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COMPLETENESS IN THE SENSE OF CAUCHY PRINCIPAL VALUE OF
EIGENSYSTEMS FOR INFINITE DIMENSIONAL HAMILTONIAN OPERATORS*
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Abstract. This paper studies the completeness properties of eigensystems associated with a class of infinite dimensional
Hamiltonian operators (IDHOs). We establish necessary and sufficient conditions for the completeness in the sense of the
Cauchy Principal Value (CCPV) for the eigensystems of these operators. Some examples are provided to illustrate the validity
of the criteria. Additionally, we provide sufficient conditions for the CCPV of the eigensystems for specific classes of 4 x 4
IDHOs.
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1. Introduction. In Hamiltonian mechanics, the time evolution of a system is uniquely defined by the
Hamiltonian equations [13]:

_OH .  O0H

- ap y P= aq ’

or equivalently, we can express the Hamiltonian system in matrix form as
dz

dt

q 0 I
Z = J n — )
L?] L {—In 0}

and V denotes the gradient of the Hamiltonian H = H(q(t), p(t)) often represents the total energy of the
system.

(L1) d

(1.2) = Jon - VH,

where

In (1.1), let
1
H= 5ZTSZ,

where Z = Z(t) € R?", t € R, and

[ AT
S‘“”‘[Aw BU]’

is a bounded measurable real 2n x 2n matrix-valued function satisfying ST (¢) = S(¢). By calculating the
Gateaux direction derivative, we obtain

oH
T _g=A B
op ¢ (t)g + B(t)p,
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oH
dq

and the corresponding Hamiltonian system becomes

—p=—C(t)g+ AT (t)p,

(1.3)

is called a Hamiltonian matrix, and it satisfies
(Jon H) T (t) = Jo, H(2).

Hamiltonian matrices have numerous applications in the theory of mechanical systems, the calculus of
variations, control theory, and other areas [15]. For instance, one can set Z = [z y] ", where z(t), y(t) € R,

and
" [ On In] ,

where G'T(t) = G(t) is a real n x n symmetric matrix-valued function. Then the linear Hamiltonian system
(1.3) is equivalent to the second-order system

which often arises in the study of mechanical systems near an equilibrium.

In (1.3), by replacing the Euclidean space R™, the single-variable function Z, the matrix-valued functions,
and the matrix transpose operation with an infinite dimensional complex Hilbert space X, a multivariate
function Z, linear operators, and the adjoint operation, respectively, we obtain the infinite dimensional linear
Hamiltonian system [8, 10, 22]

(1.4) 7= [é _i*] Z,

where A, B,C are densely defined linear operators on the Hilbert space X, A* is the adjoint of A, and B
and C satisfy B* = B and C* = C. The densely defined block operator matrix

n=la B

c A

is called an infinite dimensional Hamiltonian operator (abbreviated IDHO). Furthermore, if B and C are
nonnegative (denoted by B > 0 and C > 0), i.e., (Bz,z) > 0 for all + € D(B) and (Cx,z) > 0 for all
x € D(C), then H is called a nonnegative Hamiltonian operator. Similarly, we define nonpositive, positive,

and negative operators, respectively. IDHOs play a crucial role in various applications, including elasticity,
celestial mechanics, and dynamic systems [1, 2, 16, 17]. For example, the partial differential equation

0%u 0%

22 oy
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is equivalent to the infinite dimensional linear Hamiltonian system
3] [ u } 0 I [ u
Il - ,
dy | o -2, 0 o |

A B 0o I ]
H_[C —A*}_[ ” 0

T 9x2

The corresponding IDHO is

To apply the Fourier method, i.e., method of separation of variables, to the system (1.4), it is necessary to
establish completeness theorem of the IDHO. Consequently, results on the spectral Riesz basis of generalized
eigenvectors for IDHOs were developed using the algebraic multiplicities of the eigenvalues [24]. In [19],
the plane elasticity problems of two-dimensional octagonal quasicrystals were analyzed using the symplectic
approach. In [6], sufficient conditions for the completeness of the eigenfunction system of IDHOs, in the
sense of the Cauchy principal value (CCPV), were provided.

In this paper, we study a completeness theory for a class of IDHOs by presenting both sufficient and
necessary conditions for the CCPV of their eigensystem. Additionally, we provide sufficient conditions for
the CCPV of the eigensystem of a special class of 4 x 4 IDHOs.

Throughout this paper, we denote by X an infinite dimensional complex Hilbert space with inner produce
(-,+), by B(X) the Banach algebra of bounded linear operators on X, and by C(X) the set of densely defined,
closed linear operators on X. In Section 3, we restrict our discussion to separable X.

2. Eigenvectors and generalized eigenvectors of an IDHO. Recall that for a finite dimensional
linear operator A on a vector space V, a generalized eigenvector x corresponding to A generates a Jordan
chain of linearly independent generalized eigenvectors [20]. For example, if A is the n x n Jordan block with
eigenvalue \:

Al 0
0 X 1 0
)= 00 A 0,
AR
0 0 0 A

the generalized eigenvectors are
€n, En—-1 = (A - AI’n)ena €n—2 = (A - AIn)en—h ceey 62 = (A - AI’”)E& €1 = (A - /\In)eQ?

and e; is the ordinary eigenvector. In general, let 3 be a generalized eigenvector of order k corresponding to
the matrix A and the eigenvalue A. The chain generated by @ = xy, is the set of vectors {z = x, xx—1,..., 20},
given by z; = (A—A)*Jz, j =k, k—1,...,0, with (T—=AI)k*lz = 0, (T —AI)*z # 0, where zg = (A—\I)kz
is always an ordinary eigenvector. The Jordan decomposition theorem [11, 23] ensures that generalized
eigenvectors, which are not ordinary eigenvectors, exist for finite dimensional defective linear operators.

Analogously, for a linear operator T on an infinite dimensional Hilbert space X, the set o,(T) of all
eigenvalues of T' is called the point spectrum of T. A vector x € X is called a kth order generalized eigenvector
of T corresponding to an eigenvalue A if, for some k£ > 1, the following conditions hold:

(T — A le =0, (T—M)*z#0.
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Clearly, zo := (T — M)*z is an ordinary eigenvector corresponding to the eigenvalue A. In other words,
eigenvectors are precisely the generalized eigenvectors of order 0.

Recall the null space of T — \I:
N(T = X):={xeD(T): (T — X))z =0},

which is the eigenspace E)(T) of T corresponding to A. Here, D(T) denotes the domain of T
The subspace
NY = N(T = AD**Y) = {2 e D(T*) (T - A2 =0}, k=0,1,2,...,
is called the generalized eigenspace of order (or rank) k corresponding to A. It is invariant under 7' Clearly,
N := N(T — X\I) = E\(T), and the inclusion relation N{ C N} € N C - holds.

The generalized eigenspace of T corresponding to A is defined as the linear span of all generalized
eigenvectors corresponding to A, i.e.,

LA(T) = | N}
k=0

Unlike the finite dimensional case, the existence of eigenvectors or generalized eigenvectors is not guar-
anteed for infinite dimensional operators. For example, the unilateral (forward) shift operator S : £2 — (2,
defined by S(x1,x2,...) = (0,21, 29, ... ), has no eigenvalues [14, p. 49] and thus no generalized eigenvectors,
though the spectrum of S is the closed unit disc [12, p. 227].

LEMMA 2.1. Let T' € C(X) and k be a positive integer. Suppose A is an eigenvalue of T'. If for any
f € N(T — ), there exists g € N(T* — XI)* such that (f, g) # 0, then the order of generalized eigenvectors
of T corresponding to A is less than k. In particular, if & = 1, then all generalized eigenvectors of T
corresponding to A are ordinary eigenvectors.

Proof. Assume, for the sake of contradiction, that the order of generalized eigenvectors of T' correspond-
ing to A is at least k. Then, there exists u € X such that

(T —AD*tu =0 and (T — A)*u #0,

which implies that (T — A )*u € N(T — X). By assumption, there exists g € N(T* — XI)* such that
(T — XI)*u, g) # 0. So we have

0= (u, (T" = AD)*g) = (T = AI)*u, g) #0, 0

a contradiction. Hence, the order of generalized eigenvectors of T' corresponding to A must be less than k.

If K = 1, the only generalized vectors corresponding to A are those of rank 0, which are ordinary
eigenvectors.

A basic property of the eigenvectors and generalized eigenvectors of the IDHOs is their symplectic
orthogonality, due to the symplectic structure J given in (2.5). The following lemma, a specific part of [3,
Theorem 2.1.13], is provided with an elementary proof for the sake of completeness.
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B
_A*
distinet with A\; # —Xo. Let u; € N(H — A1), and let v; € X be a generalized eigenvector such that

A
LEMMA 2.2. Let H = [C’ } :D(H) C X x X — X x X be an IDHO. Suppose A1, A2 € 0,(H) are
(H— NI v, =0, (H—XMND*y; #0, i=1,2.
Then the following symplectic orthogonality relations hold:
<’LL17J’U,2>:O7 <U1,J7}2>:O7 <’U1,JU2>:O, <U1,J’U2>=O,

where
0 I

2. =

(25) =%

is the canonical symplectic structure.

Proof. Step 1. We prove the symplectic orthogonality of eigenvectors. Let

(2.6) Huy = Auy,

(27) H’LLQ = )\2’(1,2.

Taking the inner product of (2.6) with Jug and Ju; with (2.7) and using that facts that J = —J* and
JH C (JH)*, we obtain

(28) <JHU1,U2> <J HUl,’U,2> <HU1,JU2> = )\1<’U,1,J’LL2>,
(2.9) <JHU1,U2> = <(JH) ul,uQ> = <U1,JHUQ> = <U1,J/\U2> = /\72<U1,JUQ>.
Since A\; + A2 # 0, by adding these two equations, we conclude that (ug, Juz) = 0.

Step 2. We prove the symplectic orthogonality of eigenvectors and generalized eigenvectors. Let vy be
a generalized eigenvector corresponding to As. By definition, for some positive integer,

(H — XoD)* oy =0, (H — Xod)*uy #0.

Define v = (H — X\oI)ivy for j =0,1,..., k. Then, v§” € N(H — A1), and 0 € N((H — A\ I)F=i+1). We
proceed by induction to show that (uq, ngj )> = 0 for all j. For the base case, 7 = 0, v20 is an eigenvector
corresponding to Ag, so {(uq, Jv > = (uy, Jug) = 0 from Step 1. Assume (uq, Jv2 )> = 0 for some j. Then,
(H — Xo21)vs 0 = éj 2 Using Hu; = Ajup and the induction assumption, we have

(Huy, Jvéj)> = A (uq, Jvéj)> = 0.
Using the property JH C (JH)*,
(Huy, Ju§) = (ur, —H* J*0§) = (ur, —(JH)*o$) = —(u1, JH0)
= —(ur, JF T+ 20F)) = —(ug, Jo V).
Thus, (uq, Jvéj_1)> = 0, completing the induction.

Step 3. Suppose v; and vy are generalized eigenvectors satisfying (H — A\ I)*+1vy = 0, (H — X\ 1)*v; #0
and (H — XoI)** vy =0, (H — AoI)*vy # 0. Using a similar inductive argument as in Step 2, we show that
<U1, JU2> =0. 0
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We observe that the finite dimensional Hamiltonian matrix

(2.10) H= {g _i*] , where B=B*,C=C" A /B,Ce€C,xn,
satisfies
(JonH)" = JonH = [_CA __g , (HJ2n)" = Hlon = b? g] . JeHIy! = —H,
where
(2.11) oy = {1 H 7

is the canonical symplectic structure. These relationships demonstrate that Jo,, H and H J,, are Hermitian
matrices. Moreover, if A is an eigenvalue of H with eigenvector v € C" x C", i.e., Hv = Av, then H*Jo,v =
—JopnHv = —AJouv, ie., —\ is an eigenvalue of H* with eigenvector Jo,v € C* x C". Consequently, the
eigenvalues of the finite dimensional Hamiltonian matrix H appear in (\, —)), and in (A, =\, \, =) if H is
real. This spectrum symmetry is known as the Hamiltonian symmetry [18].

However, such symmetry does not necessarily extend to IDHOs. For example, let

d d
X = L2[0, 00), A=£:X—>Xdeﬁnedby,4x=dff.

The domain of A

D(A) := {z € X : x is locally absolutely continuous, 2’ € X, z(0) = 0},

is dense in X and A* = 4 with D(A*) = {z € X : x is absolutely continuous, 2’ € X}:
d
m=lo l=[o )
0 —A 0 =

The point spectrum is o,(H) = {X € C : Re X < 0}, which is not symmetric about the imaginary axis [7,
Example 2.2.3]. This highlights the greater complexity of the infinite dimensional case compared to the finite
dimensional one. For example, the adjoint of the finite dimensional Hamiltonian matrix H in (2.10) exists
and is given by

. [A4 B] _[a0 cC
O A I A
Now consider the IDHO
A A
Hl - |:A1 A1:| )

where A; is an unbounded self-adjoint linear operator on X. Then,
A, —A]" L A A
Al —A1 —A1 —Al )

A A

In fact, A =4 is a closed operator but
A A

A —A ] is not [7, Example 4.1.2].
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The notation A C B, where A and B are operators on X, means A is a restriction of B, i.e., D(A) C D(B)
and Az = Bz for all z € D(A).

We recall that a linear operator T on X with dense domain D(T') is symmetric if (Tx,y) = (x,Ty) for
all z,y € D(T). If D(T) is the entire X, then T is a bounded operator and thus T is self-adjoint. In general,
a symmetric operator is self-adjoint if and only if D(T™) C D(T).

As
A B
i=lo ]
is densely defined, we have
A C .
JHJ{B A} C H*.

The following result establishes that, under certain conditions, the eigenvalues of IDHOs are symmetric
about the origin.

A B
C —A*
definite, D(B) C D(A*), and B~1A is symmetric, i.e., B~*A C A*B~!. Then,

THEOREM 2.3. Let H = { ] :D(H) C X x X — X x X be an IDHO, where B is invertible and

(i) op(H) CRUIR.
(ii) op(H) is symmetric with respect to the origin, i.e., if X is an eigenvalue of H, then so is —A.
(iii) If X € 0,(H)\{0}, then all generalized eigenvectors corresponding to A are ordinary eigenvectors.

Thus, for the finite dimensional Hamiltonian matrix H in (2.10), if B is positive (or negative) definite, and
B~1A is Hermitian, then (i), (ii), and (iii) hold for H.

Proof. (i) Let [u v]T € X x X be an eigenvector of H corresponding to A, i.e.,

(212) o b=

or equivalently,

(2.13) Au + Bv = M,
(2.14) Cu— A%v = .

Since B is invertible, from the first equation, we have

(2.15) v=AB"'u— B! Au,
implying u # 0 as [u v]" is an eigenvector. Multiplying this equation by A and making use of (2.14), we
have
M =NB 1ty —ABtAu = Cu — A*v.
Thus,
(2.16) 0=MB - AB 'Au - Cu+  A*B 'u — A*B ' Au = \>B 'y — Cu — A*B~ ! Au,

because B~!A is symmetric, i.e., B"'A C A*B~!. Taking inner product with u for this equation to have

(NB 'y — Cu— A*B~ ' Au,u) = 0,
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and thus
(A* B~ Au,u) + (Cu, u)

(B~ 1u, u)
because both C' and A*B~1A are self-adjoint, and B~! is invertible and definite. In other words, o,(H) C
R U:R.

A=

€R,

(ii) Let A € 0,(H) and U = [u v]" be an eigenvector corresponding to A. Set V = L\Blu:ruBlAu .

Then, V € D(H) and

eany_ [ATM B H —u ]

C —A*+ M| | AB7lu+ B71Au
[ —Au — du+ Au+ Au
|~Cu—MA*B7lu— A*B7'Au+ N2’B~lu + AB71 Au

0 o
- IMBlu—Cu—A*BtAu|  |0]°
The third equality is due to the assumption that B~'A is symmetric, i.e., B~!A C A*B~! so B~ 1Au =
A*B~1u. The last equality follows from (2.16). Thus, —\ € 0,(H) with V as eigenvector.

(iii) Case I: A € RN o, (H)\{0}. Let U = [u v]" be an eigenvector corresponding to A, i.e., HU = AU.
\B-1, _ -1
Set V = AB™u—B Au]. Using the fact that JHJ C H*, J> = —I, and the calculation in (ii), we
—u
have
(H* = XI)V = J(H + \)JV =0,

i, V € N(H* — \I) since A € R. Moreover, because B~!A is symmetric and B is invertible and definite,

and A\ # 0, we have
u —AB~ 'y — B 'Au
(V) = <[)\B_1u - B_lAUJ ’ [ —u ]>

= —Mu, B~ ) — (u, B~ Au) — N(B~'u,u) + (B~ Au, u)
= —2X\(B tu,u) #0.
By Lemma 2.1, all generalized eigenvectors of H corresponding to A are eigenvectors.
Case II: A € iR N o,(H)\{0}. Let U = [u v]" be an eigenvector corresponding to A. Set V =
—AB7lu+ B~ Au

u
case (ii), we have

]. Using the facts that JHJ C H*, J?> = —I, and calculation similar to those in

(H* =XV =J(H - \)JV = J(H — \)U =0,
ie., V€ N(H* — XI) since A € iR. Moreover, because B~!A is symmetric and B is invertible and definite,

and A # 0, we have
m —AB~'u+ B 1Au
(U.V) = <[)\Blu—BlAu} ’ [ m ]>

= —Mu, B~ ) + (u, B"'Au) + X(B™ u, u) — (B~ Au, u)
= 2MB tu,u) #£0.

By Lemma 2.1, all generalized eigenvectors of H corresponding to A are eigenvectors. 0
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3. Completeness of eigensystem in the sense of Cauchy principal value. The completeness
theory of eigensystems forms the theoretical basis for the Fourier method. The completeness of the eigensys-
tem for a class of complex Schrédinger operators was studied in [21]. Let us recall the notion of completeness
for a set of vectors in a Banach space.

DEFINITION 3.1. [5] A set of vectors {eqs}aca is said to be complete in the Banach space B if the linear
span of the set is dense in X, i.e., B = Spanaecn{€a}-

Completeness is a property weaker than a basis and is often sufficient for ensuring that all elements of
the space can be approximated, even if not uniquely.

In the forthcoming discussion, we assume that X is separable and study completeness in the sense of
Cauchy principal value of the eigensystems of a class of IDHOs.
DEFINITION 3.2. [6] Two set of vectors, {ag}rea and {a_x}rea, in X are said to be complete in the

sense of Cauchy principal value (abbreviated CCPV), if, for any € X, there exist {Ck}rea and {C_g}rea
such that

xr = Z(Ckak + C,ka,k).

keA

The following example exhibits a CCPV system, which is not complete in X.
EXAMPLE 3.3. Let X = L?(0,1) x L?(0,1) and define the sequences

= [mte 1 o [mtm]}

Then, {ur}72, and {u_x}2, are CCPV in X. In fact, for any vector [ﬁiﬂ € X, choose
_ 1
 km

Ck /0 (kmf(z) + g(x))sin(kra) dz, k=1,2,...,

1
C_p= _ L (kmf(z) — g(x))sin(krx)dz, k=1,2,....
km 0

Then, we have

- " ) = = 2f1 f(@)sin(krz) desin(krz) | [f(x)
;(Ck b+ Corui) ];1 [2 le g(x) sin(krx) dz sin(kmv)] [ } ’

which implies that {u;}32; and {u_;}32, are CCPV in X.

Suppose on the contrary that {u4x}72, is complete in X. Then, there would exist constants {Cx}72
such that

1 o0 ) m ) n

(3.17) {0] = Z Crug = n}gnoo Z Cruy, + n11_>rr010 Z C_ru—_p.
k=—o00, k0 k=1 k=1

Using the fact that

0, n#—m,

mm, n=-—-m,

(Umny JUp) = {
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where J is given in (2.5), we obtain

From the second equality in (3.17), we have

n

0= mnglooZu — (=D)")sin(kre) — lim Y (1~ (~1)*)sin(kra).
k=1 k=1

m
However, lim Z(l — (=1)%)sin(kmz) is divergent, leading to a contradiction. This example shows that
m—r o0

k=1
{uk},;'ozioo}k?éo is CCPV in X but not complete in X.

When the vectors are eigenvectors, CCPV property is particularly relevant in scenarios involving un-
bounded operators, where the spectral theory often yields eigenvectors that do not form a basis.

DEFINITION 3.4. A linear operator T € C(X) is called simple if the point spectrum o,(T) of T is at most
countable and dim N(T — M) =1 for each A € o,(T).

THEOREM 3.5. Let X be a separable space, and let H = [g i*

an IDHO. Assume that B is invertible and definite, D(B) C D(A*), B~1A is symmetric, C + A*B~1A is
definite, and B(C + A*B~1A) is an injective, simple operator. Then,

(i)
(3.18) op(H) = {NeRUIR: A#0, \2 € 0,(B(C + A*B1A))}.

]:D(H)CXXX—>X><Xbe

Thus, both H and B(C + A*B~!A) have countably infinitely many eigenvalues.
(ii) u is an eigenvector of B(C' + A*B~1A) corresponding to A\? if and only if

u —u
(3.19) /\BluBlAu]’ [)\Blu+B1Au ’

are eigenvectors of H corresponding to A and —A\, respectively. Thus, H is a simple operator.
(ili) The eigenvectors of H are CCPV in X x X if and only if the eigenvectors of B(C + A*B~!A) are
complete in X.

Proof. (i) It is easy to see that the following decomposition holds:

g 1 0 0 B I 0
- |=A*B~! I||C+A*B7'A 0| |B-tA 1|’
where B—1A denotes the closure of the operator B~ ! A.

Note that 0 € 0,(B(C + A*B~!A)) as B(C + A*B~'A) is injective. Since C' + A*B~!A is injective
and B is invertible, we conclude 0 ¢ o,(H) by the above decomposition. Since B~'A is symmetric, i.e.,
B71A c A*B~!, by Theorem 2.3(i), 0,(H) C RUiR and all generalized eigenvectors corresponding to A are
ordinary eigenvectors, for each A € o,(H). To prove (3.30), let A € o,(H) with corresponding eigenvector
[uv]". By (2.15),

v=AB 'u— B 'Au,
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and u # 0. By (2.16), we have
(3.20) (C+ A*B™'A)u = \?B™ 1,

which implies that A\? is an eigenvalue of B(C' + A* B~1A) with corresponding eigenvector wu.

Conversely, let u € 0,(B(C + A*B~1A)) with corresponding eigenvector u. So B(C' + A*B~1A)u = pu,

ie.,
(C+ A*B™ ' Ayu = uB™u.
Hence,
* R—1
(3.21) H=<(C+AB A)u,u}eR’

(B~ 1u,u)
since C' + A*B~1A is definite and B is invertible and definite. Thus, (3.30) is established.

(ii) Suppose that A\? is an eigenvalue of B(C' + A*B~1A) with corresponding eigenvector u, i.e., B(C +
A*B~YA)u = \u. Applying (2.16) and the fact that B~1A is symmetric, we have

[A— NI B U
C —A* = M| [AB~'u— B71Au

T Au— M+ du+ Au
|[Cu—AA*B u+ A*B7Au — N>B~'u + A\B~1 Au

- 0 0
(3.22) - __/\QBlu+C’u+A*BlAU] a {0] ’

ie., [u AB~'u — B7'Au]" € X x X is an eigenvector of H corresponding to the eigenvalue \. Similarly,

[A+ AT B —u
c —A*+ M| [AB7'u+ B tAu
_ —Au — Au+ Au+ Au
- |-Cu—MA*B lu— A*B 7 Au+ N?B " lu + AB71 Au
0 0
(8:23) B _)\QB_lu—Cu—A*B_lAu} B [0} ’

ie., [~u AB~'u— B 1Au]T € X x X is an eigenvector of H corresponding to the eigenvalue —\. Hence, H
is a simple operator.

Conversely, if [u v]" is an eigenvector of H corresponding to the eigenvalue ), then by (2.15), v =

AB~lu — B71Au. By (3.22), we have
(C+ A*B™ ' A= B 'u € D(B), B(C+ A*B™'A)u = \u.

So u is an eigenvector of B(C + A*B~1A) corresponding to A2. Thus, the proof of (ii) is complete.

(iii) We now proceed to prove that the eigenvectors of H are CCPV in X x X if and only if the eigenvectors
of B(C 4+ A*B~!A) are complete in X.
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By (i) and (ii), since B(C' + A*B~!A) and H are simple operators, we can assume that o,(B(C +
A*B71A)) = {1, }22, C RT or R~ with corresponding eigenvectors {f,,}°°; and o,(H) = {+\/,}5,; C R
or iR, respectively, and the corresponding eigenvectors of \/p, and —/i _ are, respectively,

Vo = |:\//TnB_1f;]:n— B—lAfn:| € N(H_ \/ﬁnI)7

[

Vo= L@B-lfn +BAy,

} € N(H + /i, I).

Suppose that the eigenvectors of H are CCPV in X x X. We consider the following two cases:

Case I: If both B and C' + A*B~1A are positive or both are negative, then from (3.21), we have
o,(B(C + A*B'A)) cRT, o,(H) C R\ {0}.

Let 0,(B(C + A*B7'4)) = {un}52, C RT with corresponding eigenvectors { f,}52 ;. Because the algebraic
multiplicity is 1 for each eigenvalue of B(C + A*B~1A), {f,}5%, is a linearly independent set. Then,
op(H) = {£\/tn}5=; and V,, and V_,, are the eigenvectors corresponding to /i and —,/Ji_, respectively.
Since the set of eigenvectors {Viy}72; of H is CCPV in X x X, we conclude that for any f,¢g € X, there
exists a sequence {Cyy}72 | such that

m - i(ckvk + WV,

k=1
which implies that
f = (C — C_y)fx € Span {fn}3,
k=1
i.e., the set {f,}52, is complete in X.

Case II: If one of B and C' + A*B~1A is positive and the other is negative, then by (3.20), we have
o,(B(C+A*B7'A)) CR™, o,(H) CiR\ {0}.

Let 0,(B(C+ A*B71A)) = {11, }22, C R~ with corresponding eigenvectors { f,,}22;. Because the algebraic
multiplicity is 1 for each eigenvalue of B(C + A*B~1A), {f,}52, is a linearly independent set. Then,

op(H) = {£iy/—pn 32, and V,, and V_,, are the eigenvectors corresponding to iy/—p, and —iy/—fy,,
respectively. Similar to Case I, we conclude that the set {f,}52, is complete in X.

Conversely, suppose that the set of eigenvectors {f,}5°, of B(C' + A* B~ A) is complete in X. We now
consider the following two cases.

Case I: Suppose 0,(B(C + A*B~*A)) C R* and o,(H) C R\ {0}. Let {f,}2, be the orthonormal
vectors obtained by applying the Gram—Schmidt orthogonalization process [9, p. 14] on {f,}52 . Let

~

_fn
VinB 1}, + B~1Af,

Fn

= 17 147 e X x X.
\/:U'nB fniB Afn

n ) —n =
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We will see that they form an eigensystem of H and {]?n}zo:l is an eigensystem of B(C' + A*B~!A). To
prove the set of vectors {Uyy}%2, of H is CCPV in X x X, for any [f g]T € X x X, set

AR

) C* - )
(U, JU_k) F (U_k, JUg)
Because /j1, € R\ {0}, B is invertible and definite, and B~1A is symmetric, we have

Cy = k=1,2,...

3 T VERB ' fi + BTLAf,
Ug, JU_i) = A ~ N
W ) < VARB~ i ~ BT A, i
= (frs VIR fro + BTAS) + (VB fo — BT Af, fi)
=21k (B fi, fi) #0,

)

)

and
_ —fi | [vmB i - B AT
<U*k7JUk> < \//-TkB_lfk+B_1Afk ’ —fk >
= (= frs ViR Se = B AR + (VieB™ fi + BT Ak, = fi)
= 2/ (B i, i) # 0.
Thus,
Z(CkUk + kaUfk)
k=1
(] (L))
- kzzl T AT MR A T R
H VERBT fi + BT Afy
e\ 7 Tk B
= 23/ B fi, ) ViEB™ i = BTIAf,
H VBT fi = BTUAJ,
T | 7fi —~ e ~
=2/l (B~ fi, fx) VIkB™ fi. + BT Afy
s ViEB i+ BT AJ) + (9. fi) i )
= 2/ (B~ fi fi) VEBT i = BT A
- i (f,o/BxB~ fr = BTLAf) — (9, i) —fi R
= 2/ik{B~ Jis i) VB fi + BT A
<f7B:1J?E> 7
(3.24) =Y (B~ fr, fr)

k=1 <f7B_1A.]L/1;€A> t(gvfk>
(B~ fi, fr)

17 <faB_1fk> — N
Tk BT Tk
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Because the eigenvalues of B(C + A*B~1A) are distinct, i.e., \/fin # £\/ltm for n #m, n,m =1,2,..., by
the first symplectic orthogonality relation in Lemma 2.2, we have

(Uns JURY = (Vitm + VEm) (B~ oy fn) =0, n#m, nm=12,....
Thus,
(B s fn) =0, n#m, nm=12,....

As {fn}j’f:l is the orthonormal set obtained from {f,}%2; via the Gram—Schmidt process, Span {J?n}ﬁ:l =
Span {f,}/_,, for all £ = 1,2,... So, {f,}32, is complete in X and is indeed an orthonormal basis of X.
Thus, we have

oo

(3.25) B = (B o [0 i = (B e fi) i E=1,2,0

j=1
ie., {fn};‘f’:l is an orthonormal eigensystem of B~!. Hence, the first coordinate of (3.24) becomes

=BT s e,
= (B[, fx) b ;<f’fk>fk f.

Since B! A is symmetric, using (3.25), we have
o 17 N o 17 N o 17 N
U2 g U e (S 00D g
=1 (B7 e i) =1 (B~ fks fr) =1 (B~ fks fr)
(3.27) = A*B™'f =B Af.

(3.26)

By (3.25) and (3.27), the second coordinate of (3.24) becomes

5 <<f,B-1Afk> oS gy BB gy )

k=1 (B~ f. fi) (B=1fis i)
_ S 71AA N T\r <va:1.}?/li> 71AA
];1 <<va Te) fre + (g, fu) [ TR fk>B fr

(g, fx)

“(B1Jy, fa) Tr

ST

(3.28) =

By (3.26) and (3.28), we have the relationship

i(CkUk +C_ U_y) = [ﬂ ,

k=1

i.e., the set of vectors {Uy,}22, is CCPV in X x X.

Case I1: Suppose 0,(B(C + A*B~'A)) C R~ and 0,(H) C iR\ {0}. Let {f,}22, be the orthonormal
vectors obtained by applying the Gram—Schmidt orthogonalization process [9, p.14] on {f,}5>,. Let

fn , W—n: l _fn

= L ~ e X xX.
Z.\/ *,Uanilfn - BilAfn

W, J ~
i\/ 7/u'nBilfn + BilAfn
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We will see that these vectors form an eigensystem of H, though {fn};;o:l is no longer an eigensystem of
B(C + A*B~'A). To prove the set of vectors {Wy}32, of H is CCPV in X x X, for any [f g]" € X x X,

C, = 5 C_y = )
T T W, JW_g) MW, TW)

E=1,2,...,

similar to Case 1.

If \/ix € iR\ {0}, we have

B F | liv=mB T~ BT AR

W T = < [i\/%B—lfk ~ B AR ~J >
= (fryiv/=1x B~ fo = BT Af) + (iv/ =B~ fr, — B Afu, — i)
= _27’\/ _Mk<B_1fka f‘k> 7& 07
_ —fi | |ivEmeB A+ BLAR

W, W) = <L\/—T%Blfk +BAf | l Fi >
= (~fryiv/ =B fro + BT Af) + (iv=px B~ fr. + B Afw, fi)
= 2iv/= (B~ i, fi) # 0,

because /i, € iR\ {0}, B is invertible and definite, and B~ A is symmetric. Thus,

o

Z(Cka + C_ W_y)

b

and

k=1
H iv=pB~ fi. - BT A
:i 9]’ —ka _ E“ R
=1 —2in/—px (B~ fi, fr) i/—kB~' fr, = B~'Af
H iv=B~' fx + BTAJ,
g]’ fr )
2/1ik (B~ i, fi) i/ =B~ fi + BT1Afy
_ i —(fsiv=iB~ fi + B~ AR + (9, fi) F R
ot 2i\/=1x (B~ fr. fi) iv/ =B~ fx — BTLAfy
N V=B i+ BT Af) + (g, i) —fi )
=1 2i/= (B~ fr, fr) V=ikB™ fu + BTTAfy,

| _ oo ~ (B~ frs fi) N
(3.29) > B AR + 0.5 g B e |
)+ AL I i
(B, 1) (B~ fi, fx)

which is identical to (3.24). Calculation similar to Case I leads to

iwkwk + O W) = [ﬂ .

k=1
The proof is now complete. 0
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Similarly, we can obtain the following theorem.

A B
Cc —A*
an IDHO. Assume that C is invertible and definite, D(C) C D(A), C~1A* is symmetric, B + AC~'A* is
definite, and C(B + AC~'A*) is an injective, simple operator. Then,

(i)

THEOREM 3.6. Let X be a separable space, and let H = [ ] :DH) C X xX - X XX be

(3.30) op(H) = {NERUIR: A#0, \? € 0,(C(B + AC™'A"))}.

Thus, both H and C(B + AC~'A*) have countably infinitely many eigenvalues.
(ii) v is an eigenvector of C'(B + AC~1A*) corresponding to A? if and only if

—1 —1 Ax* —1,, _ =1 g%
(3.31) AXC~lv+C Av], [)\C v—C71A*y

v

—v

are eigenvectors of H corresponding to A and —A\, respectively. Thus, H is a simple operator.
(ili) The eigenvectors of H are CCPV in X x X if and only if the eigenvectors of C(B + AC~!1A*) are
complete in X.

We now give an example to illustrate the criterion.

ExAMPLE 3.7. Consider the partial differential equation with boundary conditions:
Pu 0 Ou
g Yo
5z T ga <p () 81;)

u(t,0) =u(t,1) =0

U,(O,J?) = (p(m)7ut(07x) = ¢($)7

where s(z) € C[0,1], p(z) € C*[0,1] and s(z) > 0, p(z) > 0 for all x € [0, 1]. The corresponding Hamiltonian

system is
G- e (2) of
“ = .0 Kl )
oy |o s7H(x) o (p(x) 81’) 0| |o
Let X = L2(0,1) be the L2-space with weighted s(x). The corresponding IDHO is
0 1

H:[g —i*]: 5 (w) o (mmji) 0|’

where

D(H) = { {u( )] € X x X :u absolutely continuous, u’,u” € X, u(0) = u(1) = O} )
which is dense in X x X. It is easy to check that

B(C+A*B™'A)=C = —s'(2)— (p(:v)) :
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the Sturm-Liouville operator C is invertible and positive and is a simple operator, and C~! is a compact
self-adjoint operator. Therefore, the eigenvectors of C' is complete in X. By Theorem 3.6, the eigensystem
of H is CCPV in X x X.

On the other hand, let {\;}32, be the eigenvalues of C, and {uy(x)}$2, the corresponding eigenvectors.
Then, Ay > 0, k =1,2,..., and the eigenvectors of H are given by

| Fu(e) B
Uir(z) = [muk(x)] L k=1,2,...,

and

R I B Al DR N R N S

For any [f(z) g(z)]" € X x X, let

<[£E§ﬂ ’JU"“(Q”)> (@), V() + (9(@), us(2))

O = @ @) W wlu@hu@) L F o bEe
and
F
. k:_<[g<x>}’”’““ U@ ) + @)
T T o (un (), un () 27/ A (uk (), uk () ’ o
Then,

(f(z), ur(z))
Ty,

k)=
k=1 k=1 | {g(x), ug(x))

<<> o)y @)

) (z),
pret 2\ﬁ<uk(iﬂ»uk(f€)>
( {g(

)
—(f(x), vV Apur(x)) +
2v/ Nk (ug (), ug ()

i.e., the eigensystem of H is CCPV in X x X.

4. Completeness of eigensystem of a 4 x 4 IDHO. When generalized eigenvectors exist and do
not coincide with the eigensystem, it becomes essential to study the generalized eigensystem of IDHOs. We
introduce several definitions and explore the conditions under which generalized eigensystems are complete.

DEFINITION 4.1. Let X be a separable Hilbert space and let T' € C(X). For any A € ¢,(T), suppose the
order of generalized eigenvectors corresponding to A is 1, meaning that dim N(T'—AI) = 1 and dim Ly (T) = 2.
Let 0p(T) = { s )72 with Ay #0, Urr € N(T — Aip 1), and {Vig}72, be the generalized eigenvectors of
order 1.
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For any € X, if there exist series {Cr}32 1, {C_r}32, {Dr}i2q, {D-r}32; C C such that

(4.32) T = Z(CkUk + C_yU_ + DV + D_,V_y),
k=1

then the generalized eigensystem of T' is said to be CCPV in X.

When o,(T) = {Aer}i2, U {0}. Let Uy and V; be the corresponding eigenvector and generalized
eigenvector of 0, respectively. The generalized eigensystem of T is said to be CCPV in X if for any = € X,
there exists series {Cr}72 0, {C-k 1521, {Dr}i2o, {D-k}32, such that

(4.33) x = CoUy + DUy + Z(CkUk + C_yU_i + DV + D_;V_y),
k=1

holds.

In this section, we study a special class of 4 x 4 IDHOs:

0 A B 0
Ay 0 0 By

c, 00 —A3|”
0 Cy —AF 0

H =

which often appears in elasticity, where C;, B;, i = 1,2 are self-adjoint. For instance, consider the plate
bending equation:
0*M, 0?M,,  9*M,

4.34 -9 =
(4.34) Ox? 0x0y + Oy? 0,

where M, M,,, M,, denote bending moments, The corresponding IDHO [4, 25] is

0 vk D(1—?) 0
e -4 0 0 2D(1 —v)
0 0 0 -&
0 —5% v 0
Ddy? dy

where D and v represent the flexural rigidity of the plate and Poisson’s ratio (0 < v < 0.5), respectively.
This system provides an illustration of how IDHOs appear in the context of plate bending and elasticity.

0 A B, 0
A, 0 0 B
C, 0 0 —Aj

0 Cy —A7 0

~ To Bl , [-Ci A5l . [-B A
H_[C 0]’B_{A2 BJ’C_{AT 02].

LEMMA 4.2. Let H = be an IDHO. Then, H is similar to —H and I;T, where

Thus, the eigenvalues of H is symmetric with respect to the origin.
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Proof. Let
71 0 0 0 00 —I 0
0 I 0 0 0 I 0 0
=10 o1 ol 27|r o o o
0 0 0 —I 00 0 I

It is easy to see that J; = Ji' and H = Jy(—H)J; Y, i.e., H is similar to —H, and JoHJy* = H, i.e., H is
similar to H. 1]
0 A B 0
Ay O 0 By
ci 0 0 -4
0 C; -A7 O
scalar. Suppose that we have B; ' P;D(H) C D(A}) i = 1,2, where the operators P; : X* — X, i = 1,2, are

projections:

THEOREM 4.3. Let H = be an IDHO, where B; > M, C; > 0, and M > 0is a

(4.35) P; [z1 2o x3 ;134]—r =x;, 1=12,

and for each of A € g,(H), there exists a? > 1 such that

2
(4.36) (A3By;' — By A)PN(H — M) = mB;lplN(H — M),

(4.37) (By'Ay — A;ByY)PIN(H — M) = By 'PoN(H — \).

200+ 1
Then the following results hold:

(i) The order of generalized eigenvectors of H corresponding to A is equal to 1.

(ii) Suppose that H is a simple operator. If the sets {P U()\) : U(A) € N(H — AM)}reo,(m) and
{P2U(N) : U(N) € N(H — M)} aeo,(m) are orthogonal bases of X, then the generalized eigensystem
of H is CCPV in X*.

Proof. (i) Let A € 0,(H) and U = [f1 f2 g1 g2) " € N(H — AI). Then, we have
g1 = ABy'fi — By ' A1 fo and go = ABy ' fo — By ' As £,
which leads to the following equations

(4.38) (C1 — N2Byt + A3By " Ag) fi = M(A5By Y — By AY) fa,

(4.39) (Co — N2By '+ AiBy A fo = MAJBy Y — By A f1.

Furthermore, using (4.36) and (4.37), we obtain

_ - 2
(4.40) (43By" = By ' A\ fa = =By ' fu,
a—1
- « 2N
(4.41) (B, 1A2 — A1B, 1)fl By 1f2-

T 2a+1
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When A =0, by (4.40) and (4.41), we obtain
A3By*  fo = By AL fa,
By'Asfr = A{By ' fr.
h
Let V = fo . Then, V. € D(H) and HV = U. When X # 0, set

Bf1f1 - BflAlfz
By'fo— By'Asfi

Sh

—5/f2
(a+ 1By fi+$B7 A fo
(1—a)By ' fo— $By ' Ao fu

V:

Then, V' € D(H) and by (4.38)-(4.41), we have (H — A\)V = U. It shows that the order of generalized
eigenvectors of H corresponding to A is at least 1.

On the other hand, by (4.40) and (4.41), we have
xp—1 —1 2X -1
(i, (428" = By A fo) = 5—={f1, Br fu),

22

m<32_1f27f2>,

(By'Ay — A{By ) f1, f2) =

which imply

A_2a+1 (B{'fi,fi) <0
A 20—1 (By'fo, fo) .
Hence, 0,(H) C R and
_ 2+1,
(4'42) <BQ 1f2;f2>:m<31 1f1;f1>~
Case 1. When A =0, let
-9 By 'fi+ By A f,
~1 1
U=|%| and V= By f2= By Aofi
—f1 —f1
f2 I2

Then ,JU,JV € D(H) and by JHJ C H*, we have
H*U=JHJU =0, H*V=JHJV =U,

which imply

(H*)2V:07 <U,‘7>=—<B;1f17f1>—<B£1f2,f2>7$07

where
0 0 I 0
0 0 0 I
S = —I 0 0 0
0 —-I 0 0
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By Lemma 2.1, the order of generalized eigenvectors of H corresponding to A = 0 is less than 2.

Case 2. When X # 0, let

—g1 —Br'fi —aBr i — $BT A S
T |92 | and v = By'fs—aBy'fo— $By; Ao fy

—f1 -%h

f2 —5%/fe

Then, JU, JV € D(H), and we have
(H* = XU = J(H + \)JU =0,

(H* = XI)V = J(H + XI)JV =TU.
Consequently, V € N((H* — XI)2). By (4.38)—(4.41), we have

(U, V) = —2a+1)(By f1, 1) + (1 — 20)(By  fa, f2)

=—2(2a+1)(By ' f1, f1) #0.

By Lemma 2.1, the order of generalized eigenvectors of H corresponding to A is less than 2, proving (i).

(ii) By Lemma 4.2, 0,(H) is symmetric with respect to the origin.

When 0 ¢ o,(H), let {A\1r}32q,

where A\_p = —\, are the eigenvalues of H and
k k
" P
Uy = k /2 k Uk = ;f2 k
B - B A BT 4 Bt A Y
1 4k - k 214 (k Z k
By P — Byt A, ANeBy S — Byt A,
are the corresponding eigenvectors of Ay and A_g, K = 1,2,... Then, the corresponding generalized eigen-
vectors are
e k « k
o —2 A
& £
Vi = _ o _ , Vo= _ e _
(a+1)B A + 2Bt A £ (a+ )BT AR + 2Bt A £
1 (K o e k —1 (K o — k
(1—a)By 1 — 2By Ay fM (0 = 1)By % + 2By Ay P

By (ii), {fl(k)}z":1 and {fék) o2, form an orthogonal basis of X. Thus,

k j k ] . .
(P = (P (Y =0, k# Gk =1,

For any U = [a:l To Y1 yg]T € D(H) C X*, set

U, JV_;) U, JVi,)
Cp= 22k o = Dk
M Uk, JV_i) R U, TV
Dy — (U)o UTU)

Ve, JU_) 77 Vo, JUY

2,....

1,2

g Ly ey

1,2,....
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Then,
(@, BT
B B
<$2,B{1f2(k)> ()
i e (k) p—1 p(k)
Z(CkUkJrC—kU_k+Dka+D_kV—k):Z <2(k’)B2 £27) ,
k=1 k=1 (v, 1) B-lr®) A
70 g1y ! F7+ 5
1 > 1 1
<y2,f2(k)> B—lf(k)+A
U By R

where
Al:MB,lf(k)_ 2A (w2, By ' 157) Bl
GO B ) T Bk (P )
_Qa-1) (@B'fY) o, £
2a+1) (f® prig®y Tt TR
and

_ <I1731_1A1f2(k)>3_1 (k) 2\ (o BUUAY) 10
- _ 2 2 _ X 2 2

(A7, B ) (2o =1 (£, By 57)
20+ 1 (z1, By L)

20=1 (20— 1)(f{¥, By 159)

Byt A fi).

By Lemma 2.2, for k # j, where k,j = 1,2,..., we have
Uk, JU;) = Ak = M) BTV ) + (Ba U 15 f9)] = 0,
which implies
BrUAY A = B EY ) =0, kA£G k=12

For any k,7 =1,2,..., we have

—1 p(k)  p(k)
e (BUUATUATY sy G 1 (k) Rk 1 k) (K
<31 O =S ) = B A0 B Y ) =0
1 e

Hence,

(By U )y (k)

—1 p(k) _ _
By fi = <1(k) fl(k)) T, k=1,2,....

Similarly, we also have

— k k
B-1 (k)zw(@ k=12
2 2 < 2(k) fQ(k)> 2 ) b PECECIRNE

As a result,

1

a, BOUAY) (k)_im,fﬁ k) _
k — k 1 - k k 1 -
= (P, B = (ff. )
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and
o0 -1
(w2, By 1 k (T2, f5) o
‘@r‘*%f(’ E: s =
1<f2 , By f k=1 f2’f2
Similarly,
S (71 4 e = (e i) k) _
Y =B DD et B Y = e
£) o1 ok k k
=M By =R B )

Next, we prove that Y ;- ; A = 0. By (4.42),

i i A(,f xg,flk)> 1 flm_<x2,<B;;;42—_;4;£f1>f{“>
o (M, B D) (i, By fi)
(;vg,B{ f2>
By )
= A3Bytag — (A3By ' — Byt A wy — By A,
=0.

71A1f2

Similarly, it can be shown that > ;- Ay = 0. Therefore,

> (ChUk + CrU_g + DiVie + D_Voy) = w1 72 11 2] -
k=1

When 0 € 0,(H), let

7 7
Uo = _];2(0) o> Yo=1,1,0 f2(0)—1 0]
—Bi Aify By fi7 =By Auf,
~By ' Ay 1" By'fy” — By ' Ao f1”

be the corresponding eigenvector and generalized eigenvector. Set

C == ) - )
O W, Vo) T (Vo JUG)
(U, JV_}) (U, JVi)
Ch=+—"————-, C =" k=12,...,
UL IV T T U, W)
(U, JU,k> (U, JUk>
Dy = ~———— D_ = -—" k=12, ....
M Wi, JU_) WV JUY e

It can then be similarly proved that

o0
CoUy + DoV + Z (CxUg + C_U_j, + DyVi + D_y V_y.) = [21 2 y1 2] "
k=1

holds for any [x1 =2 y1 ya] ' € D(H). Since D(H) = X*, the proof is complete. 0

The following theorem shows that the condition (ii) in Theorem 4.3 can be expressed in an alternative
form.
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0 A B 0
Ay O 0 By
Ci 0 0 —A3

0 C, -A7 O
M > 0 is a scalar. If for each A € 0,(H), we have

THEOREM 4.4. Let H = be an IDHO with B; > M,C; > 0, i = 1,2, where

B 'P/D(H) C D(A}), i=1,2,

and there exists o > % such that the following conditions hold:

2)

(4.43) (A5B; ' — By A)PN(H — M) = 5 1B;lPlN(H — M),
o
2

(4.44) (By'Ay — A;ByY)PIN(H — M) = 5 i 1B;IPQN(H — ),
«

where the operators P; : X* — X, i = 1,2 are defined as in (4.35). In addition, let H be a simple operator,
and assume that {\"PiU(N) : U(A) € N(H — M)} eo, () and {XN"PU(N) : U(N) € N(H — M)} reo, (m)
are orthogonal bases of X, where m is an integer. Then the generalized eigensystem of H is CCPV in X*.

Proof. If the sequences {fl(k)}zoz1 and {fz(k)}z';l of vectors in Theorem 4.3 are replaced by {)\Zlfl(k)}g‘;l

and {A} fz(k)}zozl, respectively, then it can be shown analogously that the generalized eigensystem of H is
CCPV in X4, d

We now give an example to illustrate the criterion.

ExAMPLE 4.5. Consider the basic equation of plate strip [4]

M, My, M,

4.45 — =0,
(4.4) ox? Oz 0y Oy?
and the corresponding infinite dimensional Hamiltonian system ® = H®, with homogeneous boundary
conditions:
¢z =0, when y =0 or y = b,

1

B(by—vky:O, when y =0 or y = b,
where

D = [py Oy Ky kuy] "
Let X = L?(0,b). Then,

0 v D=7 0
-4 0 0 2D(1 —v)
_ d
H= oy 0 0 —diy ’
0 —%yz v% 0
and
¥1(y) Ua(0) = v ff’)(b): 0, 220 yys(0) = 0,
) () 4. S —vps(b) =0
PU = osm| €7 |vutw) € 400, by, viw) € L2(0,8),i = 1,3,4
Ya(y) Yh(y) € AC(0,b),v4 (y) € L*(0,b)
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By direct calculation, the eigenvalues of H are

km

Ne= T k=0,£142,
and the corresponding eigenvectors are
D(1—-wv) .
0 % sin(Axy)
D(1 % )
Up = ! , Up=|—5—"cos(\ey)|, k==41,+2....
0 Ak
0 sin(Ary)
cos(Ary)
Let o = % Since Poisson’s ratio v satisfies 0 < v < 0.5, we have a? > i and
. _ k 1-v | 20k o1k
(A3B, L B, 'Ay) 2( ) = 21 + v) sin(Ary) = 2047—1B1 1f1( )7
_ _ — 2 e 1 p(k)
AiBr = By A f ) = 0 cos(hy) = — By AP,
( 1~1 2 2) 1 2(U+1) COS( ky) 204_1 2 2

In addition,

Span {A\PIN(H — X[) UP\N(H) : A € 0,(H)} = Span {D(1 — v)sin \yy}32; = X,

Span {A\P,N(H — X) UP,N(H) : A € 0,(H)} = Span {D(1 — v) cos \py}72, = X.

By Theorem 4.4, the order of generalized eigenvectors of H is equal to 1, and the generalized eigensystem
of H is CCPV in X4,

On the other hand, by [4, Theorem 1], we have

D(3+v)

0 —on sin(Axy)
1 D(3+v)
o= o | W=| % ?OS(AW) . k=41,£2,.. .,
1 —m Sln(Aky)
2D(1—v) ﬁ cos(Ary)

For any U = [41(y) v2(y) ws(y) s()] T € DH) C X, le
b ) [t
Co=7 [ vty - 2257 [Conta,

e

1 b
Cn= 55 /O [bsin%(nmpl(y) +bD(3 4 v)s(y))

+ beos "2 (nmiia(y) + bD(3 + v)ea(y)) | dy,

1 b
C_, = M/o [bsin ?(mﬂbl(y) —bD(3 +v)3(y))

— bcos %(mﬂ/@(g/) —bD(3+ U)w4(y))] dy,
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b nmy
[b sin 2 (¢ (y) + bD(1 = v)s(y))

- —nm
" 283D J,

— cos n—?(mw(y) +bD(1 — v)z[q(y))] dy,

nmw b nmy
-n = 53D | [bsin T(nm/;l(y) —bD(1 — v)3(y))
+ cos ?(nwz(y) —bD(1 - v)dq(y))] dy.

Then, we have

U = Coly+ DoVy + Y (ChlUk + C_U_p, + DpVi + D_V_y),
k=1

i.e., the generalized eigensystem of H is CCPV in X%,
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