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A GENERALIZATION FOR THE CLIQUE AND
INDEPENDENCE NUMBERS*

A. DILEK MADEN (GUNGOR)! AND A. SINAN CEVIKf

Abstract. In this paper, lower and upper bounds for the clique and independence numbers are
established in terms of the eigenvalues of the signless Laplacian matrix of a given graph G.
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1. Introduction and preliminaries. Let G = (V| E) be a simple connected
graph with n vertices and m edges such that, for 7,5 =1,2,...,nand i # j, v; € V
and {v;,v;} € E. Let A(G) (or, shortly, A) be the adjacency matrix of G and
D = diag(d(v1),d(v2),...,d(vy)) be the diagonal matrix of vertex degrees of G. The
matrix L = D — A is known as the Laplacian matriz ([3]) of G and has been studied
extensively in the literature. Recently, there has also been interest in the matrix
Q = D + A known as the signless Laplacian matriz ([6l 8 @]) of G. It is known that
all eigenvalues of () are non-negative since it is a positive semidefinite matrix. In the
present paper, the eigenvalues of ) will be ordered by ¢ > g2 > -+ > g, > 0, and
the corresponding normalized eigenvectors will be represented by ui > 0, us, ..., Uy,.
In the meantime, for an arbitrary matrix M, the i-th eigenvalue of M will be denoted

Let us consider the graph G again. The cliqgue number w(G) (or w) and the
independence number a(G) (or «) of G are defined to be the numbers of vertices of the
largest clique and the largest independent sets in G, respectively. It is always true that
w(G) = a(G*), where G¢ is the complement of G. We note that computing the clique
number is generally called an N P-hard problem ([IL[7]). The recent survey paper [I]
provides an account of the fairly rich literature including applications, formulations,
exact algorithms, heuristics, bounds and estimates. Meanwhile, the clique number
and a maximum clique can be computed in polynomial time for certain classes of
graphs, such as perfect graphs and complements of t-perfect graphs (see [4]). We note
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that, in the literature, several studies have been presented about the connections
between the clique number of G and the spectral properties of matrices A, L or @
of G (see, for example, [2 [3, 8 [11]). In particular, Budinich ([2]) proposed a lower
bound on the clique number of a given G by combining the quadratic programming
formulation of the clique number due to Motzkin and Straus’s result ([I0]) and due
to the spectral decomposition of the matrix A. In fact, Budinich established that
this lower bound improves the known spectral lower bounds on the Motzkin-Straus
formulation.

In this paper, we mainly strengthen and improve the bounds, obtained in [§]
previously, dependent on the eigenvalues of the signless Laplacian matrix Q).

2. Some known results for lower bounds over w and «a. For a given simple
connected graph G = (V, E) with n vertices, let S be the (n — 1)-dimensional unit
simplex in R™. In other words, S = {ac €R": efx =1, z > 0} where e denotes the
vector of all ones in R™. For w and A as described in the previous section, Motzkin
and Straus ([10]) showed that

1
(2.1) 1— — =max(z, Az),

w zeS

which is a continuous formulation of a combinatorial optimization problem. In addi-
tion to paving the way for the use of continuous optimization methods to solve the
maximum clique number, this formulation plays a central role in the derivation of
lower bounds on the clique number of G. Note that the dual of [2]) also holds by
the equality

1
2.2 — =mi I+ A)x).
(22) ~ = min (2, (I + A)2)
Hence, by using equality (Z2]), we can get a great opportunity for the investigation

of the independence number in the meaning of spectra.

Considering ([2.1]) and using the fact £ = (1/n)e € S, we clearly have

n2

(2.3) w > PR - >1.

This bound on w matches the clique number for complete graphs K, and their com-
plements. Most of the other lower bounds in the literature are obtained by deriving
1) in spectral graph theory. From this point on, we assume that G is a connected
graph since the maximum clique problem can be decomposed into smaller problems
on each connected component of G. Therefore, we can collect some results about the

spectra of such graphs. The reader is referred to [7] for further details.

For a given a connected graph G with the adjacency matrix A, let A; > 0 and
x1 € R™ denote the Perron root and the positive Perron eigenvector of A, respectively.
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Using the feasible solution # = (1/s1)z1 € S of 1)), where s; = eTzy, Wilf (see [11])
proved the lower bound

82 )\1
2.4 > 1 =1
( ) w_S%—)\l +S%—)\1
with the truth that equality holds if G is complete. The lower bound in (Z4) is an
actual improvement over the lower bound in ([Z.3)). On the other hand, in [§], lower

bounds for w in terms of the eigenvalues of the signless Laplacian matrix of G were
obtained. More recently, in [2], Budinich proposed a new lower bound that makes use
of all the eigenvectors of A. Unless G is a complete multipartite graph, in the same
paper, it was also showed that this lower bound strictly improves upon (2.4]).

As main results of this paper (see Theorems [31] below), we give generaliza-
tions for the bounds defined in [§] over w and . In order to do that we need to
present the following material.

If u' > 0,u?,...,u" denote the eigenvectors of @) of unit Euclidean norm corre-
sponding to the eigenvalues q; > q2 > -+ > ¢, > 0, respectively, then one can con-
struct a family of unit vectors y; (8) = fu’ + /1 — B2u! € R", where i = 2,3,...,n
and 8 € (—1,1). Then

(2.5) zi (B) = (1/e"yi (8)) /i (B)
is a feasible solution of 21 for 8 € [l;, u;], where

1 1
—u; ) u;
l; = 4maxﬁ<0 and wu; = min ﬁ>0,
J:uj>0 (u;) + (u;) J:u]:<0 (u]l) + (u;)
for the values i = 2,3,...,n. We note that, in here, u; is the normalized eigenvector
corresponding to ¢; and “3 is the ¢-th entry of u;. For i =2,3,...,n, let
(2.6) gi= max z(B)" Az (B),
BE(li ui]
B+ (1- ) A
= max 55
BE[liyui] {ﬁsi n \/ﬁsl}
where s; = eTu’. Then, by assuming ¢* = max gi, it follows from (2] that
=2,3,....,n
(2.7) > 1
. w .
14

3. Main results. The main results of this paper are the following.

THEOREM 3.1. Let G be a graph with mazximum degree A. Then

n
w > max »
T i=2,3,..n n — [#2q; + (1 — B2) q1 — A]
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where 3 as defined in (2.0]).

Proof. Let q1 > q2 > -+ > qn > 0 be the eigenvalues of @, and let u! > 0, u?, ...,
u™ be the corresponding normalized eigenvectors, respectively. Then, by (Z8) and

(m)a
(2:(8),Q 2 (B)) = (2 (B), D 2 (B)) + (2 (B) , A 2 (B))

A

S
+
—_

|

|

- [551‘ + 1= 5281} v
On the other hand,
B2qi+ (1-05%)q
(2 (8),Q 2 (8)) = L=Fa
[551' +v1- 5281}
Therefore,
2qi+ (1 -2 A 1
Bai + ( ﬂ)mQS .
{551‘ +/1- 5251} [551‘ +/1- 5281}
It is easy to see that
2
{531' +v1- 5251} <n.
So we obtain
2 . _ B2 _ 2. _ ;32 —
qu+(1 5)(11 A<qu+(1 B)QI Agl—l
w

= 2
" [5&' +v1- 5281}
Hence, the result follows. O

By applying similar procedure as in the proof of Theorem [3.1] and using the idea
of the equality over « given in (Z2]), we can also obtain the following theorem.

THEOREM 3.2. Let G be a graph with minimum degree §. Then

U2
o > max ,
Ti=23,.n B2q; +(1-P2)q1 — 6+ U?

where U = Bs; + /1 — 3251 and s; = eTu’.

REMARK 3.3. As a special case, if we take ¢ = 1 in Theorems [F.]] and [3.2, then
2
the lower bounds w > n*qﬁ and o > ﬁ, given in [§], can be clearly obtained.
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In the rest of this section (see Theorem [B.E] Remark below), we will present
a lower and an upper bound for « (and for w). They involve the signless Laplacian
spectrum and extend the results given for regular graphs in [§].

Consider two sequences of real numbers A\y > Ay > -+ > A\, and puy > ps >
-+ > i with m < n. The second sequence is said to interlace the first one whenever
Ai > i 2 Ap—mas for @ = 1,2,...,m. The interlacing is called tight if there exists
an integer k € [1,m] such that A\; = p; hold for 1 <4 < k and A\,,—p+i = p; hold for
k+1<i<m.

For a given matrix

M11 Mlm
Mml Mmm

let us suppose that the rows and columns of are partitioned according to a partitioning
(X1, X, ..., Xin) of {1,2,...,n}. The quotient matrix is Qs whose entries are the
average row sums of the blocks of M,,x,. The partition is called regular if each block
M;; of M has constant row (and column) sum.

LEMMA 3.4. ([B]) For a symmetric partitioned matriz M, the eigenvalues of the
quotient matriz Qpr interlace the eigenvalues of M.

Liu et al. ([8]) applied this theory to the signless Laplacian matrix of a graph
and obtained a lower and upper bound on the independence and clique numbers for
regular graphs. In here, by using again the signless Laplacian matrix, we showed that
this result can actually be extended to all graphs.

Let G be a graph with order and a partition V(G) = V4 U Va. Also, for i = 1,2,
let us assume that G; is the subgraph of GG induced by V; with n; < n vertices, where
n1 + no = n, and average degree r;. Finally, again for ¢ = 1, 2, let

; da (v)
d; = — .
3 do
veV;
We then have the following theorem.

THEOREM 3.5. Suppose Vi is a largest independent set of a graph G with mini-
mum degree § and maximum degree A. Then

n (26 — q2) (0 — gq2)
@3 +4A (A —q2)

n(2A — qn) (A — qn)
g2 +46(6 —qn)

<a<
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Proof. We first note that

Qll Q12 :|
Q21 Q22

Q) = { { Dy1 + A(Gh) Mo

Moy Das + A(G2) |’
where

Dy = diag(dG(vl)a dG(UQ)v R dG(vnl))a
D22 = diag(dc(vnl+1), dG(UTL1+2)5 s adG(Un))

and My = M{,. Moreover the set V; gives rise to a partition of Q(G) with the
quotient matrix

d1 dq
Qo) = | ady 9, — adi

Therefore, by Lemma [3.4] we have g, < X2 (Qg()) < g2 which gives the inequality

n (26{2 — Q2) (Ci1 — QQ) e n (26{2 - Qn> (dAl - Qn) .
4 + 2(dy + da) (J1 - Q2) T @2+ 2(dy + da) (dl - Qn)

As the final stage, for i = 1,2, we clearly have § < di < A. O

REMARK 3.6. By applying a similar procedure as in the proof of Theorem [3.5]
one can obtain a lower and an upper bound of the clique number w for any graph G.
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