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COUNTING GENERATING SPACES OF MATRICES*

MARKUS REINEKET

Abstract. We prove that generating subspaces of matrix rings over finite fields are counted by polynomials. We use
this result to define and study two-variable versions of polynomials counting isomorphism classes of absolutely irreducible
representations of free algebras.
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1. Introduction. It is a common theme in many areas of algebra, notably linear algebra, group theory,
and representation theory, to count interesting classes of objects over finite fields, often (but not always)
exhibiting polynomiality in the size of the field.

In the present work, we solve this counting problem for spaces of square matrices, which generate the matrix
algebra (Theorem 3.3), by determining counting polynomials sglm)(q), thus precisely quantifying the slogan
that “most” at least two-dimensional subspaces of matrices are generating.

We reduce the counting problem to counting isomorphism classes of absolutely irreducible representations
of free algebras, for which counting polynomials a((im) (q) were determined in [3, 4] (the proofs there being
highly indirect).

Despite being interesting in their own right, our counting polynomials are shown (Corollary 4.5) to appear
naturally as “Mahler-type” coefficients in a two-variable version aq(g,u) of the counts of absolutely irre-
ducible representations, which elucidate the dependence of the al(im)(q) on the rank m of the free algebra, in
the spirit of a similar result for Kac polynomials of quivers in [2].

The proofs of these results are based on direct linear algebra constructions, natural scheme structures on
the relevant classes of objects, the lambda-ring techniques of [3], and identities between Gaussian binomial
coefficients; all relevant techniques are recalled in Section 2. The counting polynomials ng) (¢q) are con-
structed in Section 3; there we also list various small-dimensional cases and describe to which extent they
are approximated by Gaussian binomial coefficients. The two-parameter counting polynomials a4(g,u) are
constructed in Section 4. Again, we list small-dimensional examples, and we exhibit a natural factorization
(Theorem 4.7) and describe highest- and lowest-degree terms in the new variable.

2. Prerequisites. Let k be a finite field and let k& be an algebraic closure of k. Denote by My(k) the
k-algebra of d x d-matrices with entries in k.
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An m-tuple
A, = (A1, ., An),

in My(k) defines a representation (V, p) of the free algebra
F(k) =k{z1,...,2m),

on V = k% and vice versa. Two such representations are isomorphic if and only if the corresponding matrix
tuples A, B, are simultaneously conjugate, that is,

By = gArg ',

for k=1,...,m, for some g € GLg4(k).

The representation V' is irreducible if there are no proper nonzero subspaces U C V', which are F™(k)-stable,
that is, such that

for k = 1,...,m. It is called absolutely irreducible if its base extension V = k ®;, V is an irreducible
representation of F™ (k).

THEOREM 2.1. There exist polynomials a((im) (q) € Z[q| such that a((im)(|k|) equals the number of isomor-

phism classes of d-dimensional absolutely irreducible representations of F™(k) for all finite fields k.

We give an explicit formula for these polynomials in terms of plethystic exponentials, following closely
the notation of [3]. We consider the complete Q(g)-algebra R = Q(q)[[t]] with its t-adic topology and denote
its maximal ideal by m = tQ(q)[[t]]. Define Exp : m — 1+ m as the unique continuous homomorphism from
the additive group of m to the multiplicative group of 1+ m such that

Exp(q't?) = (1 - ¢'t") ™!
It is in fact an isomorphism, whose inverse is denoted by Log. For fixed m > 0, we define a Q(g)-linear
continuous twist operator 1" on R by
T(td) — (_1)dq(1—m)d(d—1)/2td7
and we consider the following series of g-hypergeometric type:

gmed+1)/24d

F(t)=)_ —~€R.
So(t—a) - (1—q9)
THEOREM 2.2. In the ring R, we have an identity
S ai (@)t = (1 - q) - Log(T'F(t)™Y).
d>1

Proof. Defining a twisted Q(g)-linear continuous multiplication on R by

td 0t¢ = q(mfl)dethre’

we have by [3, Theorem 5.1]:

q(m—l)thd

al™ (g
Z(1—61‘1)~----(1—q‘m) Z -

d>0 151
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Noting that
Tt ot?) = T(t%) - T(t°),

applying T to the previous equation and resolving for the generating series of the a((im)(q), we arrive at the

claimed formula.

Following [1, Section 6], if X is a separated scheme of finite type over a finite field k, we say that X has
polynomial count if there exists a polynomial Px(q) € C[q] such that Px(|k’|) equals the number |X (k)| of
k'-rational points of k, for all finite extension fields k C k.

LEMMA 2.3. If X has polynomial count, its counting polynomial Px(q) already belongs to Z[q] and is of
degree dim X .

Later on, we will make frequent use of Gaussian binomial coefficients and identities related to them. For
a € Z and b € N, we define

[a} (1) (g )
blq (=1 (g=1) 7

which, for a > 0, is the counting polynomial for the Grassmannian Gr, (W) of b-dimensional subspaces of an
a-dimensional k-vector space W. In particular, we write

o =1[1] -

The following identities hold for a,a’,a” € N:

a +a v o [ a’
2.1 — (a —b )b
( ) [ b :|q Z q b . b’ . ’

b=b/+b""

a —a+b-1
(2.2) — (—1)bgebb-1)/2 { } ’
l ]

a

(2:3) S0P [T =,

b=0

a

(2.4) (w=1) o (w—g* ) = 3 (~1)2g" D/ m el
b=0 bla
Finally, we will need the following formula for the map Log : 1 + m — nu:
Log = U~ ! olog,
where

W”GMJﬁzij%ﬁmff%

for the number-theoretic Moebius function u.



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I I
Volume 42, pp. 697-707, July 2026.

AS

M. Reineke 700

3. Polynomials counting generating subspaces. We first translate the property of generation of a
matrix algebra into representation theory.

LEMMA 3.1. The tuple A, generates My(k) as a (unital) k-algebra if and only if the representation V is
absolutely irreducible.

Proof. If the tuple A, generates My(k) as k-algebra, it also generates My(k) as k-algebra. In particular,
a subspace U C k fixed by the A, is fixed by every matrix, thus trivial. Thus, the representation defined
by A, is absolutely irreducible. Conversely, assume that the d-dimensional representation V is absolutely
irreducible, thus V is irreducible. Its endomorphism ring thus reduces to the scalars, and by Jacobson

density, the map F™ (k) — End(V) is surjective. Consequently, also
F™(k) — End(V) ~ My(k),
is surjective, proving the generation property.

DEFINITION 3.2. For d > 1 and m < d?, we define Sg(lm)(k) as the set of m-dimensional subspaces of
My(k), which generate Mg(k) as a unital k-algebra.

THEOREM 3.3. There exist polynomials s&m) (q) € Zlq] such that sgm)(|k’\) equals the cardinality of
Sc(lm)(k), for all finite fields k.

Proof. For an n-dimensional k-vector space W and positive integers m and r, define W™ (r) C W™ as

the subset of tuples (wy,...,wy,,) in W, which span an r-dimensional subspace. Then, W™ is the disjoint
union of the W™(r) for 0 < r < m. We have a map

p: W™(r) = Gr,. (W),

to the set of r-dimensional subspaces of W, mapping a tuple to the subspace generated by it. This map is
surjective and equivariant with respect to the natural GL(W)-action, with fiber over a fixed U C W being
isomorphic to U™(r), the set of generating m-tuples in the r-dimensional space U. Choosing a basis of U,
this can be identified with the set of r X m-matrices over k of rank r. The number of such matrices, for
q = |k|, equals

(@™ =1 (@"=d).

We apply this to the k-vector space W = My(k), thus we have a disjoint union

d2
Ma(k)™ = | Ma(k)™(r).

Denoting by My(k)? € My(k)™ the set of m-tuples defining an absolutely irreducible tuple (equivalently,
by Lemma 3.1, generating the matrix ring), this restricts to a decomposition

d2
Ma(k)m = | Ma(k)3 (r),
r=0

where of course
My(k)zi (r) = Ma(k)zi 0 Ma(k)™ (r).
Under the map p : My(k)™(r) — Gr.(M4(k)), the subset My(k)™(r) maps precisely to Sg')(k) as long as
r < m. We thus have
2

(3.5) IMa(B)2 =3 (q™ = 1) - (@™ = ") - 1SS (). 0
r=0
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The automorphism group of an absolutely irreducible representation reducing to the scalars k*, its simulta-
neous conjugacy class under the GL4(k)-action has cardinality

[PGLq(k)| = (¢* = 1) - ... (¢* — ¢ ") /(g — 1).

Thus, we have
|Ma(k)yi| = [PGLa(K)| - aa(|k]),

and in particular, |M4(k)™| behaves polynomially in k. The equations (3.5) for m = 0,...,d?, form a system
of linear equations determining the \Sc(lm) (k)| from the |Mg(k)2?|, with the coeflicient matrix being triangular
since the coefficient vanishes for > m. The diagonal coefficients equal

(@"=1) ... ("= q"") #0,

thus the cardinalities |Sc(lm)(k)| can be expressed as Q(g)-linear combinations of the cardinalities |Mg(k)7|.
This proves that the claimed s&m)(q) exists as an element of Q(g). Since it assumes only integer values, we
have s((im) (q) € Q[q].

To prove that it is already an element of Z[q], we argue geometrically and view My(k)™ and all related sets
as schemes over k, compare [4, Section 6]. Then, My (k)1 is a Zariski-open subset, Gr,(Mg(k)) is a projective
scheme over k, and again S(([)(k) is a Zariski-open subset. By Lemma 2.3, we thus find ng) (q) € Zq].

For further computations, we note the linear equation relating the two classes of counting polynomials
as a separate result:

COROLLARY 3.4. For all m > 0, we have

d2
(m) q—1 m m r—1y (7)
q . q"—=1)-...- (¢ —q sy ’(q).
() (q _1) '(qd_qd_l) ;( ) ( )d ()
It is not difficult to resolve this recursion.
LEMMA 3.5. We have
(m m m r r(r+1)/2 mr+d(d— 1)/2( 1) ...... (q2 _ 1) -
RIOES Pl e e (@)
(¢—1)-...-(¢—1)-(q -...-(¢g—1)

r=1

Proof. Using the formula of Corollary 3.4, the right-hand side of the claimed equality can be rewritten
as
(_1)m—7'qr(r+1)/2—m7'+s(s 1)/2

Z(qm"”—l)~---~(q—1)~(q7“3—1) (g—-1)"7

s<r

s$(q)

1)tqt(t—1)/2—m(m—1)/2

— s(s—l)/Zm S (_ (S)
gq Z . (q — 1) . (qusft _ 1) (q — 1) <Q),

t=0 (¢ =1

with the substitution ¢ = m — r. Applying identity (2.3), we see that the inner sum vanishes unless s = m,

and the term simplifies to s&m) (q), as claimed.
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ExXAMPLE 3.6. We have sgl)(q) =1 triwially, and sfil)(q) =0 for all d > 2, since a single matriz admits

an eigenvector over k, and thus a proper subrepresentation (equivalently, since afil)(q) = 0). The previous

recursion has a simple expression for m =2, 3:

@~ PCLaR)
¢ @O= @ -9 %W

0= gt 0~ @ o el

EXAMPLE 3.7. We have

For d = 3, we find

s§2) _ q14 + q13 _ q11 . q1o,

sg?’) — 18 4 17 + 246 4 3¢5 + 2¢™% + ¢13 — 2¢ — 3¢10 — 2¢° — &5,

sgl) — ¢20 4 ¢1° 4 2¢'8 4+ 3¢17 + 5¢6 + 6¢%° + 6¢1 + 5¢'® + 3¢'2 — 3¢1°
—5¢° — 5¢° — 3¢" — ¢°,

$§5) = ¢20 + ¢'% + 2¢'8 + 3¢ + 5¢'¢ + 6¢%° + 8¢ + 9¢" + 9¢12 + 7
+4¢" + ¢° — 2¢® — 4¢" — 5¢° — 4¢° — 24",

séG) — 18 4 17 + 246 4 3¢5 + 4¢™ + 5¢%3 + 7¢12 + 7¢'! + 8410 4 8¢°
+6¢° +3¢" +¢° — ¢° —2¢* —2¢° —2¢* — ¢,

s = " + " + 2" + 20" + 30" + 3¢ + 4¢° + 4¢7 + 4¢° + 3¢° + 3¢”

+2¢° —q -1,
s =+ P P+t
(©)
sy = 1.

3 =

Since the property of a subspace to be generating is open in the Zariski topology, it is reasonable to
define

m

) (g) = [d] — s (g).

Namely, since Hj] is the counting polynomial for Gr,,(My(k)) and s((im)(q) is the counting polyno-
q

mial for the open subset S((im)(k:) C Grp,(My(k)), we see that rt(im)(q) is the counting polynomial for the
complement

RU™ (k) := Grop (Ma(k)) \ S5 (k),
the closed subscheme of spaces generating a proper subalgebra of M,(k).

PROPOSITION 3.8. We have degr(™ (q) < m(d? —m) — (m —1)(d — 1).
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Proof. Suppose U C My(k) belongs to Rfim)(k:), thus generates a proper subalgebra A of My(k). Then,
U = k ®;, U generates the proper subalgebra

A=k, ACk®, Mg(k) ~ My(k).

—
Thus, the representation of A on & cannot be irreducible by Lemma 3.1 and therefore admits a proper non-
zero subrepresentation. Thus, A is contained in some conjugate of an algebra p,, ¢ of block-upper triangular
matrices of block sizes e and f, where d = e + f and e, f > 1. In other words, A belongs to

Xep ={gpesg™" + 9 € GLa(k)} C Graz—cf(Ma(k)).
The set X, ¢ is the closed image of the map
GLa(k)/Pa.c — Graz—cs(Ma(k)),

given by conjugating p. r, where

Pey = GLa(k) N pe. 1,

is a parabolic subgroup. Thus, X,  is a closed subscheme of dimension at most ef. We consider the scheme

Flmydzfef(Md(k)) = {(U, V) U C V} C GI‘m(Md(k‘)) X Grd2,ef(Md(/€)).

The projection ps to the second component is equivariant for the natural action of GL(Mjy(k)), with fibre
over a fixed V isomorphic to Gr,,(V'), which has dimension m(d? —ef —m). We also consider the projection

p1 to the first component. By definition, R((im) (k) is contained in the union of the

plpz_lXe,fa

since

UCACgpaeyg

as above. We can thus estimate, for all e, f > 1 such that e + f = d:
dimplpnge)f < dimpnge’f <m(d® —ef —m)m+ef
=m(d®> —m) — (m—Def <m(d> —m) — (m —1)(d—1).

Since the degree of the counting polynomial r((im)(q) equals the dimension of R&m) (), this proves the claim.

COROLLARY 3.9. For allT=0,...,d — 2, we have
S () = {ﬂ _(@E (gt o)
I rl, (@ =1)...-(¢-1)

ExAMPLE 3.10. We have

9
ri (@) =1+q+ —q* - 20" +¢°+ ... +20%,
so in particular, r&m) (q) can have negative coefficients (although all rém)(q) for d < 3 have nonnegative

coefficients).
To finish this section, we observe a vanishing property for the s&m)(q):

LEMMA 3.11. We have s7(1) =0 if m < d — 1.

Proof. The coefficients in the summation in Lemma 3.5 have a zero at ¢ = 1 of order d — 1 in the
numerator and of order m in the denominator. Thus, the coefficients vanish at ¢ = 1 for m < d — 1.
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4. Two-parameter versions of counting polynomials for absolutely irreducible representa-
tions. For the following, recall from Corollary 3.4 that

m -1 G m m r—1 T
al(i )(Q): (qd—l)-.q..-(qd—qd_l) ;(q —1)((1 —4q )5;)(Q),

for all m > 0, and that conversely, by Lemma 3.5, the ng)(q) are given in terms of various a((ir)(q). These

(r)
d

formulas tell us that the counting polynomials for generating subspaces s;’(q) arise from the variation of

the parameter m in the polynomials agm)(q). It is thus desirable to study this variation more formally (an
independent motivation for this is the work [2], where the dependence on m was studied for polynomials
counting isomorphism classes of absolutely indecomposable representations of free algebras). In the following,
we will study this variation by viewing ¢™ as an independent variable u. It will turn out that, indeed, the
counting polynomials sfim)(q) arise naturally as the coefficients of a Mahler-type expansion; see Corollary
4.5 below.

We thus define two-variable versions of the polynomials a&m)(q) formally by generalizing the explicit for-

mula Theorem 2.2 for the a&m)(q). We consider the complete Q(g, u)-algebra R = Q(g, u)[[t]] with its adic
topology and denote its maximal ideal by m. Again, we define Exp : m — 1 4+ m as the unique continuous
homomorphism from the additive group of m to the multiplicative group of 1 + m such that

Exp(q'u™t?) = (1 - ¢'u™t?) 7",
and we denote its inverse by Log. We define a Q(g, u)-linear continuous twist operator 7' on R by
T(td) _ (—1)d(q71u)7d(d71)/2td‘

DEFINITION 4.1. Define polynomials aq(q,u) € Q(q)[u] by

wd(d+1)/24d

)7

> aa(gu)t’ = (1—q) - Log(T' (>

—q) - (1 = g2
= S —a) (=g

That aq(q,w) is indeed a polynomial in u can be seen from the fact that the sum on the right-hand side
has coefficients in Q(¢)[u], and both inverting the series and taking Log of it preserve polynomiality in w.

It follows immediately from this definition, together with Theorem 2.2, that

LEMMA 4.2. For all m > 0, we have

aa(g,q™) = a (q).

Thus, the identity at the beginning of this section now implies

COROLLARY 4.3. We have

d2
aa(d, ) = @ —1)- .q. _ (lqd S Z;(u ~1)- (w7 ().

We recall the Mahler-type expansion of [2, Theorem 6.1].
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THEOREM 4.4. If f(q,u) € Q(q)[u] s a polynomial such that f(q,q™) € Z[q] for all m > 0, then f(q,u)

admits an expansion of the form
U
f(qau> - ;Cl(q) < l >q7

where
< > H ¢t iu—1
i=1 ¢ —1
and ¢;(q) € Zlg], nonzero only for finitely many 1.

Thus, we see that the counting polynomials s((im)(q) naturally appear in the Mahler-type expansion of
the aq(q,u):

COROLLARY 4.5. The Mahler-type expansion of aq(q,w) takes the form

) = e S ()

EXAMPLE 4.6. We make the aq(q,u), in factorized form, explicit for small d. We have ay1(q,u) = u and

u?(u—1)(u—q)

2@ = TG r D)

We have

ws(go) = P D=9+ O+’ — g+ D0+ (g + 1)
e Ala- 12+ D)@ +a+1) '
We have a4(q,u)

= wu—1)( ) W+ (g DU+ (P + g+ Db
(g —1)3(g+1)2(¢* + 1)(¢*> +q+ 1)
—(g+1)( + Du” — (2¢" + 4¢> + 5¢* + 4q + 2)u’
F @+ 1)@ =g+ 1)@ +q+ D’ +q(¢® + g+ 1)(¢* + ¢* + Du?
+ P+ D)@+ 1)@ +a+ e — ¢ g+ 1)(¢® + 1) (¢® + ¢+ Du?

— g+ D)@+ D)@+ a+Du+ (@ +1)(*+q+1)).

We can now prove several factorization properties of the aq(g,u) and describe the highest u-terms:

THEOREM 4.7. We have a1(q,u) = u and, for all d > 2,

(@—Dul(u—Du—q) _

a/d(qa U) = — s aql\qg, u)a
(qd—l)(qd_qd 1) (
where
d—2
2
aq(q,u) = Z[T + 1]qud —4=2=" | terms of lower u-degree.
r=0

Proof. Divisibility of a4(g,u) by u — 1 and u — ¢ for d > 2 follows from
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To see divisibility by u?, we rewrite the definition of aq(q,u) as

—d d -1 ul=D/2 () -1
> (™ aalg,u))ut)” = (1= q) - Log(T™ (3 =) ™)

d>1 d>0

The polynomiality argument given after Definition 4.1 proves that

u%aq(q,u),

is a still a polynomial in w. By Proposition 3.8, we can write

(¢ =1)-...- (¢ — ¢ = 5 21y [0
aq(q,u) = (u—q°) ... - (u— ) + B(q,u),
(- Du—Du-—q E ! ! H K

where B(q,u) has degree at most d> — d — 1 in u. From identity (2.4), we easily derive

s—2
(=)o =) = 30 k(k+3>/2[ . ] urh,
q

=0

Then, using identity (2.2) in the second equality and identity (2.1) in the third equality,

d-2 2
2 d
> (e 7]
,
r=0 q
d?—2 2 o
Z 1)k gk (k+3)/2 d7—r =2 1d7) 2o
k r
1= q q

d*—2
=3 S (g — 14k [ ey
= = k q r q

and the theorem is proved.

We can also describe the lowest u-term in the above expansion.

PROPOSITION 4.8. For d > 2, the constant term of aq(q,u) equals

_ 1 e
D) g1 Y _ )
= (
i-j=d
In particular, its value at ¢ =1 equals (d — 1)!.
Proof. We rewrite identity (7) using the variable z = ut as

Ldd=1)/2 ,d

D aa(qu)z = (1 =) - Log(T*Q}_ m———r—gny) )

d>1 d>0




Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 42, pp. 697-707, July 2026.

707 Counting generating spaces of matrices

Specialization to u = 0 is well defined on the right-hand side, since
T (=) = (~1) (g )21,

and thus
T7'2) = —z and T~(2%) = 0 for d > 2,

at w = 0. Thus, we find the identity

> (uaglg,w)u=oz" = (1) - Log(l = =)

d>1

Using the formula of Section 2, we compute

Log(l—i )=—-U" 12 _ZZAi
_q j>1 q_l d>1i-j=d (ql_1>] d )
Thus, ) ) .
D
(q30>* (q—l)(u—l)(u—q) d(qa )|u:O
A R L) WS BTG B
N a(q—1) (=) dz_;d @ -1

and we arrive at the claimed formula.

It might be interesting to study the specializations of the polynomials sglm)(q) and ag(q,u) at ¢ =

1. Heuristically, these might count “F;-versions” of the corresponding linear algebra objects. For the
polynomials a&m)(q), this is discussed in [3, Remark 6.5].
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