq. (23)).

A1 1 0
Case 3.5: 2(A+ A') = 1 A—+vV=1 0[,A#0.
0 0 0

Since tr(3(A + A’)) = —1, we have A = —1. So a1, = —1 + /=1 # 0. Assume

az1 = kayy. Since a13 = —as3; and A’A = 0, we obtain

ai aiz Fyv/— (k2 + 1an
A= kau ka12 :Fk’\/ 7(]432 + 1)(111 .

+ —(ka + 1)@11 + —(kJQ + 1)@12 (k’2 + 1)@11

Moreover, by assumption, we have

1 1
ass =0, a11=—§+\/—1, a22:—§—\/—1, aiz +az; = 2.

Therefore,

It is straightforward to check that it gives a solution of Eq. (23).

0 1++/-1 0
Case 3.6: F(A+A)=|1++/-1 0 1—+/—1
0 1—+v/—1 0

In this case, tr(3(A + A’)) = 0 which is a contradiction to our assumption that
tr(3(A+ A")) = tr(A) = —1. So this case does not give any solution of Eq. 23).

We have now completed the proof of Theorem Bl
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