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FILTERS AND STRUCTURE PRESERVING TRANSFORMATIONS FOR QUADRATIC
SYSTEMS*

AGURTZANE AMPARANT, SILVIA MARCAIDAT, AND ION ZABALLAT

Abstract. The spectral equivalence of quadratic systems can be characterized using matrix polynomials called spectral
filters. These filters were characterized in [8] for quadratic systems with nonsingular leading coefficient in terms of structure
preserving transformations (SPTs) of three types of linearizations. This paper extends the results of [8] to quadratic systems
with singular leading coefficients, using a new type of linearization called the Rblock-symmetric linearization. It is then shown
that, for any two spectrally equivalent quadratic systems and any of their linearizations, there is a homeomorphism between
their linear spectral filters and the set of SPTs of the chosen linearization. In addition, spectral filters for spectrally equivalent
quadratic systems must satisfy a Bezout identity. With a view to the decoupling problem of quadratic systems using filters,
we identify matrix polynomials of small degree that realize the Bezout identity for the given spectrally equivalent quadratic
systems and their filters.
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1. Introduction. This is the first part of an extensive investigation into the implementation of the
phase synchronization technique for decoupling diagonalizable quadratic systems using filters. A quadratic
system

(1.1) Mi(t) + Di(t) + Kz(t) = f(t), M,D,K € R™ ",

is said to be decoupled if M, D, and K are diagonal matrices; otherwise, it is said to be coupled. Equivalently,
(1.1) is decoupled if the associated quadratic matrix polynomial Q(s) = Ms? + Ds + K is diagonal. In this
paper, quadratic matrix polynomials will also be referred to as quadratic systems. A quadratic system Q(s)
is diagonalizable if it is unimodularly equivalent to a diagonal quadratic matrix polynomial. That is to say
(see Section 2), if there are unimodular matrices U(s) and V (s) (polynomial matrices whose determinants
are nonzero constant polynomials) such that U(s)Q(s)V (s) is a diagonal quadratic matrix polynomial.

Phase synchronization is a technique that has been developed in [14, 15, 17, 18, 11, 12] (see also [21]) for
decoupling arbitrary quadratic systems (although M is assumed to be invertible except in [12]). It is shown
in [17, 12] that, when the system is diagonalizable, then phase synchronization can be implemented using
structure preserving transformations (SPTs). SPTs require the quadratic system to be in state-space form.
In other words, it requires to choose an appropriate linearization of the quadratic system—that, in general,
will have a precise structure (see Section 3)—and by similarity or strict equivalence obtain a linearization of a
diagonal quadratic system with the same structure. The nonsingular matrices transforming the linearization
of the original coupled system into the linearization of the decoupled system is an SPT. For example, if
the quadratic system of (1.1) has 2n distinct eigenvalues, A1, ..., Ao, say, and A; = Diag(Aq,...,\,) and
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Ay = Diag(MAni1,-- -, Aan), then Q(s) = Ms?+Ds+K and Qq(s) = I,5°—(A1+Az)s+A;1 Ay are unimodularly
equivalent and Qg4(s) is diagonal. Then, (see Section 3),

M 0 D K I, 0 —(Ar+As) AN,
LA R S B A B B}

are the first block-companion linearizations of Q(s) and Q4(s), respectively. Since these matrices have the
same eigenvalues and are all distinct, there are invertible matrices S, R € R2"*2" such that

M 0 D K|\ _ (|[In O —(A1+A2) AA,
I R ) R (A A S
Then, (S, R) is an SPT for the first block-companion linearizations of Q(s) and Qq(s) (see Section 3 for the
precise definition).

As mentioned in [8], there may be some drawbacks to working with quadratic systems in state-space
form. For example, while a quadratic system remains quadratic if its matrix coefficients are subjected to
perturbations, the structure of its linearizations may be lost if it is subjected to unstructured perturbations,
in which case the resulting matrix (or pencil) may no longer represent a quadratic system. The alternative
proposed in [8] is to use coprime filters to decouple diagonalizable quadratic systems. They were introduced
in [8] for quadratic systems with invertible matrix M and extended to arbitrary matrix polynomials of any
degree in [3], where they were called spectral filters. In this paper, we show that spectral filters and SPTs
are closely related, but the former have some advantages. In particular, they act directly on the involved
quadratic systems, and they do not depend on their linearizations. Specifically, while the SPTs strongly
depend on the chosen linearizations, the set of spectral filters only depend on the given quadratic systems
in the sense that it remains unchanged irrespective of their linearizations (see Remarks 4.5, 5.7 and 5.13).

The goal of this paper is to clarify the relationship between spectral filters and SPTs for nonsingular
quadratic systems. This was done in [8] for the case det M # 0, and we will extend this analysis to general
nonsingular quadratic systems, including the case det M = 0 (but, of course, M # 0). Additionally, we
will prove some results that will be relevant to the implementing the phase synchronization method using
spectral filters that may be of interest in their own right.

The rest of the paper is organized as follows. Section 2 is dedicated to introducing the notation and the
necessary previous results used in the manuscript. These include the notions of coprime and spectral filters.
While coprime filters preserve the finite structure of polynomial matrices, the more general concept of a
spectral filter is needed to preserve the structure at infinity as well. Section 3 is dedicated to recalling the
notions of linearization and SPT. In particular, the most commonly used linearizations are defined, and a
new one is introduced that will be important in our developments: the Rblock-symmetric linearization. This
preserves the finite and infinite structures of Q(s) = Ms? + Ds + K provided that K is invertible. We aim
to show that there is a bijection between the set of spectral filters of spectrally equivalent quadratic matrix
systems Q1(s) and Q2(s) and the set of SPTs of their Rblock-symmetric linearizations. This was done in [8]
when det M # 0 and is revisited in Section 4. Coprime filters for unimodularly equivalent quadratic systems
satisfy a Bezout identity. Matrices that realize such a Bezout identity are found in Section 4. These matrices
are important to implement the method of phase synchronization. The results of Section 4 are generalized in
Section 5 to the case of quadratic systems with det M = 0 and det K # 0. The case when both determinants
are zero is covered in Section 5.1. Examples are provided to illustrate the main results of the paper.
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2. Preliminaries. Although the results of this manuscript are intended for application to real quadratic
systems, they are purely algebraic and valid for arbitrary fields. Let F be a field and let F denote its algebraic
closure. The ring of polynomials in the indeterminate s with coefficients in F is denoted by F[s], and F(s) is
the field of fractions of F[s], i.e., the field of rational functions over F. A polynomial in F[s] is monic if its
leading coefficient is 1. Given two polynomials «(s) and 5(s), by a(s) | B(s), we mean that a(s) is a divisor

of B(s).

As usual, F*™ and F[s]™*" denote the vector spaces over F of m x n matrices with elements in F

mXn are, strictly speaking, polynomial matrices; however, we will

and FF[s], respectively. The elements of F[s]
identify F[s]™*" with F™*"[s] and call the matrices of F[s]™*™ matriz polynomials. The rank of a matrix
polynomial over the field F(s), denoted rank(-), is equal to the largest order of its non identically zero minors.
It is also known in the literature as normal rank. A matrix polynomial is reqular or nonsingular if it is square
and its determinant is not identically zero; otherwise, it is said to be singular. The symbol deg(-) will be
used to denote the degree of a matrix polynomial, that is, the highest degree of its entries. The leading
coefficient of a matrix polynomial is the matrix of the coefficients of the polynomial entries whose degrees
are the degree of the matrix polynomial, that is, the coefficient of the term with the highest degree as matrix
polynomial. The leading coefficient of a quadratic matrix polynomial is often referred to as the mass matriz,
particularly if the quadratic matrix represents a vibrating system. Recall that a matrix U(s) € F[s]"*"™ is

nxn

said to be unimodular if it has inverse in F[s]"*™ i.e., if it is polynomial and its determinat is a nonzero

constant.

Two matrix polynomials Pj(s), Pa(s) € F[s]™*™ are unimodularly equivalent if there exist unimodular

matrices Up(s) € F[s]™*™ and Ua(s) € F[s]"*™ such that Pa(s) = Ui(s)P1(s)Uz(s). Let P(s) € F[s]™*" of
rank r. A canonical form for the unimodular equivalence is the Smith normal form (see, e.g., [13, Section
7.5]): If P(s) € F[s]™*™, then it is unimodularly equivalent to a diagonal matrix

Diag (a1(s),...,ar(s)) 0
0 0]’

where a1(s) | -+ | a,(s) are monic polynomials. They are called the invariant polynomials of P(s). The

roots in IF of the invariant polynomials of P(s) are the finite eigenvalues of P(s).

For any so € F, the invariant polynomials can be uniquely factorized as a;(s) = (s — s0)% B;(s) with
d; > 0, Bi(sg) # 0. The sequence (di,...,d,), with 0 < dy < --- < d,, is called the partial multiplicity
sequence of P(s) at sg.

The unimodular equivalence can be characterized using coprime filters. In order to introduce this notion,
we recall when two matrix polynomials are said to be coprime. Two matrix polynomials P(s) € F[s]™*" and
N(s) € F[s]P*™ are right coprime if their common right divisors are unimodular matrices; that is, if there exist

P(s) € F[s]™*™, N(s) € F[s]?*", and X (s) € F[s]"*™ such that P(s) = P(s)X(s) and N(s) = N(s)X(s),
then X (s) is unimodular. Moreover, P(s) € F[s]"*™ and N(s) € F[s]"*? are left coprime if their transposes
P(s)T and N(s)T are right coprime. The following theorem gives several characterizations of this coprimeness
notion.

THEOREM 2.1. [20, Chapter 2, Theorem 6.1] The matriz polynomials P(s) € F[s]"*™ and N(s) €

Fls]">*™ are left coprime if and only in one of the following equivalent conditions is satisfied.

(i) rank [P(sg) N(so)] =n for all so € F.
(it) The Smith normal form of [P(s) N(s)] is [I, 0].
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(i11) There exist matriz polynomials V(s) € F[s]™*™, W (s) € F[s]™*™ such that the Smith normal form
of the matrix
P(s)  N(s)
[_V(S) W(S)’]

18 In_;,_m.
(iv) There exist right coprime matriz polynomials X (s) € F[s]™*™, Y (s) € F[s]™*™ such that

P(s)X(s) + N(s)Y(s) = I,.

Coprime filters were introduced in [8] for quadratic matrix polynomials with nonsingular leading coeffi-
cients and extended in [3] for more general matrix polynomials.

DEFINITION 2.2. Let Pi(s), Pa(s) € F[s|™*™. Two matrices Fi(s) € F[s]"*™, Fa(s) € F[s]|™*™ are
coprime filters from Py(s) to P(s) if

(i) Pi(s) and Fiy(s) are right coprime,
(ii) Pa(s) and Fy(s) are left coprime,
(111) FQ(S)Pl(S) = PQ(S)Fl(S).
REMARK 2.3. It follows from item (i) in Theorem 2.1 that when Py(s) and Pa(s) are n x n nonsingular

Py (s0) }

matriz polynomials, then Pi(s) and Fi(s) are right coprime if and only if rank{Fl(SO) = n for all sg

eigenvalue of Py(s). Similarly, Py(s) and F»(s) are left coprime if and only if rank [Ps(sg) Fa(so)] =n for
all sy eigenvalue of Pa(s).

It is a key consequence of [19, Theorems 2 and 3] that two matrix polynomials are unimodularly equiv-
alent if and only if there exist coprime filters connecting them.

Let P(s) = Pys?+---+ Pis+ Py € F[s]™*" with P; # 0. The reversal of P(s) is the matrix polynomial
rev P(s) := s"P(1/s) = Pos” + Pis’™' .-+ Pu.

If the leading coefficient of P(s), Py, is singular (as in [6] for example), then P(s) has infinity as an eigenvalue
(in fact, this means that rev P(s) has 0 as eigenvalue). The partial multiplicity sequence of P(s) at so = 0o
is the partial multiplicity sequence of rev P(s) at sop = 0. The set of eigenvalues of P(s) (finite and infinite)
is denoted A(P). It follows from the definition that rank P(a) = rank P(s) for a € F if and only if a is not
an eigenvalue of P(s).

We introduce now the spectral filters for matrix polynomials.

DEFINITION 2.4. Let Pi(s), Py(s) € F[s]™*™ be matrix polynomials of degree d; and leading coefficient
P, 4,, 1 =1,2, respectively. Let a € F such that rank P;(a) = rank P;(s), ¢ = 1,2. Then, P;(s) and Ps(s) are
spectrally equivalent if there are matrix polynomials Fy(s) € F[s]"*™ and F»(s) € F[s]™*™ satisfying:

(i) Fi(s0)

(ii) rank [Fh(sg) Pa(so)] =m for all so € F\ {a}, and rank [Fy,,, P24,] =m,
(ili) Fa(s)Pi(s) = Pa(s)Fi(s),
(iV) ng +dy = ds + ng,

rank[ﬂ(so)} =n for all 5o € F\ {a}, and rank{%_‘:i } =n,

where n; = deg(F;(s)) and F; ,,, is the leading coeflicient of F;(s), i =1, 2.
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DEFINITION 2.5. Fi(s) and F»(s) in the previous definition are said to be spectral filters from Pi(s) to
PQ(S).

It follows from [4, Theorem 5.3]) that P;(s) and Py(s) are spectrally equivalent if and only if they have
the same finite and infinite eigenvalues with the same partial multiplicity sequences.

REMARK 2.6. (i) As square matriz polynomials with invertible leading coefficients have no eigen-
values at infinity, unimodularly equivalent matrix polynomials with invertible leading coefficients are
spectrally equivalent, and their coprime filters are spectral filters (see [4, Section 5.1]) .

(i) As in Remark 2.3, when Pi(s) and Px(s) are n X n nonsingular, items (i) and (i) of Definition 2.4
can be replaced, respectively, by

(i) rank{Pl(sO)} =n for all so € A(Pi(s)), and rank{%jii } =n,

F1(s0)

(i) rank [Fg(so) PQ(S())} =n for all so € A(Py(s)), and rank [Fg’n2 P2)d2] =n.

Two matrix polynomials of degree at most one (sometimes called pencils), A;s + By € F[s]™*" and
Ass + By € F[s]™*™ | are strictly equivalent if there exist invertible matrices V' € F™*™ and U € F™*" such
that (Aas + B) = V(A1s+ B1)U. The canonical form under strict equivalence is the Kronecker canonical
form. In particular, if A;s+ By € F[s]™*™ and Azs + Bz € F[s]"*"™ are nonsingular linear polynomials, then
Ays+ By and Asys+ Bs are strictly equivalent if and only if they have the same finite and infinite eigenvalues
with the same partial multiplicity sequences (see [7, Chapter XII, Theorem 2]).

3. Linearizations and SPTs. From now on, we consider nonsingular quadratic matrix polynomials
of the form Q(s) = Ms? + Ds + K, with M, D, K € F"*". Recall that a linearization of Q(s) is defined
to be any linear polynomial As + B, A, B € F?"*2" with the same invariant polynomials as those of Q(s)
apart from invariant polynomials equal to 1. In other words, As + B is a linearization of Q(s) if there are
unimodular matrix polynomials Uy (s), Ua(s) such that

Uy (s)(As + B)Us(s) = [Q(S) 0} .
0o I,

All linearizations have the same finite eigenvalues as Q(s) with the same partial multiplicity sequences.
However, if M is singular, the more general notion of strong linearization is required: A linearization As+ B
of Q(s) is said to be strong if rev(A4s 4+ B) = Bs + A is also a linearization of rev Q(s) = Ks? + Ds + M.
A consequence of this definition is that any strong linearization of Q(s) have the same finite and infinite
eigenvalues of Q(s) with the same sequences of partial multiplicities. Therefore, if Q;(s) and Q2(s) are
nonsingular spectrally equivalent and A;s + By and Ass 4+ Bs are strong linearizations of Q1(s) and Q2(s),
respectively, then A;s+ By and Ass + By are strictly equivalent. And conversely, if Ajs+ By and Ass + Bs
are strong linearizations of Q1(s) and Q2(s), respectively, and they are strictly equivalent then @1(s) and
Q2(s) are spectrally equivalent.

Distinguished strong linearizations of Q(s) = Ms% + Ds + K (see, for instance, [5, 9, 22, 23]) are the
first block-companion linearization
M 0 D K
o 5"t |1 o)

and the second block-companion linearization
M 0] s+ D
10 I,] K 0
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When det M # 0, the following matrices are also strong linearizations:

L, 0] [ o —1, [0l [0 mM
o ,|°"|M'k mMp| ? o I,|°" |-, DM

are called in [8] right block-companion linearization and left block-companion linearization, respectively.

A large family of strong linearizations was obtained in [16, p. 989]: for any a;,as € F, not both zero
and such that —¢2 ¢ A(Q), every pencil of the form

=~ (llM (lQM alD — CLQM alK
2 L(s) =
(3 ) (S) |:(ZQM CLQD — alK} 5 |: alK 0,2Ki| ’

is a strong linearization of Q(s). Since

o 0 In =~ 0 In o agD—alK CLQM (ZQK alK
(3:3) Lis) = {In 0} L(s) {In 0] - { asM alM] § [alK alDazM} ’

L(s) and L(s) are strictly equivalent and so the matrices L(s) of (3.3) also form a family of strong lineariza-
tions of Q(s) provided that -2 d A(Q) for any a1, as € F, not both zero.

Note that the first, second, right, and left block-companion linearizations are not included in these
families of linear pencils. Note also that when det M # 0, then oo ¢ A(Q) and the matrix of (3.3) with
a; =0 and ap = 1 is a linearization of Q(s). In this case, such a matrix is

(3.4) L(S)ZL\Z ]Ow}sju[[g _?w]

This matrix was called the block-symmetric linearization of Q(s) in [8].
On the other hand, taking a1 =1 and as = 0 in (3.2), we get
M 0] D K
(3.5) L(s)—[o K S+_K 0},
whose reversal is

(3.6) rev L(s) = le [0( s+ ]‘04 _(}(]

Therefore, if 0 ¢ A(Q), L(s) of (3.5) is a strong linearization of Q(s) whose reversal is the block-symmetric
linearization of rev Q(s) = Ks?+Ds+M. We will say that L(s) of (3.5) is the Rblock-symmetric linearization
of Q(s) provided that det K # 0.

DEFINITION 3.1. Let Q1(s) = M;s?>+ Dys+ K; and Qa(s) = Mas? + Das + Ko be two spectrally equiv-
alent nonsingular quadratic matrix polynomials. Let Li(s) and La(s) be the first block-companion (second
block-companion, block-symmetric, Rblock-symmetric, right block-companion, left block-companion) lin-
earizations of Q1(s) and Qa(s), respectively.

(i) A pair of nonsingular matrices (U, V), U,V € F?"*2"_is said to be a first block-companion (second
block-companion, block-symmetric, Rblock-symmetric) SPT from Q1(s) to Q2(s) if UL1(s) = La(s)V.
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(ii) A nonsingular matrix V € F?"*2nand their filters is said to be a right block-companion (left block-
companion) SPT from @Q1(s) to Q2(s) if VLi(s) = La(s)V.

We are to show that spectral filters and the SPTs are very closely related. Actually, for unimodularly
equivalent quadratic matrix polynomials with invertible mass matrices, it was shown in [8, Theorem 5.1] how
to obtain coprime filters from right block-companion SPTs and conversely. We aim to generalize the result in
[8] to spectrally equivalent nonsingular quadratic matrix polynomials with, possibly, singular mass matrix.
Taking into account that the reversal of the Rblock-symmetric linearization of Q(s) is the block-symmetric
linearization of rev Q(s), it will be more convenient for our developments to consider the Rblock-symmetric
linearizations of (3.5) when det X' # 0. As mentioned above, these are strong linearizations of Q(s) if
det K # 0, but the only restriction on M is that it is not the zero matrix. Later on, we will remove the
condition det K # 0.

First of all, we need to adapt the results in [8] to block-symmetric linearizations because they will be
used for the general case of quadratic matrix polynomials with, possibly, singular mass matrix.

4. Coprime filters and block-symmetric SPTs. In this section, we study the relationship between
coprime filters and block-symmetric SPTs of unimodularly equivalent quadratic matrix polynomials with
nonsingular leading coefficients.

First, we show that if (U, V) is a block-symmetric SPT connecting two unimodularly equivalent quadratic
matrix polynomials with nonsingular leading coefficients Q1(s) and Qz(s), then Q1(s), Q2(s) and the n first
rows of V' determine completely V', U and linear coprime filters connecting Q1 (s) and Qa(s).

PROPOSITION 4.1. Let Q;(s) = M;s* + D;s + K; € F[s|"*™ with det M; # 0, i = 1,2, and assume that
Q1(s) and Q2(s) are unimodularly equivalent. Let

D; M;

(4.7) A; = [ w0

}, i=1,2.

Let (U, V) be a block-symmetric SPT from Q1(s) to Q2(s). Then,
(i)
vV — Vi Va
C-VaMTKy Vi = VaM Dy

with Vi, Vo € B and U = AVAT!.
(i) Write

IR A N A
(48) U_[Ug UJ,V—[VS 1/4]’

with U;, V; e F™*" ¢ =1,...,4. Then, F1(s) = Vas+ Vi and Fx(s) = Uss + Uy are coprime filters
from Qu(s) to Qs(s).
Proof. By item (iv) of Proposition 2.2 of [8], if (U, V) is a block-symmetric SPT from Q1(s) to Q2(s),
then V is a right block-companion SPT from Q1 (s) to Q2(s) and U = A,V A7, Thus,

v

0 I, }:[ 0 I, v

~-M; 'Ky, —M;'D, ~My'Ky, —M;'D,
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Let V = [} 2] with V; € F™*", i =1,...,4. Then,

0 I,
Vi Ve {—MflKl —Ml_lDJ =[Vs Vi,
and so V3 = —VoM; 'K, and V4 =V}, — VoM ' D;.
To prove (ii), from U = A,V A, we have
U] _ [(D2Vat MoVa)M Y] _ [(D2Va + M2Vi — MoVo My ' D) My
Us MyVa M MyVaM !
 [Ma(M3'DoVo — VoM Dy + Vi) M;!
B MoVoMt '

By Theorem 5.1 of [8], Fi(s) = Vas + V4 and Fy(s) = Uss + Uy are coprime filters from @Q1(s) to Q2(s). 0O

and their filters

The following proposition allows us to obtain block-symmetric SPTs from linear coprime filters of uni-
modularly equivalent quadratic matrix polynomials with nonsingular leading coefficients.

PROPOSITION 4.2. Let Q;(s) = M;s*> + D;s + K; € F[s]"*™ with det M; # 0, i = 1,2 and assume that
Q1(s) and Q2(s) are unimodularly equivalent. Let Fy1s+ Fio € F[s]™*™ and Fa15+ Fay € F[s]"*™ be coprime
filters from Q1(s) to Q2(s). Let

Fio Fiy }
49 V = _ — )
(4.9) [—Fan 'Ky Fio— FuM;'D,

and U = AVATY where Ay, Ay are the matrices of (4.7). Then, (U,V) is a block-symmetric SPT from
Q1(s) to Qa2(s). Moreover, considering U partitioned as in (4.8), Foy = Us and Fyy = U;.

Proof. Let
0 I,

Cgr, =
Rz |:_M7I—1K/L _Mi_lDi

], i=1,2.

The matrix sl, — Cg, is the right block-companion linearization of Q;(s), ¢ = 1,2. It is shown in Theorem
5.1 of [8] that (4.9) is an invertible matrix such that VCg, = Cg,V. It follows from item (iv) of Proposition
2.2 of [8] that (U, V) is a block-symmetric SPT from @1 (s) to Q2(s). Now, from Proposition 4.1 (ii), Fp; = Us
and FQQ = Ul. O

and their filters

The previous propositions lead to a bijection between the set of linear coprime filters and the set of
block-symmetric SPTs of unimodularly equivalent quadratic matrix polynomials with nonsingular leading
coefficients. Let

Faeg.cop(Q1,Q2) = {(Fi1, Fro, Fo1, Fao) : Fi1s + Fio, Fa1s + Fyg are coprime filters from Q1 (s) to Q2(s)}

and
S(Q1,Q2) = {(U,V) block-symmetric SPT from Q1 (s) to Q2(s)}.
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COROLLARY 4.3. Let Q;i(s) = M;s*> + D;s + K; € F[s]™*" with det M; # 0, i = 1,2 and assume that
Q1(s) and Q2(s) are unimodularly equivalent. Then,

(410) a fdeg.cop(Ql» QQ) — S(Qla QQ)

defined by a(F1y1, Fio, Fo1, Fao) = (U, V) with V as in (4.9) and U = AV AT, where Ay, Ay are as in (4.7),
is a bijection.

Proof. Tt follows from Proposition 4.2 that « is well defined and injective. In fact, if a(Fi1, Fio, Fo1, Fao)
= (U, V), OZ(F{DF{O,FQINFQ/O) = (U/7V/) and a(F11,F107F21,F20) = OZ(F{I,F{O,FQINFQ/O) then U = []/7
V =V’ and, therefore, (Fi1, Fio, Fo1, Foo) = (F{1, Fio, Fa1, F4). To see that « is surjective, we consider any
block-symmetric SPT from Q1(s) to Q2(s), say (U, V). By Proposition 4.1,

Vi Va

V= —VoM{'K; Vi —VaM['Dy|’

U = AQVA;17 Fi(s) = Vas 4+ Vi and Fy(s) = Uss 4+ Uy are coprime filters from Q1(s) to Qa(s), and
a(‘/Qa‘/l;U?nUl) = (Ua V) O

As mentioned in Remark 2.6, since matrix polynomials with invertible leading coefficients have no
eigenvalues at infinity, their coprime filters are spectral filters. Therefore, the filters obtained in Proposition
4.1 from block-symmetric SPTs are spectral filters. Let

Faeg.spec(Q1,Q2) = {(Fi1, Fio, Fa1, Fao) : F115 + Fio, Fo15+ Fag

4.11
(4.11) are spectral filters from Q1(s) to Q2(s)}.

Then, Fieg.spec(Q1,Q2) = Faeg.cop(Q1,Q2) and the map in Corollary 4.3 becomes a bijection between
fdegﬁpec(Ql;QQ) and S(le@?)'

REMARK 4.4. Let F = R or C be the field of real or complex numbers. Note that F(Q1,Q2) =
{(F11, F10, Fo1, F20) : (Fo18 + Fa0)Q1(s) = Q2(s)(F11s + Fio)} is a linear subspace of F4* . Note also
that it follows from Remark 2.3 that the set of coprime filters from Q1(s) to Q2(s) is the intersection
of a finite number of open sets. So, Fheg.cop(@1,Q2) is an open set in F(Q1,Q2). Now, let Li(s) and
Lo(s) be block-symmetric linearizations of Q1(s) and Qa(s), respectively. The same properties hold for the
sets {(U,V) : UL1(s) = La(s)V} and S(Q1,Q2). Now, by Propositions 4.2, the matrices V of (4.9) and
U = AQV_lAfl, where Ay, As are the matrices of (4.7), depend continuously on (Fi1, Fio, Fa1,Fa) €
Faeg.cop(Q1, Q2). And conversely, by Proposition 4.1, (Fi1, Fio, Fo1, F20) € Fdeg.cop(@1, Q2) depends contin-
wously on (U, V) € §(Q1,Q2). Therefore, o in (4.10) is a homeomorphism.

REMARK 4.5. Although the SPTs depend on the given linearizations of Q1(s) and Qz(s), the coprime
filters do not depend on them. In fact, assuming that Q1(s) and Qa(s) are unimodularly equivalent, if, for
i=1,2, N;(s) is an arbitrary linearization of Q;(s) and L;(s) is the block-symmetric linearization of (3.4),
then all linearizations N1(s), Na(s), Li(s), and La(s) are strictly equivalent. Thus, there are invertible
matrices R, S,U,V, X1, Xo,Y1,Ys € F2X27 sych that

ULy(s) = La(s)V, RNi(s) = Nao(s)S, and X,L;(s) = N;(s)Y;, i=12.

Let Sn(Q1,Q2) = {(R,S) : RNi(s) = Na(s)S} be the set of SPTs from Q1(s) to Qa(s) for the given
linearizations N1(s) and Naz(s). Fiz X;,Y; such that X;L;(s) = Ni(s)Y:, i = 1,2. If oy : S(Q1,Q2)
— Sn(Q1,Q2) is defined by on(U,V) = (XoUX;7 1, Y2VY) then ay = on 0 a : Faegeop(Q1,Q2) —
Sn(Q1,Q2) is a homeomorphism. In other words, the set of coprime filters remains unchanged irrespective
of the chosen linearizations.
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A property of coprime filters that is important in the decoupling problem of quadratic systems is the
Bezout identity associated to the coprimeness condition of coprime filters (see item (iv) of Theorem 2.1): If
Q1(s) and Q2(s) are unimodularly equivalent quadratic systems and Fj (s) and Fy(s) are coprime filters from
Q1(s) to Q2(s), then there are matrices X1(s), Yi(s), Xa(s), Ya(s) such that X;1(s)Q1(s) + Y1(s)Fi(s) = I,
and Q2(s)Xa(s) + Fa(s)Ya(s) = I,. To implement the phase synchronization technique for decoupling
diagonalizable quadratic systems, matrices X;(s) and Y;(s), i = 1,2, are required to have degrees not bigger
than 0 and 1, respectively. This property is not considered in [8] but can be proved using a similar technique
to the proof of Theorem 5.1 in that paper. It is based on the following basic unimodular transformation
where Q(s) = Ms? + Ds + K with M € F**" invertible and By, By € F**™ are arbitrary matrices:

I, 0 0
I, sI,| |[Ds+ K Ms B, Q(s) 0 Bss+ By
4.12 - -
(4.12) {0 In][ Ms M Bg] {0 I, 0 ]\gs éw ?2

THEOREM 4.6. Let Q;(s) = M;s?>+ D;s+ K; € F[s]™*™ with det M; # 0, i = 1,2, and assume that Q1(s)
and Q2(s) are unimodularly equivalent. Let Fy(s) = Fi18 + Fio and Fy(s) = Fo1s + Fy be coprime filters
from Q1(s) to Q2(s). Let (U, V) = a(Fi1, Fio, Fo1, Fag) where o is the mapping of (4.10), i.e., (U, V) is the
block-symmetric SPT from Q1(s) to Q2(s) of Proposition 4.2. Assume that U and V are partitioned as in
(4.8). Let U=U"' and V =V~ and write

S LA NP 11 I
4.13 U= 2| v=|2 22|, U, VieF>mi=1,..., 4
(4.13) Us U, Vs V4 !
Then,
(4.14) X1(s) = —VoM; 'Us, Yi(s) = Vas + Vi, Xo(s) = —VaM; 'Us, Ya(s) = Uss + Uy

are matrices satisfying X1(s)Q1(s) + Y1(s)F1(s) = I, and Q2(s)Xa(s) + Fa(s)Ya(s) = I,,.
Proof. First of all, since (U, V) is a block-symmetric SPT from @Q1(s) to Q2(s),

U _D18+K1 M18_ _ _D28+K2 MQS_ v
L Mis —Ml_ N L Mys _M2_ .

Equivalently,
= -D25+K2 MQS- -D15+K1 Mls_ =5
4.1 = .
( 5) v L MQS —MQ_ L M18 —Ml_ v

Now, it follows from (4.12) that

I,

Dos+ Koy Msys Up I, —sI, QQ(S) 0 Uss+U; 0 0
Mas  —M, Us| |0 I 0 I 0 Mys =My Us]
2 2 3 n n 0 0 In

and

1, 0 0

Dis+ Ky Ms I,| [I, —sl,][Qi(s) 0 I, Ms —M. 0
Mys —M; 0| |0 I, 0 I, 0 ! !

0 0 I,
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Substituting these values in (4.15)
I, 0 0
(7 I, —sI, QQ(S) 0 Uss+U; Mys —M, Us
0 I, 0 I, 0 0 0 7
(4.16) : 0 0 "
[In —sIn} {Ql(s) 0 In} " Voo
= MlS 7M1 0 .
1, 1,
0 n 0 n 0 0 0 I, 0 I,
Now,
L,
[Q1<s> 0 fn} B [In 0 o} Qiis) 0 b
0 I, 0 0 I, 0 I 0 0
Substituting this identity in (4.16) and after some elementary manipulations, we get
1, sI, I, —sl,||I, 0 O QQ(S) 0 Uss+U;
4.1 = %%
(4.17) {o IH]U[O I, Ho I, 0} [ 0 I, 0 1(#)
where
[ I, 0 0 v oo I, 0 0 0 0 I,
Wi(s) = |Mys —M, Us {0 I } s, —M7" o |0 I, 0
L0 0o I, o 0 I I, 0 —Qi(s)
[0 ~VoM; ! Vaos+ Vi
= |Us —My(Vas —Vi)M' My(Vas® + (Vi — Vi)s — V) — UsQi(s)
_In 0 _Ql(s)
On the other hand, for any matrix polynomial A(s) € F[s]?"*?"
I, 0 0] [IL. 0 0][A(s) O
4.1 A = .
(4.18) (s) [o I, 0} [o I, 0] [ 0 In]
Using this property in (4.17), we get
I, 0 O QQ(S) 0 Uss+U;
= Wi (s)W.
[o I, 0] [ 0 I, 0 1(5)Wa(s),
where
L sly 07715 o1 [0 —sln O Uss+ Uy, —Uss?— (U —U)s+0Us 0
WQ(S) =10 1, 0 0 I 0 1, 0] = Us —Uszs + Uy 0
0o 0 I, "1lo 0 I, 0 0 I,

We are interested in finding matrices Xa(s) and Ya(s) such that Q2(s)Xa(s) + (Fo1s + Fag)Ya(s) = I,.
By Proposition 4.2, Fy(s) = Uss+ U; and so we aim fo find X5(s) and Ya(s) such that Q2(s)X2(s) + (Uss +
U1)Ya(s) = I,. To this end, we only have to compute the entries (1,1) and (3,1) of W (s) = Wy(s)Wa(s). A
simple computation shows that these are

Wii(s) = —V2Mflﬁ37 Ws1(s) = Uss + Uy.
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Henceforth, putting Xs(s) = —Vnglfjg and Ys(s) = Uss + U, we have Q2(5)Xa(s) + Fa(s)Ya(s) = I, as
desired.

Now, finding matrices X1 (s),Y1(s) € F[s]"*™ such that X;(s)Q1(s)+Y1(s)Fi(s) = I, is easy. First note
that Fy(s) = Vas+ Vi and Fy(s) = Uss+ U, are coprime filters from Q1 (s) to Q2(s) if and only if F»(s)T and
Fy(s)T are coprime filters from Q2(s)T to Q1(s)T. In particular, (Vif's + ViI)Qa(s)T = Q1(s)T (UL's + UT)
and

DIs+ K MTs UT — T DIs+ KT MIs
MT's ~MT N MF's -MIl"
The latter identity shows that (VZ,UT) is a block-symmetric SPT from Q2(s)T to Q1(s)T. Now, we can
exchange the roles of Q1(s), Q2(s), Fi(s), Fa(s), U = [gé gﬂ and V = [& “jﬂ in our previous developments
by Qg( I, Q1(s)T, Fy(s)T, Fi(s)T, VT = [\YT “fﬂ and UT = [gi g‘”ﬂ, respectively (note that V7 =
2 4 2 4
[ 34 and the same applies to UT). Using this technique and putting X; (s) = UL M; TVL

and Yl( )= Vl's + Vi, we can conclude that Q,(s)T X1 (s) + Fi(s)TYi(s) = I,. Therefore, if we put
X1(S) = —%M;lUgn Yl(S) = ‘728 + ‘71

then X7 (s)Q1(s) + Yi(s)Fi(s) = I, and the proof is complete. O

REMARK 4.7. A simple computation shows that

S 2ol adl= e 1)

Then,
{Qﬂs) F2(8)] [X2( s) + Fi(s)Z(s) Fl(s)} — L.
—Yi(s) Xi(s)] [Ya(s) = Qu(s)Z(s)  Qu(s) "
Theorem /.6 provides explicit matrices X1(s), Xa(s),Y1(s), Ya(s), which allow to construct unimodular ma-
trices, one the inverse of the other, from the matrices [Q2(s) Fa(s)| and [ 0. (() ] (see item (iii) of Theorem

2.1 and [10, Lemma 6.53-9]).

There is also a close relationship between the linear coprime filters from @Q1(s) to Q2(s) and the linear
coprime filters from Q2(s) to @Q1(s). In fact, (U, V) is a block-symmetric SPT from Qi (s) to Q2(s) if and
only if (U7, V1) is a block-symmetric SPT from Q2(s) to Q1(s) (see (4.15)).

Define the mapping

(4.19) a : Fheg.cop(@2, Q1) — S(Q2,Q1),

as 4(Ga1, Gao, Gi1,G1o) = (U, V) where V = [_G25\21K2 G20_GC:12}W;1DJ and U = A1‘7A2_1 with Ay, Ay as

n (4.7). By Corollary 4.3 (exchanging the roles of Q1(s) and Q2(s), (Fi1, Fio, Fo1, Foo) and (Ga1, Gao, G11,
G1o), U and U, and V and V), this is a bijection. In fact, it is a homeomorphism.

As a consequence, if Fy(s) = F11s+ Fig and Fy(s) = Fa1s + Fa are coprime filters from Q1 (s) to Q2(s)
and (U, V) = a(Fi1, Fio, Fa1, Fao) (a defined in Corollary 4.3), then (U™, V1) is a block-symmetric SPT
from Q2(s) to @Q1(s) and Ga(s) = Ga15+Gop and G1(s) = G115+ G are coprime filters from Q2(s) to Q1(s)
where (Ga1, Gao, G11,G1o) = @~ 1 (U1, V~1). In other words, if Fy(s) = Fi1s+ Fig and Fy(s) = Fars + Fag
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are coprime filters from Q1 (s) to Qa(s), V is the matrix in (4.9), U = A3V A" where A;, Ay are as in (4.7),
and U =U"'and V =V~—! are partitioned as in (4.13), then Ga(s) = 1725 + \71 and G1(s) = 1735 + (71 are
coprime filters from Q2(s) to Q1(s). And conversely, if Ga(s) = Ga15 + Gop and G1(s) = G118 + Gyp are
coprime filters from Qs (s) to Q1(s), U and V are as in the definition of &, and U = U~! and V = V! are
partitioned as in (4.8), then Fi(s) = Vas+V; and Fy(s) = Uss+ Uy are coprime filters from @1 (s) to Q2(s).
Thus, exchanging the roles of Q1(s) and Qa(s), Fi(s) and Ga(s), Fa(s) and G1(s), U and U~!, and V and
V=1 we get the following result.

COROLLARY 4.8. Let Q;(s) = M;s*> + D;s + K; € F[s]"*" with det M; # 0, i = 1,2 and assume that
Q1(s) and Q2(s) are unimodularly equivalent. Let Go(s) = Ga1s + Gag and G1(s) = G118+ G1p be coprime
filters from Q2(s) to Q1(s) and (ﬁ,‘A/) = a(Ga1,Ga0,G11,G10), where & is the mapping of (4.19). Let
U=U" and V = V! and assume that U and V are partitioned as in (4.8) and U and V as in (4.13).
Then,

(4.20) Xi1(s) = —VaM;'Us, Yi(s) = Uss + Uy, Xa(s) = —VaMy 'Us, Ya(s) = Vas + V4,
are matrices satisfying Q1(8)X1(s) + G1(s)Y1(s) = I, and X2(s)Q2(s) + Ya(s)Ga(s) = I,,.

5. Spectral filters and Rblock-symmetric SPTs. We consider now the case when the mass matrices
of the given nonsingular quadratic matrix polynomials can be singular but nonzero. Let Q;(s) = M;s® +
D;s+ K; and R;(s) = rev Q;(s) = K;s®> + D;s+ M;, i = 1,2 and assume that Q;(s) and Q2(s) are spectrally
equivalent. Assume also that 0 ¢ A(Q1) = A(Q2), that is, det K; # 0, i = 1,2. It was already mentioned
that this restriction will be removed later on (see Section 5.1). Consider the Rblock-symmetric linearizations
of Q;i(s) for « = 1,2, and their reversals

M; 0 D; K, _|Pi Ki M0
(5.21) LQi(s)[O st+[Ki 0}, LR,;(S)[Ki O]SJr{O Ki:|'

Note that Lg,(s) = rev Lg,(s) is the block-symmetric linearization of R;(s) = rev Q;(s), i = 1, 2. Recall that
Lo, (s) and Lg,(s) are strong linearizations of Q1 (s) and Q2(s), respectively. Hence, Lg, (s) and L, (s) are
strictly equivalent, that is to say, there are invertible matrices U, V' € F?"*2" such that ULq, (s) = Lq,(s)V.
This means that (U, V) is an Rblock-symmetric SPT from Q1 (s) to Q2(s) (cf. Definition 3.1).

In the following result, we show how linear spectral filters from Q1 (s) to Q2(s) can be determined from
Rblock-symmetric SPTs.

PROPOSITION 5.1. Let Q;(s) = M;s% + D;s + K; with det K; # 0, i = 1,2, and assume that Q1(s) and
Q2(s) are spectrally equivalent. Let (U, V') be an Rblock-symmetric SPT from Q1(s) to Q2(s) with U and
V' partitioned as in (4.8). Then, Fi(s) = Vis + Va and Fy(s) = Uis + Us are spectral filters from Q1(s) to
Q2(s). Moreover, Uy 20 and V1 #0 if det M; =0, i =1,2.

Proof. Let R;(s) =rev@;(s), i =1,2. Since (U, V) is an Rblock-symmetric SPT from @1(s) to Q2(s),

My 0] [Mx O D, Ki| [Dy K,
(5-22) U{o —KJ_[O —KJV’U[Kl 0]_{1(2 O}V' 0

It follows from this and (5.21) that ULR,(s) = Lg,(s)V. Since det K; # 0, (U,V) is a block-symmetric
SPT from Ri(s) to Rao(s). It follows from Proposition 4.1 that Fi(s) = Vas 4+ Vi and Fa(s) = Uss + Uy
are coprime filters from R;(s) to Ra(s). By Remark 2.6, F(s) and Fy(s) are spectral filters from R;(s) to
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Ry (s) and deg(ﬁl(s)) = deg(ﬁg(s)) (as ﬁg(s)Rl(s) = Rg(s)ﬁl(s) and, therefore, UsK; = K3V3). Now, by
[3, Proposition 5.1], rev F (s) and rev F5(s) are coprime filters from Q1(s) to Qa(s).

If det M; # 0, i = 1,2, by Remark 2.6 again, rev F (s) and rev Fy(s) are also spectral filters from Q1 (s)
to Qa(s). If Vo # 0 and Us # 0, then rev Fy (s) = Vis + Vi and rev Fy(s) = Uys + Us. If Vo = 0 and Us = 0,
then rev Fy (s) = V4 and rev Fy(s) = Uy. In this case, we apply Lemma 5.8 of [4] so that Vis and Uys are
spectral filters from Q1(s) to Q2(s) as well. In any case, Fi(s) = Vis+ Vs and Fs(s) = Uys + Us are spectral
filters from @Q1(s) to Qa(s).

Assume now that det M; = 0, 1 = 1,2. Since ﬁl(s) = Vas + V7 and ﬁg(s) = Uszs + U, are coprime
filters from rev Q1 (s) to rev Qz2(s), it follows from [4, Lemma 5.9 (b)] that V4 # 0 and U; # 0. On the other
hand we have seen above that deg(F}(s)) = deg(F5(s)). Again by [4, Lemma 5.9 (b)], Fi(s) = Vis + Vs and
F5(s) = Uys + Us are spectral filters from Q1(s) to Q2(s).

With the help of Proposition 4.2, we can see how Rblock-symmetric SPTs can be obtained from linear
spectral filters.

PROPOSITION 5.2. Let Q;(s) = M;s*> + D;s + K; with det K; # 0, i = 1,2, and assume that Q1(s) and
Q2(s) are spectrally equivalent. Let Fi1s + Fip € F[s]"*" and Fy5 + Fyy € F[s|™*", with F1; # 0 and
Fy1 #0 if det M; =0, i = 1,2, be spectral filters from Q1(s) to Q2(s). Let

~ D. K
5.23 A= T, i=1,2,
(5.23) A
and define
Fyy Fio
5.24 V= _ _ R
(5:24) [—FloKl ‘M, Py - Fi oK 'Dy

and U = EQVA\II. Then, (U,V) is an Rblock-symmetric SPT from Q1(s) to Qa(s). Moreover, Fo; = U
and FQO = U3.

Proof. If F11s+ Fio and Fy1s + Fyg are spectral filters from Q1(s) to Q2(s), then, by Proposition 5.1 of
[3], rev(Fi1s + Fip) and rev(Fss + Fyg) are coprime filters from Ry (s) = rev @Q1(s) to Ra(s) = rev Qa(s).

If det M; #0, i = 1,2, by [4, Lemma 5.6], we know that deg(Fi1s + Fig) = deg(Fa1s + Fag). If F13 #0
and Fy1 # 0, reV(FuS + Fl()) = Flios + Fi1 and I'eV(les + F20) = Foos + Fyy. If Fi1 =0 and Fy; = 0, we
have that Fyo and Fy are coprime filters from R;(s) to Ra(s). By Remark 2.6, they are spectral filters, and
from [4, Lemma 5.8], Figs and Fyys are spectral filters, so coprime filters, from R;(s) to Ra(s).

If det M; =0, i = 1,2, as we are assuming that Fi; # 0 and Fyy # 0, rev(Fi18 + Fig) = Fipos + F11 and
I"GV(F21S + F20) = FQ()S + Fgl.

In any case, Figs + Fi1 and Fyys + Fy; are coprime filters from R;(s) to Ra(s). Hence, by Proposition
4.2, if V is the matrix of (5.24) and U = ﬁgVﬁfl, then Fy; = Uy, Fy = Uz and (U, V) is a block-symmetric
SPT from R;(s) to R2(s). This means that (U, V) satisfies (5.22) and so (U, V) is an Rblock-symmetric SPT
from Q1(s) to Qa(s). d

In this example, we show that the condition of filters being of exactly degree 1 when det M; =0, =1, 2,
is necessary for Proposition 5.2 to hold.
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EXAMPLE 5.3. Let Q1(s) = M1s? + Dy1s + K1 and Qz(s) = Mas? + Daos + Ko be spectrally equivalent
quadratic matriz polynomials with det K; # 0, i = 1,2, and assume that there are invertible matrices Fy and
Fy such that FoQ1(s) = Q2(s)Fy (this is the case if, for example, Q1(s) = Q2(s) and Fy = F5 = 1I,,). Then,
the matriz V' of (5.24) is
B 0 P
| -RAK M, —-RK['Dy|’

This matriz is invertible if and only if det My # 0. Therefore, if det M1 = 0 (in which case, det My = 0 as
well), (U, V) as in Proposition 5.2 cannot be an Rblock-symmetric SPT from Q1(s) to Qa(s).

v

We show an example of obtaining Rblock-symmetric SPTs from linear spectral filters following the ideas
in Proposition 5.2.

ExXaMPLE 5.4. Consider the quadratic matriz polynomials

@(s)z[i 512]:{8 ﬂ“[é 8]”[(1) é]
Qz(s)=[$2+5H 321]:{3 8]32+[(1) ﬂ”[}) —01]

These matriz polynomials are spectrally equivalent with singular leading coefficients and det K; # 0, i =1, 2.
All possible spectral filters of degree 1 from Q1(s) to Q2(s) were given in [/, Example 6.4]:

1 SV _
Fiis+ Fio = » 0 2 — /3w 54 2 — /3w 2z
3\ |3z -y Y —3r—y

o5+ Fyg =

(e, )

3 —3z 0 3z 4y —y

where x,y,z,w are real numbers with x # 0, y # 0, and 2% + w? # 0. Now, we can compute V and U of

Proposition 5.2:
0 —z— \/gw Z — \/gw 2z

V- 1|3z —y Y -3z —vy
31 0 —z++V3w —2z —z—3w|’
0 -y Yy —y
z— \/gw —z — \/gw —2z —z+ \/gw
U — 1 -3z 0 2y -3z
3 2z 2—V3w —z—+3w —2z
3z +y -y -y -y

Therefore, for any choice of parameters x,y, z,w (v # 0,y # 0, 22 +w? #0) (U, V) is an Rblock-symmetric
SPT from Q1(s) to Q2(s). Note that detV = tay(2* + w?) # 0 and det U = —L1ay(2* + w?) # 0. In fact,
U1 = F21 and U3 = on.

In view of Propositions 5.1 and 5.2, if the trailing and leading coefficients of @1 (s) and Q2(s) are nonsin-
gular, we can define a bijection between the set of linear spectral filters from Q1(s) to Q2(5), Faeg.spec(@1, Q2)
(cf. (4.11)), and the set of Rblock-symmetric SPTs from Q1(s) to Q2(s)

R(Q1,Q2) = {(U,V) Rblock-symmetric SPT from Q1(s) to Q2(s)}.
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Furthermore, if the leading coefficients of Q1(s) and Q2(s) are singular, any (U, V') Rblock-symmetric SPT
from Q1(s) to Q2(s) has the property U; # 0 and V; # 0 when U and V are partitioned as in (4.8) (see
Proposition 5.1). Therefore, we can define a bijection between the set of spectral filters of degree exactly 1,
say

j}deg.spec(Qla Q2) = {(F11, Fro, Fa1, Fo) : Fi15 + Fio, Fo1s+ Fag
are spectral filters from @1(s) to Q2(s) and Fy1 # 0, Fa; # 0},

and the following subset of the set of Rblock-symmetric SPT's

7€(Q1, Q2) = {(U,V) Rblock-symmetric SPT from Q1(s) to Q2(s)
such that Uy # 0,V; # 0 when U and V are partitioned as in (4.8)}.

COROLLARY 5.5. Let Q;(s) = M;s% + D;s + K; with det K; # 0, i = 1,2, and assume that Q1(s) and
Q2(s) are spectrally equivalent. Then,

61 . ]:deg‘spec(Qla Q2) — R(QL Q2)7

ifdet M; #0,i=1,2, and R R
B2+ Faeg.spec(Q1, Q2) — R(Q1, Q2),
if det M; = 0, i = 1,2, defined by B;(Fi1, Fio, Fa1, Fao) = (U, V) with V as in (5.24) and U = A VAT
where Ay, As are as in (5.23), is a bijection, j = 1,2.
Proof. Tt follows from Proposition 5.2 that 81 and fy are well defined and injective. That they are

surjective is derived from Proposition 5.1. 0

REMARK 5.6. Taking into account item (ii) of Remark 2.6, we can see as in Remark 4./ that both [,
and B2 are homeomorphisms when F =R or C.

REMARK 5.7. We can see that the set of spectral filters remains unchanged irrespective of the chosen
linearization as in Remark /.5. Let Ny(s) and Na(s) be arbitrary given strong linearizations of spectrally
equivalently Q1(s) = M1s? + D1s + K1 and Q2(s) = Mas® + Das + Ko, respectively, with det Ky # 0 and
det Ky # 0. Let L1(s) and Lo(s) be Rblock-symmetric linearizations of Q1(s) and Q2(s), respectively. Fiz
X;,Y; € F2n%27% gych that X;Li(s) = Ni(s)Yi, i = 1,2.

Ifdet M; £0,i=1,2, let Ry(Q1,Q2) = {(R,S) : RNi(s) = Na(s)S} and
On : R(Q1,Q2) — Ry (Q1,Q2)

defined by Sn (U, V) = (XoUX, L, YoVY ). Then, Bin = 6 0 B1 ¢ Fueg.spec(Q1, Q2) — RN (Q1,Q2) is a
homeomorphism.

Ifdet M; =0, i=1,2, let Ry(Q1,Q2) = {(R.S) : RN1(s) = Na(s)S, (X5 'RX1)11 #0, (Y 'SY1)11 #
0}, where (Z)11 stands for the n x n upper left block of matriz Z. Let also

on : R(Q1,Q2) — Ra(Q1,Q2)

be defined by on(U,V) = (X2UX7 ' YoVYh). Then, fan = b 0 B2 : Fueg.spec(Q1,Q2) — Ruv(Q1, Qa) is
a homeomorphism.

EXAMPLE 5.8. Let Q;(s) = M;s?> + D;s+ K; € F[s]"*™ with det K; # 0, i = 1,2, and assume that Q1(s)
and Q2(s) are spectrally equivalent. Let L;(s) be the Rblock-symmetric linearization of Q;(s) and let N;(s) =
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[Ag" 1?1]3 + [_Dfn Igﬂ be the first block-companion linearization of Q;(s), i = 1,2. Take X; = [IO" _[gi—l:| and
Y; = I, so that X;L;(s) = Ny(s)Y;,i=1,2. Let

ﬁN(Ql, Q2) = {(R,S) first block-companion SPT from Q1(s) to Q2(s) such that (R)11 # 0,(S)11 # 0}.

Then, dn : Fueg. spec(QhQZ) — RN(Q1>Q2) defined by Sn (Fi1, Fio, For, Fag) = (XoUX7 1, V) with V- as
in (5.24) and U = AQVA1 , where Al,Ag are the matrices of (5.23), is a homeomorphism.

If Fi(s) and Fy(s) are spectral filters from Q1 (s) to Q2(s), they are, in particular, coprime filters (see [4,
Section 5]). Hence, (see item (iv) of Theorem 2.1), there exist matrix polynomials X7 (s), X2(s), Y1(s), Ya(s) €
F[s]™*™ such that X;1(s)Q1(s) + Y1(s)Fi(s) = I,, and Q2(s)X2(s) + Fa(s)Ya(s) = I,,. We proceed now, as in
the previous subsection, to find a quadruple of such matrices satisfying the degree restrictions deg X;(s) < 0
and degY;(s) <1, =1,2. The technique is the same as in Theorem 4.6 but the starting basic unimodular
transformations are different: Let Q(s) = Ms? + Ds + K € F[s]"*" with det K # 0 and let By, By € F**"
be arbitrary matrices. Then,

(5.25)
0 I 0

I, 0][Ms+D K B]| . o - I, 0 0

n K-' —-K-Y(Ms+D) —-K'B|=|"

Lln In][ K  —Ks BJ . (OS+ ) i [0 Q(s) Bls—i—BJ
and also,
(5.26) I, —(Ms+D)K-'] [Ms+D K I, S]I” I(;’ 8 Q) 0 I,
’ 0 K1 K ~-Ks 0 5 0 I Lo L, 0]

THEOREM 5.9. Let Q;(s) = M;s*+ D;s+ K; € F[s]"*™ with det K; # 0, i = 1,2, and assume that Q1(s)
and Qs(s) are spectrally equivalent. Let Fy(s) = Fi18+ Fio and Fy(s) = Fa18 + Fag be spectral filters from
Ql(S) to QQ(S) with F11 7é 0 and F21 7é 0 z'fdet Mi =0. Let (U, V) = Bl(FM,Flo,Fgl,Fgo) z'fdet Mi 75 0 and
(U, V) = Ba(F11, Fro, Fo1, Fao) if det M; = 0, i = 1,2, where 3 is the mapping of Corollary 5.5, j = 1, 2.
Assume that U and V are partitioned as in (4.8) and let U = U~' and V = V= be partitioned as in (4.13).
Then
(5.27)

X1(s) = VuK; 'Uy, Yi(s) = Vs — ViK' (Mys + Dy), Xo(s) = ViK; 'Uy, Ya(s) = Uy — (Mys + Dy) Ky U,

are matrices satisfying X1(8)Q1(s) + Y1(s)F1(s) = I, and Q2(s)Xa(s) + Fa(s)Ya(s) = I,,.

Proof. By Proposition 5.2, Fy; = Uy and Fyy = Usz. Since (U, V) is an Rblock-symmetric SPT from
Q1(s) to Qa(s), it follows from (5.22) that

(5.28)

[’j\, M28+D2 K2 M15+D1
K2 7K25

K1$:|

This means that (U, V) is an Rblock-symmetric SPT from Qs(s) to Q1(s).
that of Theorem 4.6 but using the basic unimodular transformations of (5.25) and (5.26). We provide the
details for readers’ convenience. From (5.25) and (5.26)

The proof now is the same as

Mss+ Dy Ky U;
1, 0 01,
0 0o I,

(5.29) Mys+ Dy Ko U1:|:|:In O}Fn 0 0 }

K> —Ksos Us —sl,, I, 0 QQ(S) Uis+ Us



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 42, pp. 896-919, November 2026. I L

913 Filters and structure preserving transformations for quadratic systems
and
0 I, 0
(5.30) [M18+D1 K, In} _ [In M18+D1:| [Q1(8) 0 In} 7 ST 0
’ K -K - K T " "
1 1S 0 0 1 0 n 0 0 0 In
Substituting these values in (5.28)
gl L 0] 0 0 MQT D [32 %1
—SIn In 0 QQ(S) U18+U3 "
0 0o I,
(5.31) o 1 o1s
B [In M13+D1} [Ql(s) 0 In] P o]
0 K, 0 I, O 0 0 I _O I,
But
I,
[Ql(s) 0 In} B [In 0 o} Qils) 0 b
0 I, O 0 I, O I 0 0]

Substituting this identity in (5.31) and after some elementary manipulations, we get

I, O I, Mys+D{||I, 0 O I, 0 0
5.32 U = W-
( ) Lln In] {O K } [O I, O] [0 Q2(s) Uis+Us 1(s),
where
MQS + D2 K2 U1 v 0 SIn In 0 0 0 In
Wi(s) = I, 0 0 [0 I ] I, 0 O 0o I, 0
0 0 I, " 0 0 L . 0 —-Qi(s)
U (Mas+ D2)Vi + KoV (Mas + Do) (Vis + Vo) + Ka(Vas + Vi) — UrQ1(s)
=10 Vi Vis+ Vo
In 0 —Ql(S)
We use now (4.18) in (5.32) to obtain:
L, 0 0 I, 0 0
= Wi(s)W-
|:0 1, 0:| |:0 QQ(S) U18+U3:| 1(8) 2(8)7
where
1, —(Mys+D)K;' 0 7o I, 0 0
Wa(s) = |0 K{! 01y 1 sl, I, 0
L 0 0 I, " 0 0 I,
Wa,, (s) Uy — (Mys+ D)K;'U;, 0 ’
= |K; YUz —Us) KU, 0
i 0 0 I,

and WQH(S) = ﬁl - (M15 + D1)K1_163 — 628 + (M15 + Dl)Kl_lfj4S.

To find matrices X3(s) and Ya(s) such that Q2(s)X2(s)+ (Urs+Us)Ya(s) = I,,, we only have to compute
the entries (2,2) and (3,2) of W(s) = Wi (s)Wa(s). A simple computation shows that these are

WQQ(S) = Vlell/j4, W32(S) = [72 — (M18 + Dl)Kflﬁ4.
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Henceforth, putting Xa(s) = Vle1[7'4 and Ya(s) = U, — (Mys + Dl)Kf1ﬁ4, we have Q2(s)Xa(s) +
F5(s)Ya(s) = I, as desired.

So we aim to find matrices X (s), Y1(s) € F[s]"*™ such that X;(s)Q1(s)+Y1(s)Fi(s) = I, by transposi-
tion as in the last part of the proof of Theorem 4.6. By using that technique and defining X (s) = U{ K, TV4T
and Yy (s) = ~MJ K; TVl s + V' — DYK;TV], we obtain Qy(s)” X1(s) + Fi(s)TY1(s) = I,. Therefore, if
we put

X1(s) = VaK3'Uy,  Yi(s) = Vs — VaK5 ' (Mas + D),
then X;(s)Q1(s) + Y1(s)Fi(s) = I,, and the proof is complete. d

Now we present a similar result to Corollary 4.8 for spectral filters from Q3(s) to Q1(s). For that, we
define
B\l : ereg.spec(QQa Ql) — R(Q27 Ql)v lf dEt Mz 7é 07
(5.33)

B\Q : ﬁdeg.spec(QZa Ql) — ﬁ(@% Ql)a ifdet Mz = 07

. = N Gar G S A s
i=1,2,as 8;(Ga1,Ga0,G11,G10) = (U, V) with V = [7G201§;1M2 G217G223{2’1D2} and U = A, VA, where

A\l,A\Q are as in (5.23), j = 1,2. Asin Corollary 5.5, Bj is a bijection, j = 1, 2. In fact, it is a homeomorphism.

As for coprime filters, there is a close relationship between the spectral filters from Q1 (s) to Q2(s) and the
spectral filters from Q2(s) to Q1(s). It is a consequence of the fact that (U, V) is an Rblock-symmetric SPT
from Q1(s) to Q2(s) if and only if (U~1, V1) is an Rblock-symmetric SPT from Qz(s) to Q1(s). If Fi(s) =
Fi15+Fip and Fs(s) = F15+ Fyg are spectral filters from Q1 (s) to Q2(s) and (U, V') = 8;(Fi1, Fio, Fo1, Fa),
then (U~!,V~1) is an Rblock-symmetric SPT from Qz(s) to Q1(s) and Ga(s) = Ga15 + Goo and Gy (s) =
G115+ G are spectral filters from Q2(s) to Q1(s) where (Ga1, G2o, G11, G10) = Bj_l(Ufl, V-1),j=1,2In
other words, if F1(s) = Fi1s + Fip and Fs(s) = Fays + Fyg are spectral filters from @Q1(s) to Q2(s), V is the
matrix in (5.24), U = EQngl where 121\1, 22 are as in (5.23), and U=U"1land V =V""! are partitioned
as in (4.13), then Ga(s) = Vis + Vs and G1(s) = Uy s + Us are spectral filters from Qa(s) to Q1(s).

The following example shows how to obtain spectral filters from Q2(s) to @1(s) from spectral filters

from Q1(s) to Qa(s).

EXAMPLE 5.10. Consider Example 5./ and choose x =y = z =1 and w = 0. Spectral filters from Q1(s)
to Q2(s) are

P O A R iy o )

and the corresponding Rblock-symmetric SPT from Q1(s) to Qa(s) is

1/3 —-1/3 —2/3 —1/3 0 -1/3 1/3 2/3
g |10 23 N e VR Ve IR
“l2/3 13 -1/3 —2/3|° |0 -1/3 —2/3 —1/3

4/3 —1/3 —1/3 —1/3 0 -1/3 1/3 -1/3
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Then, (U=, V=) is an Rblock-symmetric SPT from Qz(s) to Q1(s), with

—4/7 —-1/1 1)1 )7 -1 -1 0 2
N A L B e
—9/7 3/7 =3/1 6/7|’ 0 0 -1 1
—2/)7 —4/71 —-3/7 —1)7T 1 0 0 -1

Therefore, B{l(U_17 V_l) = (Ggl, GQO, G117 GIO); and

Go(s) = Gy 54 Gy = [j —01} ot [_01 _21]  Gy(s) = GustCo = [—4/7 —1/7} +[—9/7 3/7} 7

57 377" |27 —4/7

are spectral filters from Qa(s) to Q1(s).

COROLLARY 5.11. Let Q;(s) = M;s? + D;s + K; € F[s]"*™ with det K; # 0, i = 1,2, and assume that
Q1(s) and Q2(s) are spectrally equivalent. Let Ga(s) = Ga1s + Gag and G1(s) = G115 + G1o, with Ga1 # 0
and G171 # 0 if det M; = 0, be spectral filters from Q2(s) to Q1(s), and let ((77 17) = 31 (Ga1, G20, G11, Gro) if
det M; # 0 and ([7,‘7) = B\Q<G21,G20,G11,G10) if det M; = 0, 1 = 1,2, where Bj is the mapping of (5.33),
j=1,2. Let U = U=' and V =V~ and assume that U and V are partitioned as in (4.8) and U and V as
in (4.13). Then,

(5.34)
X1(s) = ViK3 Uy, Yi(s) = Us — (Mas + Do) K5 'Us, Xo(s) = ViK' Uy, Ya(s) = V3 — VaK 7 (Mys + Dy)

are matrices satisfying Q1(s)X1(s) + G1(s)Y1(s) = I, and X2(s)Q2(s) + Y2(s)Ga(s) = I,,.

5.1. Removing the restriction det K # 0. Let Q(s) = Ms? + Ds+ K € F[s]"*" be nonsingular and
assume that there is an element a € F, such that a ¢ A(Q). Then, the pencil L(s) of (3.2) with a; =1 and
as = —a is

M —aM D+aM K
(5:35) Lals) = | _apr —ap — K} st { K —aK} ‘

This pencil is a strong linearization of Q(s) whether or not det M = 0 or det K = 0. It turns out that this
pencil is strictly equivalent to the pencil of (3.5) when it is written in the binomial basis generated by (s —a)
for the nonsingular quadratic matrix polynomial @(s) written in the same binomial basis. In other words,

write
Q(s) = M(s—a)®>+ D(s —a) + K
and
_ M0 D K M 0 D—aM K
(5.36) La(s):[O I?](S—GH Pe 0]:[0 f{}”[ K aff]’

and note that M = M, D = Q(a) = D+ 2aM, where Q(a) stands for the first derivative of Q(s) evaluated
at s=a,and K = Q(a) = a?M +aD + K. Put P, = [;fn I(i] and P, = [Ig “IIH”]. Then,

M 0 D+ aM a’M +aD + K ~

P L,(s)P, = = L4(s).

1La(s)F {0 —(a2M+aD+K)} ot [a2M+aD+K a(a2M—+—aD+K)} ()
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It follows that L (s) and Ly (s) are strictly equivalent and so L,(s) is a strong linearization of Q(s).

Now det K # 0 because a & A(Q), and L,(s) looks like an “Rblock-symmetric linearization” of Q(s)
in the binomial basis generated by (s — a). We will call it a— Rblock-symmetric linearization of Q(s) and
we can apply to za(s) and Q(s) the results of Section 5. Note that a is just a shift parameter that can be
chosen conveniently as long as it satisfies a ¢ A(Q).

First, we introduce the notion of a— Rblock-symmetric SPT: Let Q;(s) = M;s?> + D;s + K; € F[s]"™*",
i = 1,2, be nonsingular and assume that Qi(s) and Q2(s) are spectrally equivalent. Assume also that
a € A(Q1) = A(Q2). For i = 1,2, write Q;(s) in the binomial basis generated by (s — a):

(5.37) Qi(s) = My(s — a)® + Di(s — a) + K;
and define

=~ M; 0 D; K,
(5.38) Lo, (s) = l 0 _ki] (s —a)+ , 01 :

We will say that (U, V), U,V € F****" and invertible, is an a—Rblock-symmetric SPT from Q1(s) to Q2(s)
it ULg, (s) = Lo, )V, that is,

M, 0

5.39 -
(5.39) 0 —F&

V and U

My 0
0 -—K,

b & _[b &,
Ki 0| |K» 0

Although the matrices Bi, INQ, zQi(s), U, and V depend on a, we will not write this dependence explicitly
for notational simplicity.

THEOREM 5.12. Let Qi(s) = M;s* + D;s + K; € F[s]"*" be nonsingular, i = 1,2, and assume that
a & A(Q1) = A(Q2) and that Q1(s) and Q2(s) are spectrally equivalent. Let K; = Q;(a), D; = Qi(a) and
Mi = Mi7 1= 1,2 Then,

(i) Let (U, V) be an a—Rblock-symmetric SPT from Q1(s) to Q2(s) with U and V partitioned as in
(4.8). Then Fy(s) = Vis+ (Vo —aVi) and Fy(s) = Uys + (Us — alUy) are spectral filters from Q1(s)
to Q2(s). Moreover, Uy #0 and V1 #0 if det M; =0, i = 1,2.

(ii) Let Fi1s+ Fig € F[s]™*™ and Fa15+ Fag € F[s]™ ", with F1; # 0 and Fo; # 0 if det M; = 0,4 =1,2,
be spectral filters from Q1(s) to Q2(s) and

(5.40) A; = D Ki] . i=1,2
Ki 0
If
(5.41) v Foo Fhna+Fyo
’ —(Fria+ Fio)K7 "My Fiy — (Fiia+ Fio)K{'Dy |’

and U = A,VATY then (U,V) is an a—Rblock-symmetric SPT from Q1(s) to Qa(s). Moreover,
F21 = U1 and FQO = U3 — CLUl.
(iii) Let
Ra(Q1,Q2) = {(U,V) a—Rblock-symmetric SPT from Q1(s) to Q2(s)},
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Ra(Q1,Q2) = {(U, V) a—Rblock-symmetric SPT from Q1(s) to Qa(s)
such that Uy # 0,V1 # 0 when U and V are partitioned as in (4.8)}.
Then,
Ya,1 : Fdeg.spec(@1,Q2) — Ra(Q1,Q2),
ifdet M; #£0,i=1,2, and

Ya,2 * ﬁdegASpec(Qla Q2) — ﬁa(Qla Q2)a

if det M; =0, ¢ = 1,2, defined by Yo, (F11, Fi0, F21, Fao) = (U, V), with U and V as in the previous
item, is a bijection, j =1, 2.

(ZU) Let Fl(S) = Fi1s+ Fig € F[S}nxn and FQ(S) = Fy1s+ Iy € ]F[S]nxn, with F1q1 7& 0 and Fy 75 0
if det M; = 0, be spectral filters from Q1(s) to Q2(s), and let (U, V) = ~q1(Fi1, Fro, Fo1, Fao) if
det M; # 0 and (U, V) = v4,2(F11, Fio, Fa1, Fao) if det M; = 0, i = 1,2, where 7,,; is the mapping of
the previous item, j = 1,2. Assume that U, V are partitioned as in (4.8) and U= U-t, V=v-1
as in (4.13). Then,

Xi(s) = Va3 'Us, Yi(s) = Vi = Vil (Ma(s — ) + D),
Xo(s) = ViK;'Us, Ya(s) =Us — (Mi(s —a) + D1) K| 'Uy,

are matrices satisfying X1(s)Q1(s) + Y1(s)F1(s) = I, and Q2(s)Xa(s) + Fa(s)Ya(s) = I,,.
(v) The maps

(5.42)

'/Y\a,l : Fdeg.spec(QZv Ql) I Ra(QZu Ql)a /Lf det Mz 7& 07
(5.43)

/’y\a72 : j':deg‘spec(Q% Ql) — ﬁa(QQ, Ql)’ Zf det Mi — 07
i =1,2, defined by
Ya,j(G21, G20, G11,Gro) = (U, V)

L O G Ga1a+G - T -1 T T .
with V. = [_(G2la+G222)I~<;1M2 G21_(G2f;+G233)1~(;152} and U = AVAT", where A1, As are as in
(5.40), are bijections for j = 1,2. Moreover, let Go1s + Gag € F[s]"*™ and G118 + Gy € F[s]"*™,
with Go1 # 0 and G171 # 0 if det M; = 0, be spectral filters from Q2(s) to Q1(s). Assume that U, V

are partitioned as in (4.13) and U = U~', V.= V=1 as in (4.8). Then,

Xl(S) = ‘71[:(;1(/{4, }/1(8) = U2 — (]/\‘4-:%(8 —,g) + 52)%271(]4,
Xo(s) = VaK; Uy, Ya(s) = Vs — VaK; "(My(s —a) + D)

are matrices satisfying Q1(8)X1(s) + G1(s)Y1(s) = I, and X2(s)Q2(s) + Ya(s)Ga(s) = I,,.

Proof. Note that if @Z(s) = ]\/\/.Ijis2 + D;s + f(i, then Q;(s) = @i(s —a), i =1,2. As él(s —a) and
@2(5 — a) are spectrally equivalent, they have the same eigenvalues and their respective partial multiplicity
sequences. By [1, Section 6.1], Q1(s) and Q2(s) have the same eigenvalues and their respective partial
multiplicity sequences as well, and therefore, they are spectrally equivalent. Moreover, det Iz’l #£0,i=1,2,

as a ¢ A(Q1) = A(Q2).
(i) (U,V)is an a—Rblock-symmetric SPT from Q1 (s) to Q2(s) if and only if U and V satisfy (5.39), that

is, if and only if (U, V) is an Rblock-symmetric SPT from Q1 (s) to Q2 (s). It follows from Proposition
5.1 that Hi(s) = Vis+ Vs and Hy(s) = Uys+ Us are spectral filters from Q1 (s) to Qa(s). Moreover,
U; #0and Vi # 0 if det M; = 0, i« = 1,2. Since the coprimeness property keeps invariant under
translations and dilations (see [2, Theorem 5.4]), Fi(s) = Hi(s — a) and Fs(s) = Ha(s — a) are

spectral filters from Q1(s) = Q1 (s — a) to Q2(s) = Qa(s — a).

(5.44)



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 42, pp. 896-919, November 2026.

A. Amparan, S. Marcaida, and 1. Zaballa 918

(#i) As in the previous item, if Fi1s+ Fig and Fays + Fb are spectral filters from Ql( ) to Q2(s), then
Fi1(s+a)+ Fig and Fa1(s+a)+ Fyg are spectral filters from @1( )= Ql(s—i—a) to Qg( ) = Q2(s+a).
By Proposition 5.2, if V is the matrix of (5.41) and U = A,V A7, then (U,V) is an Rblock-
symmetric SPT from @1(5) to @g(s) and Fy; = Uy and Fyy = Us — aU;. Hence, (U,V) is an
a—Rblock-symmetric SPT from @Q1(s) to Q2(s).

(#i) Tt is a consequence of the two previous items.

(iv) Again, if F1(s) = Fi18 + Fio and Fy(s) = Fa1s + Fy are spectral filters from Q1(s) to Qa(s),
then Fi(s) = Fi(s + a) and Fy(s) = Fy(s + a) are spectral filters from Q1(s) = Q1(s + a) to
Q2(s) = Qa(s+a). Also, if (U, V) = v4.1(Fi1, Fio, Fa1, Fag) in the case that det M; # 0 or (U, V) =
Ya.2(F11, Fio, Fa1, Fao) otherwise, ¢ = 1,2, by the beginning of the proof of item (i), (U,V) is an
Rblock-symmetric SPT from Q1 (s) to Q2(s). By Theorem 5.9, if

Xi(s) = VakKy ‘U, Yi(s) = V37V4 (MQHDQ)
Xo(s) = VK ' Uy, Ya(s) =Us — (M15+D1)K Uy,
then X1 (5)Q1(s) +Y1(s)F1(s) = I, and Q2(s)Xa(s) + Fa(s)Ya(s) = I,. Since X;(s) = X;(s—a) and
Yi(s) = Yi(s—a), i = 1,2, we get X1(s)Q1(s)+Y1(s)Fi(s) = X (s— a)Ql(s a)+Yi(s—a)Fy(s—a) =
I, and Qs(s)Xa(s) + Fa(s)Ya(s) = Qa(s — a)Xa(s — a) + Fa(s — a)Ya(s — a) = I,
(v) The proof follows from (%ii) and (iv). d

REMARK 5.13. The maps vq,,; and g,i, @ = 1,2, are homeomorphisms when F =R or C. Moreover, when
a € A(Q1) = A(Q2), the set of spectral filters remains unchanged irrespective of the chosen linearization.

6. Conclusions. Phase synchronization is a technique that enables the decoupling of quadratic systems
of multivariable linear differential equations of the form (1.1). When the system is diagonalizable, then
this technique can be implemented using SPTs. This implementation requires the quadratic system to be
linearized, thereby increasing the size of the system by a factor of two when det M # 0. In addition,
linearizations are not unique and under unstructured perturbations they may not become the linearization
of any quadratic system. These drawbacks can be avoided using spectral filters. To implement the phase
synchronization technique by using filters, the relationship between filters and SPTs must be clarified. This
paper analyzes this relationship, showing a bijection between spectral filters and Rblock-symmetric SPTs.
While the spectral filters remain the same regardless of the chosen linearizations, the SPTs are closely
related to the linearizations. It has been seen that for any pair of spectral filters, the matrices that realize
the associated Bezout identity are blocks of the corresponding Rblock-symmetric SPT. It will be shown in an
upcoming paper how to use this Bezout identity and the Rblock-symmetric SPT associated to the spectral
filters of a given diagonalizable quadratic system to identify the initial conditions and the right-hand side
function that allows the decoupling.
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