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SPIN LEONARD PAIRS AND THE ZERO DIAGONAL SPACE*

KAZUMASA NOMURAT AND PAUL TERWILLIGER!

Abstract. Let F denote a field, and let V' denote a vector space over F with finite positive dimension. A Leonard pair on
V' is an ordered pair of diagonalizable linear maps A : V — V and A* : V' — V that each act on an eigenbasis of the other one
in an irreducible tridiagonal fashion. A Leonard pair A, A* on V is said to have spin whenever there exist invertible linear maps
W:V -V and W*: V — V such that WA = AW and W*A* = A*W* and WA*W 1 = (W*)"LAW*. Let {0} }¢_, denote
a standard ordering of the eigenvalues of A*. There is a related sequence of scalars {%}f-;o called intersection numbers. The
Leonard pair A, A* is called self-dual whenever {6} }¢_ is a standard ordering of the eigenvalues of A. We obtain the following
results under the assumption that I is algebraically closed and d > 3. We show that a Leonard pair A, A* on V has spin if and
only if both (i) A, A* is self-dual; (ii) there exist scalars fo, f1, f2, f3 (not all zero) such that fo + f10; + faa; + fza;0; =0 for
0 <14 < d. We also classify the Leonard pairs A, A* on V that satisfy (ii) without assuming (i). To do this, we bring in the
following maps. For 0 < i < d, let Ef : V — V denote the projection onto the 6;-eigenspace of A*. Let Z(A, A*) denote the
set of elements X in Span{I, A*, A, AA*} such that EfXE} =0 for 0 < i < d. We call Z(A, A*) the zero diagonal space of
A, A*. As we will see, Z(A, A*) # 0 if and only if the above condition (ii) holds. As we investigate the case Z(A, A*) # 0 in
detail, we break the problem into 13 cases called types; these are the g-Racah type and its relatives. For each type, we give a
necessary and sufficient condition for Z(A, A*) # 0. For each type, we give an explicit basis for Z(A, A*).
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1. Introduction. The notion of a Leonard pair was introduced by the second author in [10]. A Leonard
pair is described as follows. Let ' denote a field, and let V' denote a vector space over F with finite positive
dimension. A Leonard pair on V is an ordered pair of diagonalizable linear maps A: V — V and A*: V -V
that each act on an eigenbasis of the other one in an irreducible tridiagonal fashion [10, Definition 1.1]. The
Leonard pairs are classified in [10, Theorem 1.9], and the solutions correspond to the orthogonal polynomials
in the terminating branch of the Askey scheme [12, Section 5], [13].

In the present paper, we consider a type of Leonard pair that is said to have spin. The spin condition
is described as follows. According to [2, Definition 1.2], a Leonard pair A, A* on V has spin whenever there
exist invertible linear maps W : V. — V and W* : V. — V such that WA = AW and W*A* = A*W™* and
WA*W=1 = (W*)"*AW*. The spin Leonard pairs are classified in [2, Theorem 1.13]. For more information
about spin Leonard pairs, see [1-3,7,9].

As we describe the features of a spin Leonard pair, we will use the following parameters. Let A, A*
denote a Leonard pair on V. Let {0;}¢ , denote a standard ordering of the eigenvalues of A* (see the
paragraph above Definition 4). Associated with {67}, is a sequence of scalars {a;}%, called intersection
numbers (see Definition 15). The Leonard pair A, A* is said to be self-dual whenever {0} }%_; is a standard
ordering of the eigenvalues of A. According to [2, Theorem 1.9] and [3, Lemma 9.2], if A, A* has spin, then
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(i) A, A* is self-dual.
By [2, Lemmas 1.7-1.11, Theorem 1.13], if A, A* has spin then

(ii) there exist scalars fo, f1, f2, f3 (not all zero) such that
fo+ [107 + faa; + fza:07 =0 (0<i<ad).

In the present paper, we obtain the following results under the assumption that I is algebraically closed
and d > 3. We show that a Leonard pair A, A* on V has spin if and only if both (i), (ii) hold. Also, we
classify the Leonard pairs A, A* on V that satisfy (ii), without assuming (i). To this end, it is convenient
to bring in the following maps. For 0 <¢ < dlet E} : V — V denote the projection onto the 6;-eigenspace
of A*. An element X € Span{l, A, A*, AA* A*A} is said to have zero diagonal whenever Ef X E* = 0 for
0 <i<d As we will see in Lemma 26, the element AA* — A*A has zero diagonal. Let Z(A, A*) denote
the set of elements in Span{I, A*, A, AA*} that have zero diagonal. Note that Z(A, A*) is a subspace of
Span{I, A*, A, AA*}. We call Z(A, A*) the zero diagonal space of A, A*. We show that the dimension of
Z(A, A*) is at most 2. We show that Z(A, A*) # 0 if and only if condition (ii) holds above if and only if

(ai — ao)(0; — 03)(a; — aa)(0; — 65) = (ai — aq)(0; — 05)(a; — ao)(0; — 63),
for 0 <id,j <d.

As we describe Z(A, A*) in depth, we break the problem into 13 cases called types: g-Racah, g-Hahn, dual
g-Hahn, quantum g¢-Krawtchouk, g-Krawtchouk, affine ¢-Krawtchouk, dual ¢g-Krawtchouk, Racah, Hahn,
dual Hahn, Krawtchouk, Bannai/Ito, and Orphan. For each type, A, A* is described by some parameters
such as s,s*,r1,7m2. For each type, we give a necessary and sufficient condition on these parameters for
Z(A, A*) # 0. For each type, we give an explicit basis for Z(A, A*). The main results of this paper are
Theorems 66-68 and Theorem 81.

This paper is organized as follows. Section 2 contains some preliminaries. In Section 3, we recall some
basic results about a Leonard pair A, A*. In Sections 4 and 5, we introduce the zero diagonal space Z(A, A*)
and discuss its basic properties. In Section 6, we describe Z(A, A*) using the scalars a; = (a; —ao) (0} —63)
and af = (a; — aq)(0f — 65) for 0 < i < d. In Section 7, we describe the 13 types. In Sections 8 and 9, for
each type we obtain a necessary and sufficient condition for Z(A, A*) # 0. In Section 10, we describe the
Leonard pairs A, A* such that Z(A, A*) has dimension 2. In Sections 11 and 12, we describe the Leonard
pairs A, A* such that Z(A, A*) has dimension 1. In Section 13, we describe the self-dual condition. In
Section 14, we show that a Leonard pair A, A* has spin if and only if A, A* is self-dual and Z(A, A*) # 0.

2. Preliminaries. Throughout the paper, the following assumptions and notational conventions are
in force. Let IF denote an algebraically closed field. By a scalar, we mean an element of F. Let V denote
a vector space over F with finite positive dimension. Let End(V) denote the F-algebra consisting of the
F-linear maps V' — V. Let I € End(V) denote the identity map. An element A € End(V) is said to
be diagonalizable whenever V is spanned by the eigenspaces of A. An element A € End(V) is said to be
multiplicity-free whenever A is diagonalizable and each eigenspace of A has dimension one. Assume that A
is multiplicity-free, and let {V;}%_, denote an ordering of the eigenspaces of A. The sum V = Zfzo Vi is
direct. For 0 < i < d, let 6; denote the eigenvalue of A for V;. The scalars {91-}?:0 are mutually distinct.
For 0 < i < d, define E; € End(V) such that (E; —I)V; =0 and E;V; =01if j #4 (0 < j < d). Then, (i)
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call E; the primitive idempotent of A associated with 0; (0 < i < d). By linear algebra,

A—0;1 _
) = ~J7 <1 <d).
(2.1) E 0||d9i_9j (0<i<d)

IA
IN

J
.

<

Let F4+1 denote the vector space over F consisting of the row vectors with d + 1 coordinates and all
entries in F.

3. Leonard pairs and Leonard systems. In this section, we recall the definition and basic properties
of a Leonard pair and a Leonard system. For more information see [10], [13], [14].

DEFINITION 1. (See [10, Definition 1.1].) A Leonard pair on V' is an ordered pair A, A* of elements in
End(V) that satisfy the following (i), (ii):

(i) there exists a basis for V' with respect to which the matriz representing A is irreducible tridiagonal
and the matriz representing A* is diagonal;

(ii) there exists a basis for V with respect to which the matriz representing A* is irreducible tridiagonal
and the matriz representing A is diagonal.

LEMMA 2. (See [10, Lemma 1.3].)  Let A, A* denote a Leonard pair on V. Then, each of A, A* is
multiplicity-free.

LEMMA 3. (See [13, Corollary 5.5].) Let A, A* denote a Leonard pair on V. Then, the elements A, A*
together generate End(V).

We recall the notion of isomorphism for Leonard pairs. Let A, A* denote a Leonard pair on V. Let
V'’ denote a vector space over F with finite positive dimension, and let A’, A*' denote a Leonard pair
on V'. By an isomorphism of Leonard pairs from A, A* to A’, A* we mean an F-algebra isomorphism
o : End(V) — End(V’) such that A = A" and (A*)? = A*. The Leonard pairs A, A* and A’, A* are said
to be isomorphic whenever there exists an isomorphism of Leonard pairs from A, A* to A, A*.

Next, we recall the notion of a Leonard system. We will use the following notation. Let A, A* denote
a Leonard pair on V. Let {6;}&, denote an ordering of the eigenvalues of A. For 0 < i < d, let v; denote
an eigenvector for A corresponding to ;. We say that the ordering {0;}%_, is standard whenever {v;}L
satisfies Definition 1(ii). For 0 < ¢ < d, let E; denote the primitive idempotent of A associated with 6;. The
ordering {F;}¢_ is said to be standard whenever the ordering {6;}%_, is standard. If an ordering {E;}¢_, is
standard, then the ordering {E;_;}&, is standard and no further ordering is standard. A standard ordering
of the primitive idempotents of A* is similarly defined.

DEFINITION 4. (See [6, Definition 3.1].) By a Leonard system on V, we mean a sequence
P = (4; {Ei};{:(J;A*% {E7 ?:0)7
that satisfies the following (1)—(iii):
(i) A, A* is a Leonard pair on V;

(ii) {E;}L, is a standard ordering of the primitive idempotents of A;
(iii) {E;}L, is a standard ordering of the primitive idempotents of A*.

We say that the Leonard pair A, A* and the Leonard system ® are associated.
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For the rest of this section, let
O = (A {E} g A {E ),
denote a Leonard system on V.

LEMMA 5. (See [15, Lemma 3.3].) We have

0 if i — §| > 1,

{ il 0<ij<ay
40 iflimjl=1
0 if |1 — 9| > 1,

B AB; = sli=g (0<ij<d).
#0 ifli—jl=1

As we will see, our main results are meaningful only for d > 3. For the rest of this paper, we assume
that d > 3.

Next we recall the notion of isomorphism for Leonard systems. Let V'’ denote a vector space over F with
dimension d + 1. For an algebra isomorphism o : End(V) — End(V”), define

7 = (A7 {BY }ilos A {E7}L,).

Then, ® is a Leonard system on V’. For a Leonard system ®' on V', by an isomorphism of Leonard systems
from @ to @', we mean an algebra isomorphism o : End(V) — End(V’) such that ®° = ®’. The Leonard
systems ® and @’ are said to be isomorphic whenever there exists an isomorphism of Leonard systems from
D to D',

For scalars £, (, &%, (* € F with ££* # 0, the sequence
(3.2) (EA+CLEYL g €A™ + C L {ET o),
is a Leonard system on V', called an affine transformation of ®. Also,
®* = (A {E Yo A { B} o),
o = (4; {Ei}?:cﬁ A% {Eg—i}?:o)a
b = (A {Ea-i o A5 {E VL),
are Leonard systems on V. By construction, the Leonard systems associated with A, A* are ®, &+, &¥, Y.

Next, we recall the parameter array of a Leonard system.

DEFINITION 6. (See [10, Definition 1.8].) For 0 < i < d, let 0; (resp. 8}) denote the eigenvalue of A
(resp. A*) associated with E; (resp. Ef ). We call {0;}_ (resp. {0:}%,) the eigenvalue sequence (resp. dual
eigenvalue sequence) of ®.

We have some comments about the eigenvalues and dual eigenvalues. We have
AE;, =0,E;, = E; A, A*Ef =0'E; = Ef A" (0 <i<d).
Let « denote an indeterminate. For 0 < i < d, define a polynomial
Ti(z) = (x —0g)(x —01) -+ (& — 0;_1).

Note that 7;(x) is monic with degree 1.
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DEFINITION 7. (See [13, Section 21].) Pick 0# u € E§V. For 0 <i <d, define the vector

The vectors {ui}fzo form a basis for V.. This basis is said to be ®-split.

LEMMA 8. (See [13, Section 21].) With respect to a ®-split basis of V', the matrices representing A and
A* have the form

90 0 68 ¥1 0
1 6 07 »2
A 16 , A 03 ,
o Pd
0 1 6y 0 03

where 0 # p; € F for 1 <i<d.

DEFINITION 9. (See [11, Section 8].) Referring to Lemma 8, the sequence {p; }&_, is called the first split
sequence of ®. By the second split sequence of ®, we mean the first split sequence of ®.

DEFINITION 10. (See [11, Definition 11.1].) By the parameter array of ®, we mean the sequence

({9 }z 07{9* i= 07{901 = 15{¢)z )

where {p; }& | (resp. {¢;}9_,) is the first split sequence (resp. second split sequence) of ®.

LEMMA 11. (See [13, Theorem 22.2].) The Leonard system ® is uniquely determined up to isomorphism
by its parameter array.

NOTE 12. For a detailed description of the parameter arrays, see [14, Theorem 10.1] and [1/, Appendix].

LEMMA 13. (See [4, Lemma 5.1].) Consider the affine transformation of ® shown in (3.2). This affine
transformation has parameter array

({50 +C}z 0’{€ 9* +C }2 07{55 Pifi= 17{55 ¢Z )
LEMMA 14. (See [10, Theorem 1.11].) The following hold:
(i) the parameter array of ®+ is
({0:}i=0; {07 Yoo {ba—im i {wa—it1 }im1);
(i) the parameter array of ® is
({ed }l 0’{9 }z 07{¢1 i= 17{<)0i zd:l);
(iii) the parameter array of ®* is

({9* = 07{0 }z 07{501 = 1’{¢d l+1}z 1)
DEFINITION 15. (See [13, Definition 7.1].) Define

— tr(EFA) 0<i<d),

where tr means trace.
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LEMMA 16. (See [13, Lemma 7.5].) We have
EfAE; = a;E; (0<i<d).

LEMMA 17. (See [13, Lemma 23.6].) We have

¥1
=40
ap 0+98*0T7
Pi Pi+1 .
i =0; 1<i<d-1),
¢ +92‘_9f71+93_ 1 (<is< )
®d
ad:9d+ﬁ.
ed_adfl

DEFINITION 18. (See [13, Definition 10.3].) Pick 0 # u € EqV. For 0 <1i <d, define the vector
vy = Efu.

The vectors {v; e form a basis for V. This basis is said to be ®-standard.

LEMMA 19. (See [13, Definition 11.1].)  With respect to a ®-standard basis for V, the matrices repre-
senting A and A* have the form

e7)) b() 0 98 0
C1 ay b1 QT
A @ : A" b2 :
bg—1
0 Cd Qq 0 92

where {a;}¢_, are from Definition 15 and the scalars {c;}&,, {b;}?=4 are nonzero.

The scalars {c;}%, {a;}%p, {b:i}=) in Lemma 19 are called the intersection numbers of ®. See [10],
[13], [14] for basic facts about the intersection numbers.

4. The zero diagonal space for a Leonard pair. In this section, to each Leonard pair A, A* on V,
we associate a subspace of End(V') called the zero diagonal space for A, A*.

DEFINITION 20. For a Leonard system ® = (A;{E;}4_o; A% {E}L,) on V, let X(®) denote the sub-
space of End(V') consisting of the X € End(V') such that
EXE;=0, E/XEi=0 ifli—jl>1 (0<i,j<d).

LEMMA 21. Let ® = (A;{E;}L; A% {E;}%,) denote a Leonard system on V, and let ® denote an

1=0"

affine transformation of ® from (3.2). Then, X(®) = X(P).
Proof. The ® and @' have the same {E;}L, and {E}}% . O

LEMMA 22. Let ® = (A;{E;}Lo; A% {E7}L ) denote a Leonard system on V. Then, X (®) = X (®) =
X (o).

Proof. By Definition 20. O

In view of Lemma 22, we make a definition.
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DEFINITION 23. For a Leonard pair A, A* on V we define X(A, A*) = X(P), where ® is a Leonard
system associated with A, A*.

LEMMA 24. (See [5, Theorem 3.2].) Let A, A* denote a Leonard pair on V. Then, the following
elements form a basis for X(A, A*):
I, A*, A AA*, A*A.
DEFINITION 25. Let ® = (A;{E;}Lo; A*;{E;}L ) denote a Leonard system on V. An element X €
X(®) is said to have zero diagonal whenever Ef XE! =0 for 0 <i <d.

LEMMA 26. Let ® = (A;{E;}¢_o; A {E;}L,) denote a Leonard system on V. Then, the element
AA* — A* A has zero diagonal.

Proof. Let {07}, denote the dual eigenvalue sequence of ®. For 0 < i < d, we have Ef A* = 0 E¥ and
A*E? =07 E7. Therefore,

Er(AA* — A*A)E! = EX AA'E — EfA*AE" = 0 EX AE? — 0 EX AE" = 0. o

LEMMA 27. Let A, A* denote a Leonard pair on V. Then, the following elements form a basis for
X (A, A%).
I, A", A, AA*, AA* — A" A.

Proof. By Lemma 24. ]
DEFINITION 28. Let ® = (A;{E;}d_o; A*;{E;}L,) denote a Leonard system on V. Let Z(®) de-

K2

note the set of elements in Span{l, A* A, AA*} that have zero diagonal. Note that Z(®) is a subspace
of Span{I, A*; A, AA*}. We call Z(®) the zero diagonal space for ®.
LEMMA 29. Let ® = (A;{E;}4 o; A% {E;}L,) denote a Leonard system on V. Then, for X € X(®),

K3
the following are equivalent:

(i) X has zero diagonal;

(ii) X € Span{AA* — A*A} + Z(D).

Proof. By Lemmas 26, 27 and Definition 28. ]
LEMMA 30. Let ® = (A; {E;}L ; A" {E;}L ) denote a Leonard system on V. Let ® denote an affine

transformation of ® from (3.2). Then, Z(®') = Z(P).
Proof. The ® and @’ have the same {E;}¢ . O
LEMMA 31. Let ® = (A; {E;}Lo; A% {E; Y, denote a Leonard system on' V. Then, Z(®) = Z(®) =
Z(dY).

Proof. By Definition 28. ]

In view of Lemma 31, we make a definition.

DEFINITION 32. For a Leonard pair A, A* on V, we define Z(A, A*) = Z(®D), where ® is a Leonard
system associated with A, A*. We call Z(A, A*) the zero diagonal space for A, A*.

We mention a result for later use.

LEMMA 33. Let ® = (A;{E;}d ; A% {E}L,,) denote a Leonard system on V. Then, the following
elements are linearly independent:

(A — aol)(A* — 051), (A — agl)(A* — 621).
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Proof. By Lemma 24, the elements I, A*, A, AA* are linearly independent. The result follows from this
and 65 # 65. a0

5. The matrix M. For the rest of this paper, we fix a Leonard system
(5.3) O = (A {E} g A {E )
on V with parameter array

({0:}i0: {07 Y ioos {wiitn {oa} i)

Let the scalars {a;}¢_, be from Definition 15. In this section, we introduce a matrix M and explain how the
rank of M is related to the dimension of Z(®).

LEMMA 34. For scalars fo, fi1, f2, f3, the following are equivalent:

() fol + fLA* + f2A+ f3AA* € Z(®);
(ii) for 0<i<d,
fo+ fle;k + faa; + fgaitg; =0.

Proof. For 0 < ¢ < d, we have
Ef(fol + /LA™ + faA + f3AAY)ET = (fo + f10] + f2ai + f30:07)E;.

The result follows. O
LEMMA 35. The following are equivalent:
(i) Z(2) #0;
(ii) there exist scalars fo, f1, f2, f3 (not all zero) such that
(5.4) fo+ f10] + faa; + f3a;,07 =0 (0 <i< d).
Proof. By Lemma 34. 0
DEFINITION 36. Define a matriz M = M(®) of size 4 x (d+ 1) by

1 1 cee 1
M= 05 07 - 0
Qg a1 T aq

aply @107 - aql]

LEMMA 37. We have 2 < rank(M) < 4.

Proof. Clearly rank(M) < 4. The top two rows of M are linearly independent, since {6} g:o are mutually
distinct. Therefore, rank(M) > 2. |

DEFINITION 38. Define an F-linear map
1 : Span{I, A*, A, AA*} — FIH1,

that sends
fol + f1A* + foA+ f3AA" — (fo, f1, f2, f3) M.

LEMMA 39. The following hold:
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(i) Ker(y) = Z2(®);
(ii) dimIm(v) = rank(M);
(iii) dim Z(®) =4 — rank(M).
Proof. (i) By Lemma 34.

(ii), (iii) By linear algebra.

LEMMA 40. We have

0 < dim Z() < 2.
Proof. By Lemmas 37 and 39(iii).
LEMMA 41. The following are equivalent:

(i) dim Z(®) = 2;
(ii) rank(M) = 2;
(iii) ag =a; =+ = aq.

Proof. (i) < (ii) By Lemma 39(iii).
(ii) = (iii) The top two rows of M are linearly independent. So the 3rd row and the 4th row of M are

contained in the span of the top two rows. Thus, there exist scalars «, 3, v, § such that
a; = a+ p6} (0 <i<d),

a;0; =+ 00; (0<i<d).

(0<i<d).

By these equations, we get
0=80;*+ (a—8)0; —~

We assume d > 3 and the scalars {9;-*}‘2-1:0 are mutually distinct, so § =0, a = §, v = 0. It follows that
d

ag =a; =+ = aq.
(iii) = (i) Clear.
LEMMA 42. Assume that dim Z(®) = 2. Then, the scalars fo, f1, f2, f3 satisfy (5.4) if and only if
Ji+ fsao =0.
]

fo+ faap =0,

Proof. By Lemmas 34 and 41.
LEMMA 43. Assume that dim Z(®) = 2. Then, the following elements form a basis for Z(®):

A— (IQI, AA* — aoA*.
O

Proof. By Lemmas 34 and 42.
6. The scalars a; and aj'. We continue to discuss the Leonard system @ from (5.3). Recall the zero

diagonal space Z(®) from Definition 28. In this section, we obtain a necessary and sufficient condition for

Z(®) #0.
DEFINITION 44. For 0 <i < d define
)(O0F — 65).

a; = (ai —ao)(0; —07),
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LEMMA 45. We have ay = a; = ag = a = 0.
Proof. By Definition 44.
DEFINITION 46. Define a matriz L = L(®) of size 4 x (d+1) by

e e 0
a, ay ag
ag af ag

DEFINITION 47. Define a matriz T by

Qo 92 —ap —92
ad% —Qq —98

LEMMA 48. We have

Proof. Routine verification.

LEMMA 49. The matriz T is invertible.

Proof. We have detT' = 0§ — 67 # 0.

COROLLARY 50. The matrices M and L have the same rank.
Proof. By Lemma 48 and linear algebra.

PROPOSITION 51. The following are equivalent:

(i) 2(®) #0;
(ii) rank(L) < 3;
(iii) the wectors (agy,ay,...,ay;) and (af,af,... ,a;;) are linearly dependent;
(iv) a;aj = aja; for0<i,j <d;
(v) the vectors (aj ,ay,...,a; ;) and (af,af,... ﬂj{_l) are linearly dependent;

(vi) a;aj = aja; for1<ij<d-1.

Proof. (i) < (ii) By Lemma 39(iii) and Corollary 50.

(ii) = (iii) The rows of L are linearly dependent. Therefore, there exist scalars fo, f1, f2, f3 (not all zero)

such that
fo+ f10; + faa; + faaf =0 (0 <i<d).
By this and since a; = a; = aj =a} =0,
Jo+ f165 =0, fo+ fr03 = 0.

We have 0f # 03, so fo = fi = 0. Observe that fa # 0 or f35 # 0. Moreover,
f2a7 + fsaf =0 (0 <i<d).
This gives the linear dependency

fg(aa,af,...,a;)+f3(a37a1+,...,a;r) =0.



A publication of the International Linear Algebra Society

Electronic Journal of Linear Algebra, ISSN 1081-3810
Volume 42, pp. 529-550, June 2026. I L

539 Spin Leonard pairs and the zero diagonal space

ii) By linear algebra.

(

(iv) By linear algebra.

(v) Since ag = a; = af = a} = 0.
(

vi) Since ay = a; =af =a} =0. d

7. The type of a Leonard system. We continue to discuss the Leonard system & from (5.3). By [12,
Theorem 5.16], ® has one of the following types:

g-Racah, q-Hahn, dual ¢-Hahn, quantum ¢-Krawtchouk,
g-Krawtchouk, affine ¢-Krawtchouk, dual ¢-Krawtchouk,

Racah, Hahn, dual Hahn, Krawtchouk,
Bannai/Ito, Orphan.

In this section, we describe each type in detail.

DEFINITION 52. (See [12, Example 5.3].) The Leonard system ® is said to have ¢-Racah type whenever
there exist scalars q,h,h*,s,s*,r1,ro such that

(i
(ii

) each of q,h,h*, s, s* r1,ry is nonzero;
) CANCE |

(iii) none of ¢",r1q*,m2q", $*¢" /11, 8%*q" [r2 is equal to 1 for 1 <i <d;
)
)

riry = ss*qdt;

(iv) sqt # 1, s*¢" # 1 for2 <i < 2d;
(v) for0<i<d,

0; =00+ h(1 —¢")(1 — sq"T)g ",
0; =05 +h* (1 —q")(1—s"¢")g "

(vi) for1 <i<d,

0; = hh*ql—Qi(l _ qi)(l _ qi—d—l)(l _ qui)(l _ T‘qu),
¢i = hh* ¢ (1 = ¢") (1 — ¢~ ) (1 — %) (r2 — s7¢") /5"
DEFINITION 53. (See [12, Example 5.4].) The Leonard system ® is said to have ¢-Hahn type whenever

there exist scalars q,h, h*, s*,r such that

(i) each of q,h,h*,s*,r is nonzero;
(ii) mone of ¢*,7q",s*q"/r is equal to 1 for 1 <i < d;
(iii) s*q¢* # 1 for 2 <i < 2d;
(iv) for0<i<d,

0; =0 +h(1—q")q",

07 =05 +h* (1 —q")(1—s"¢" )"

(v) for1<i<d,

pi=hp"g"H (1 —g")(1 - ¢~ (1 —rg),
¢i _ —hh*qlﬂ(l o ql)(l o qudfl)(,,, o S*QZ).
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DEFINITION 54. (See [12, Example 5.5].)  The Leonard system ® is said to have dual ¢-Hahn type
whenever there exist scalars q, h, h*,s,r such that

(i)
(ii) none of ¢*,7q", sq*/r is equal to 1 for 1 <i <d;
(iii) sq' # 1 for 2 <i < 2d;

(iv) for0<i<d,

each of q,h,h*,s,r is nonzero;

0; =00+ h(1—¢")(1 —sq" ™ )g ™",
07 =05 +nh*(1—q")g "
(v) for1<i<d,

©0; = hh*q172i(1 _ ql)(]. _ qifdfl)(l _ 7,qi)7
¢i — hh*qd+272i(1 _ ql)(l _ qifdfl)(s _ Tqifdfl).
DEFINITION 55. (See [12, Example 5.6].) The Leonard system ® is said to have quantum ¢-Krawtchouk

type whenever there exist scalars q, h*,s,r such that

(i) each of q,h*,s,r is nonzero;
(i) ¢' #1, s¢'/r #1 for 1 <i < d;
(iii) for 0 <i <d,
0; = 6o — sq(1 - q"),
0 =05 +h*(1—q")q "
(iv) for1 <i<d,
@i =—Th*¢" (1= ¢")(1— ¢4,
i = h*qd+2f2i(1 _ qi)(l _ qifdfl)(s _ Tqifdfl).

DEFINITION 56. (See [12, Example 5.7].)  The Leonard system ® is said to have ¢-Krawtchouk type
whenever there exist scalars q, h, h*,s* such that

(i) each of q,h,h*,s* is nonzero;
(i) ¢ #1 for1<i<d;
(iii) s*q* # 1 for 2 <i < 2d;
(iv) for 0 <i<d,
0; =00+ h(1—q")g ",
07 =05 +h* (1 —¢")(1 = s"¢"" g™
(v) for1<i<d,
0; = hh*ql—zi(l _ qi)(l _ qi—d—l),
¢i =hh*s"q(1 —¢')(1 —¢'~"7).

DEFINITION 57. (See [12, Example 5.8].) The Leonard system ® is said to have affine ¢-Krawtchouk
type whenever there exist scalars q, h, h*,r such that

(i) each of q,h, h*,r is nonzero;
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(i) ¢ #1,r¢" #1 for 1 <i<d;

(iii) for 0 <i<d,
0; =00+ h(1—q")qg ",
07 =05 +h*(1—q')g ™

(iv) for1 <i<d,

0; = hh*ql—Qi(l _ qi)(l _ qi—d—l)(l _ Tqi),
¢i = —hh'rg' 71— q")(1 = ¢~ ).
DEFINITION 58. (See [12, Example 5.9].)  The Leonard system ® is said to have dual ¢-Krawtchouk
type whenever there exist scalars q, h, h*,s such that

(i) each of q,h,h*,s is nonzero;
(i) ¢ #1 for1<i<d;

(iii) sq® # 1 for 2 <i < 2d;

(iv) for0<i<d,

0; =00+ h(1—¢") (1 —sq" ™ )g ",
0; =605+ h*(1—q")g "

(v) for1<i<d,

pi = hh*q' (1 —¢") (1 — ¢,
¢i _ hh*sqd+2—2i(1 _ qi)(l _ qi—d—l).
DEFINITION 59. (See [12, Example 5.10].) The Leonard system ® is said to have Racah type whenever
there exist scalars h,h*, s, s*,ri1,r9 such that
(i
(ii rit+ro=s+s+d+1;
(iii) the characteristic of F is O or a prime greater than d;

) each of h,h* is nonzero;
)
)
(iv) none of r1,r9,8* —1r1,8" — 1o is equal to —i for 1 <i < d;
)
)

—

(V) s # —i, 8 # —i for 2 <i < 2d;
(vi) for0<i<d,
0; =6+ hi(i+1+s),
07 =05 +h"i(i + 1+ s%);
(vii) for1<i<d,
@i =hh™i(i —d—1)(i +r1)(i +72),
¢i =hh*i(i —d —1)(i+ s —r1)(i + 5" —1r2).

DEFINITION 60. (See [12, Example 5.11].) The Leonard system ® is said to have Hahn type whenever

there exist scalars h*,s,s*,r such that

(i) each of h*,s is nonzero;
(ii) the characteristic of F is 0 or a prime greater than d;
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(iii) neither of r,s* —r is equal to —i for 1 <i <d;
(iv) s* # —i for 2 <i < 2d;
(v) for0<i<d,
91’ = 00 —+ Si,
07 =05 +h%i(i + 1+ s%);

(vi) for1<i<d,

wi=h"si(i —d—1)(i+r),
¢;=—h'si(i—d—1)(i+ s —r).
DEFINITION 61. (See [12, Example 5.12].)  The Leonard system ® is said to have dual Hahn type
whenever there exist scalars h, s, s*,r such that

(i
(ii

) each of h,s* is nonzero;
)

(iii) nezther of r;s —r is equal to —i for 1 <i<d;
) s
)

the characteristic of F is 0 or a prime greater than d;

(iv) s # —i for 2 <i < 2d;
(v) for 0 <i<d,

Gi:90+hi(i+1+s),
07 = 05 + s*i;

(vi) for1 <i<d,

pi=hs%i(i —d—1)(i+r),
¢ =hs*i(i—d—1)(i+r—s—d—1).
DEFINITION 62. (See [12, Example 5.13].)  The Leonard system ® is said to have Krawtchouk type
whenever there exist scalars s, s*,r such that

@

) each of s,s*,r is nonzero;
(ii) the characteristic of F is O or a prime greater than d;
(iii) r # ss*;
(iv) for0<i<d,
92' = 90 —+ Si,
07 =05 + s™i;
(v) for1 <i<d,
w; =ri(t —d—1),
¢; = (r—ssM)i(i —d—1).

DEFINITION 63. (See [12, Example 5.14].)  The Leonard system ® is said to have Bannai/Ito type
whenever there exist scalars h,h*,s,s*,r1,ro such that

(i) each of h,h* is nonzero;
(ii) the characteristic of F is 0 or an odd prime greater than d/2;
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(iii) M +ro=—-s—s"+d+1;

(iv) neither of 11, —s* —ry is equal to —i for 1 <i <d, d —1i even;
(v) neither of ro, —s* — 1o is equal to —i for 1 <i <d, i odd;

(vi) neither of s, s* is equal to 2i for 1 <i <d;

(vii) for 0 <i<d,

0; =00+ h(s— 1+ (1 —s+2i)(—1)"),
07 =05+ 1" (s" — 1+ (15" +20)(-1)");

(viii) for 1 <1i <d,

—4hh*i(i 4 r1) if i even, d even,
) —4hh(i—d—1)(i+12) ifi odd, d even,
T —ahhriti—d—1) ifi even, d odd,
— AR (i + 1) (i + 1) if i odd, d odd,
4dhh*i(i — s* — 1) if © even, d even,
AR (i —d = 1)(i — 5" — 1) if i odd, d even,
b= —4hh*i(i —d — 1) ifi even, d odd,
—4hh*(i — s* —1)(i —s* —1r3)  if i odd, d odd.

DEFINITION 64. (See [12, Example 5.15].) The Leonard system ® is said to have Orphan type whenever

d = 3 and the characteristic of F is 2, and there exist scalars h, h*,s, s*,r such that

(i) each of h,h*,s,s*,r is nonzero;
(i) s #1, s* £1;
(iii) r is equal to none of s+ s*,s(1 + s*),s*(1 + s);
(iv)
91:0()+h(8+1), 92:90+h, 93:9()+h8,
07 =605 +h"(s*+ 1), 05 =65+ h", 05 =05 + h*s™;
(v)
o1 = hh*r, o2 = hh*, w3 = hh*(r 4+ s+ s%),
@1 = hh*(r + s+ ss%), ¢o = hh™, ¢3 = hh™(r + s* + ss™).

8. About the equation Proposition 51(vi). We continue to discuss the Leonard system ® from
(5.3). By Proposition 51, we have Z(®) # 0 if and only if the following equation holds for 1 <1i,5 < d — 1:

(8.5) (ai — ao)(07 = 03)(a; — aa)(0F — 05) = (ai — aa) (0] — 05)(a; — ao)(0F — 05).

In this section, we evaluate the left-hand side of (8.5) minus the right-hand side of (8.5). We use the

following expression:

(8.6) (65 — 07) (05 — 67)(% — 02)(:9;-* —03)(0; — 03)(07 — 0%)

(65 — 07)(0;_y — 07)(0; — 071)(65_y — 07)(0; — 0;,1)(05_, — 05)
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PROPOSITION 65. For 1 <i,j <d—1, the left-hand side of (8.5) minus the right-hand side of (8.5) is
equal to (8.6) times the factor given in the table below:

Type Factor
+-Racah W2 =-(g — 1)3(g* — 1 (s* — r2)(s" — rd)/s*
q-Hahn h2h2q=3 g = 1) (g* — 1)*(s™ —1?)
dual g-Hahn —h*h*2q3 (g — 1)*(¢* — 1)*r?

quantum q-Krawtchouk
q-Krawtchouk
affine q-Krawtchouk
dual q-Krawtchouk
Racah
Hahn
dual Hahn
Krawtchouk
Bannai/Ito

Orphan

Proof. Routine verification using the data in Section 7.

h*2q3 (g — 1) (g% — 1)
h2h*2q=34(q — 1)%(¢? — 1)2s*
—h2he2q3 (g — 1)4(g? — 1)%2
0
4h2h*2(s* — 2rq)(s* — 219)

0
_4p2g*2
0
64(—1)TH1h2h*2(s* 4 271) (5" + 272)
h2h*2(s*2 4 1)

d

9. A necessary and sufficient condition for Z(®) 7# 0. We continue to discuss the Leonard system
® from (5.3). In this section, we find a necessary and sufficient condition for Z(®) # 0.

THEOREM 66. Assume that ® has one of the following types:

dual q-Krawtchouk,

Then Z(®) # 0.
Proof. By Propositions 51 and 65.

Hahn, Krawtchouk.

THEOREM 67. Assume that ® has one of the following types:

dual q-Hahn,

affine q-Krawtchouk,

Then Z(®) = 0.
Proof. By Propositions 51 and 65.

quantum q-Krawtchouk,

q-Krawtchouk,

dual Hahn,  Orphan.

THEOREM 68. For the following types, Z(®) # 0 if and only if the given condition is satisfied.

Type Condition
q-Racah st =r? or s =rj
q-Hahn s* =2
Racah s* = 2r; or 8% =2ry
Bannai/Ito s* = —2r or  s§* = —2ry
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Proof. By Propositions 51 and 65. ]

10. The Leonard systems with dim Z(®) = 2. We continue to discuss the Leonard system ® from
(5.3). Recall by Lemma 41 that dim Z(®) = 2 if and only if ag = a; = -+ = a4. In this section, we examine
this condition for each of the types listed in Section 7.

PROPOSITION 69. (See [8, Section 17].) If dim Z(®) = 2, then ® has one of the types:
g-Racah,  dual q-Krawtchouk, —Hahn, Krawtchouk, Bannai/Ito with d even.

For each of the above types, dim Z(®) = 2 if and only if the following condition holds:

Type Condition
q-Racah s*=r? and s=—q %!
dual q-Krawtchouk s =—qg %1
Hahn st =2r
Krawtchouk 58* = 2r
Bannai/Ito, d even s*=-2r1 and s=d+1

11. A relation between a; and a;". We continue to discuss the Leonard system @ from (5.3). Recall
the scalars {a; }¢ , and {a;}%, from Definition 44. In this section, we assume Z(®) # 0 and obtain a
relation between a; and a; for 0 <i <d.

PROPOSITION 70. Assume that Z(®) # 0. Then, a; and a; are related as follows for 0 <i < d:

Case Relation between a; and a;
q-Racah, s* = r? a; q%(r1 + )(rig+1) = af (rig? + 1)(rig™* + 1)
q-Racah, s* = r3 a; q%(ra + 1)(raq + 1) = aj (r2q? + 1)(rag®™* + 1)
q-Hahn, s* = r? a; ¢*(r+1)(rq+1) = af (rg? + 1)(r¢** + 1)
dual q-Krawtchouk a;qd = aj
Racah, s* = 2ry a; = a;
Racah, s* = 2ry a; = a;
Hahn a; s*(s* +2) = a (s* + 2d)(s* + 2d + 2)
Krawtchouk a; =aj
Bannai/Ito, d even, s* = —2r, a; (rn+1)=aj(r +d+1)
Bannai/Ito, d even, s* = —2ry a;re = a; (ro +d)
Bannai/Ito, d odd, s* = —2r a;ry = —a} (ri+d+1)
Bannai/Ito, d odd, s* = —2ry a;re = —a (ro+d+1)

Proof. Routine verification using Lemma 17 and the data in Section 7. ]
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12. The Leonard systems ® such that dim Z(®) = 1. We continue to discuss the Leonard system
® from (5.3). In Lemma 43, we gave a basis for Z(®) under the assumption that dim Z(®) = 2. In this
section, we give a basis for Z(®) under the assumption that dim Z(®) = 1.

PROPOSITION 71. Assume that Z(®) # 0. Then, the following element is nonzero and contained in
Z(D).

Case A nonzero element in Z(®)
) ‘.2 (A = aol)(A* = 031)q"(r1 +1)(r1g + 1)
¢-Racah, 5% =11 —(A = agD)(A* = G31)(rig? + 1)(rig™" + 1)
) .2 (A= aoD)(A* = 031)q" (ra + 1)(r2q + 1)
fcal 57 =3 (A= aal)(A" — G 1)(rag + 1)(rag 4 1)
2 (A —aol)(A* = 031)q(r +1)(rq + 1)

a-Hahn, 5= =r —(A— aal)(A* = G51)(rg® + 1) (rg™1 +1)

dual q-Krawtchouk (A —apl)(A* = 051)q? — (A — aqD)(A* — 631)
Racah, s* = 2r; (A—aol)(A* = 051) — (A —aql)(A* — 651)
Racah, s* = 2ry (A—aogl)(A* = 051) — (A — aql)(A* — 651)

Hahn (A —aogl)(A* —051)s*(s* +2)

—(A —agD)(A* — 05I)(s* +2d)(s* + 2d + 2)
Krawtchouk (A—aol)(A* —051) — (A —aql)(A* — 651)
(A—aol)(A* = 051)(r1 +1)

—(A—agl)(A" = 051)(ri1 +d+1)
(A - (l()I)(A* - 92[)7’2

—(A—aal)(A* = 051)(r2 + d)
(A —aogl)(A* —051)r

+(A —ag)(A* = 05I)(r1 +d+ 1)
(A - aol)(A* - 02])7‘2

+(A —ag)(A* = 0§I)(r2 +d+ 1)

Bannai/Ito, d even, s* = —2ry

Bannai/Ito, d even, s* = —2r9

Bannai/Ito, d odd, s* = —2rq

Bannai/Ito, d odd, s* = —2rg

Moreover, the above element is a basis of Z(®), provided that dim Z(®) = 1.

Proof. The given element is contained in Z(®) by Lemma 34, Definition 44, and Proposition 70. The
given element is nonzero, by Lemma 33 and the inequalities in Section 7. The result follows. ]

13. Self-dual Leonard pairs and Leonard systems. We are done with our first topic. We now
consider our second topic, concerning spin Leonard pairs. These Leonard pairs have a property called
self-dual. In this section, we describe the self-dual property.

DEFINITION 72. (See [3, Definition 7.1], [6, Definition 3.4].) A Leonard pair A, A* on V is said to be
self-dual whenever A, A* is isomorphic to the Leonard pair A*, A.

DEFINITION 73. (See [6, Definition 3.4].) A Leonard system ® on V is said to be self-dual whenever ®
is isomorphic to O*.
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LEMMA 74. Let A, A* denote a self-dual Leonard pair on V. Then, there exists an associated Leonard
system @ that is self-dual.

Proof. Let o denote an isomorphism of Leonard pairs from A, A* to A*, A. Let {E;}%, denote a
standard ordering of the primitive idempotents of A. For 0 < ¢ < d, define Ef = E?. Then, ® = (A :
{E:}4_o; A% {E}L ) is a Leonard system that is associated with A, A*. By construction ®7 = ®*, so ® is
isomorphic to ®*. Thus, & is self-dual. 0

LEMMA 75. (See [6, Lemma 7.4].) Recall the Leonard system ® from (5.3). Then, ® is self-dual if and
only if

0; =07 (0<i<d).

In this case,
Gi = Pd—i+1 (1<i<d).

LEMMA 76. Recall the Leonard system ® from (5.3). If ® is self-dual, then ® has one of the following
types:

q-Racah,  affine q-Krawtchouk,  Racah, Krawtchouk, Bannai/Ito,  Orphan.

For each of the above types, ® is self-dual if and only if 0y = 05 and the following condition holds:

Type Condition
q-Racah h=h* and s=3s"
affine q-Krawtchouk h =h*
Racah h=h* and s=3s"
Krawtchouk 5=s"
Bannai/Ito h=h* and s=s*
Orphan h=h* and s=s*
Proof. Routine verification using Lemma 75 and the data in Section 7. O

14. Spin Leonard pairs. In this section, we recall the notion of a spin Leonard pair. We then
characterize the spin Leonard pairs using the zero diagonal space.

DEFINITION 77. (See [2, Definition 1.2].) Let A, A* denote a Leonard pair on V. This Leonard pair is
said to have spin whenever there exist invertible W,W* € End(V') such that

WA= AW,
W*A* = A*W*,
WAW™ = (W)~ tAw™*,
LEMMA 78. (See [2, Theorem 1.6], [3, Lemma 9.2(iii)].) Let A, A* denote a spin Leonard pair on V.
Then, A, A* is self-dual.
PROPOSITION 79. (See [2, Lemmas 1.7-1.11, 1.13].)  Recall the Leonard system ® from (5.3) and assume

that @ is self-dual. If A, A* has spin, then ® has one of the following types:

q-Racah, Racah, Krawtchouk, Bannai/Ito.
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If ® has Krawtchouk type, then A, A* has spin. For the remaining types, A, A* has spin if and only if the
following condition holds:

Type Condition
g-Racah s=r? or s=r13
Racah s=2r; or s=2ry
Bannai/Ito s=—-2r or s=—2ry

NoOTE 80. In [2, Lemma 1.11], there is a typo. In the formula for b; (i odd), the minus sign should be
removed.

THEOREM 81. Let A, A* denote a Leonard pair on V. Then, the following are equivalent:

(i) A, A* has spin;
(ii) A, A* is self-dual and Z(A, A*) # 0.
Proof. (i) = (ii) By Lemma 78, the Leonard pair A, A* is self-dual. By this and Lemma 74, there exists

a self-dual Leonard system & associated with A, A*. By Section 9, Lemma 76, and Proposition 79, we get
Z(®) # 0. By this and Definition 32, Z(A, A*) # 0.

(ii) = (i) By Lemma 74, there exists a self-dual Leonard system & associated with A, A*. By Z(A, A*) #
0 and Definition 32, Z(®) # 0. By this and Section 9, Lemma 76, and Proposition 79, we find that A, A*
has spin. 0

COROLLARY 82. Let ® = (A; {E;}L o; A% {Er YY) denote a self-dual Leonard system on V. Then, the

following (1)—(iii) are equivalent:

(i) the Leonard pair A, A* has spin;
(i) there exist scalars fo, f1, f2, f3 (not all zero) such that
fo+ f107 + fea; + f30:07 =0 (0<i<d);

(iii) for 0 <i,j <d,

(a; — a) (07 — 03)(a; — aq)(0F — 05) = (a; — aa) (07 — b5)(a; — ao)(0] — 63).
Proof. By Definition 32, Lemma 35, Proposition 51, and Theorem 81. ]

NOTE 83. For each spin Leonard pair, the corresponding W,W* from Definition 77 are given in [2,
Lemma 1.17 and Theorem 1.18].

We finish this paper with some comments. Recall our assumption d > 3. It turns out that Corollary 82
is false for d = 2. To see this, note that under the assumption d = 2, the conditions (ii) and (iii) of Corollary
82 are vacuously true. However, under the assumption d = 2, the condition (i) of Corollary 82 might not be
true, as the following example shows. For this example, we assume that the field F has characteristic zero.
Consider the algebra Mats(IF) of 3 x 3 matrices that have all entries in F. We index the rows and columns
by 0,1,2. Consider the following matrices in Mats(F):

100 1
A=1[(1 2 of, A =0 2 -9
015 0
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Each of A, A* is multiplicity-free with eigenvalues 1,2, 5. Using (2.1), we find that the corresponding primitive
idempotents are

1 00 0 0 0 0 0 O
Ec=|-1 0 0], E = 1 1 0], Ey = 0 0 0],
1/4 0 0 -1/3 -1/3 0 1/12 1/3 1
1 1 9/4 0 -1 -3 0 0 3/4
E;=10 0 0 |, Ef=10 1 3], E5=10 0 -3
00 O 0 0 O 0 0 1
By matrix multiplication, we obtain
0 if |9 — j] > 1,
E; AE] = i =1 (0<i,j<2),
£0 ifli—jl=1
0 if ¢ —j] > 1
EA"E; = =l > 1, (0<i.j<2).
#0 if|li—jl=1

Therefore, ® = (A; {E;}?_y; A*; {E}}2_,) is a Leonard system. By construction, ® is self-dual. We are going
to show that the Leonard pair A, A* does not have spin. To do this, we assume that A, A* has spin and get a
contradiction. Consider the matrices W, W* from Definition 77. We have WA = AW and W*A* = A*W*
and

(14.7) W WA* = AW*W.

The matrix W commutes with A, and A is multiplicity-free. So, W is a polynomial in A. Therefore,
W € Span{Ey, E1, Eo}. Similarly W* € Span{E{, Ef, E5}. There exist scalars go, 91, 92, 95, 95, 95 such that

W=> gEi, w* :zzjg;E;.
j i=0
Since W and W* are invertible, we obtain
gi # 0, g; #0 (0<i<?2).

In (14.7), evaluate the (2, 2)-entry of each side to get
(14.8) 9195 — 9291 = 0.
In (14.7), evaluate the (2, 1)-entry of each side to get
(14.9) — 129297 + (=390 + 491 — g2)g5 = 0.
In (14.7), evaluate the (2,0)-entry of each side to get
(14.10) 3(90 — 92)91 + (=390 + 491 — g2)g5 = 0.
In (14.7), evaluate the (0, 1)-entry of each side to get

(14.11) 9(—g0 + 92)90 — 4(g0 + 392)97 + 3(—g0 + g2)g5 = 0.
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In (14.7), evaluate the (1, 0)-entry of each side to get

(14.12)

(=990 — 491 — 392)95 + 3(390 — 491 + g2)95 = 0.

Combining (14.8)—(14.12), we get gogs = 0, a contradiction. Therefore, the Leonard pair A, A* does not

have spin.
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