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ON LINEAR EQUATIONS OVER SPLIT-OCTONIONS∗

ARTEM LOPATIN† AND ALEXANDR N. ZUBKOV‡

Abstract. Over an algebraically closed field, we describe the affine varieties of solutions to the linear equations (ax)b = c

and a(bx) = c over the split-octonions. We also determine the dimensions of the solution sets of arbitrary linear monomial

equations in the split-octonions. Moreover, we show that if a linear monomial equation over the split-octonions with nonzero

constant term has at least two solutions, then it necessarily possesses an invertible solution.
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1. Introduction. Unless stated otherwise, let F be a field of arbitrary characteristic p = charF ≥ 0.

All vector spaces and algebras are assumed to be defined over F.

1.1. Equations over octonions. The problem of solving polynomial equations has historically been

regarded as one of the central problems in mathematics, and its study contributed to the development of

Algebraic Geometry and several other mathematical disciplines. Polynomial equations have been investigated

not only over fields but also over matrix algebras, as well as over the algebras of quaternions, octonions, and

related structures.

Rodŕıguez-Ordóñez [28] proved that every polynomial equation of positive degree over the algebra AR of

Cayley numbers (i.e., the division algebra of real octonions) containing only a single term of highest degree

has at least one solution. Furthermore, Wang, Zhang, and Zhang [36] obtained an explicit algorithm for

solving quadratic equations of the form x2 + bx+ c = 0 over AR, together with criteria determining whether

such an equation admits one, two, or infinitely many solutions.

In general, an octonion algebra (or Cayley algebra) C over the field F is an 8-dimensional unital nonas-

sociative alternative algebra equipped with a nonsingular quadratic multiplicative form n : C → F, called

the norm (see Section 2.3 for details). The norm n is said to be isotropic if n(a) = 0 for some nonzero a ∈ C

and anisotropic otherwise. When n is anisotropic, the algebra C is a division algebra. If n is isotropic,

then there exists a unique octonion algebra OF over F with isotropic norm (see Theorem 1.8.1 of [30]); this

algebra is referred to as the split-octonion algebra. Moreover, if F is algebraically closed, then every octonion

algebra over F is isomorphic to the split-octonion algebra OF (see Lemma 2.2 below).

Since an octonion algebra C is alternative, it is therefore power associative, i.e., the subalgebra generated

by a single element is associative. Hence, given a ∈ C, the expression an may be written without specifying

the placement of brackets in the product. Flaut and Shpakivskyi [15] studied the equation xn = a over

real octonion division algebras. For an octonion division algebra C over an arbitrary field F, Chapman [10]
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presented a complete method for finding the solutions of the polynomial equation anx
n + an−1x

n−1 +

· · · + a1x + a0 = 0 over C. Moreover, Chapman and Vishkautsan [12], working over a division algebra C,

determined the solutions of the polynomial equation (anc)x
n + (an−1c)x

n−1 + · · ·+ (a1c)x+ (a0c) = 0 and

discussed the solutions of the polynomial equation (can)xn+(can−1)xn−1+· · ·+(ca1)x+(ca0) = 0. Chapman

and Levin [11] described a method for finding so-called “alternating roots” of polynomials over an arbitrary

division Cayley–Dickson algebra. Chapman and Vishkautsan [13] investigated conditions under which, for

a root a of a polynomial f(x) over a general Cayley–Dickson algebra, there exists a polynomial g(x) such

that f(x) = g(x)(x − a). Working over the split-octonions over an algebraically closed field, Lopatin and

Rybalov [25] solved all polynomial equations in which all coefficients except the constant term are scalar.

As a consequence, the n-th roots of a split-octonion were computed.

The split-octonions have numerous applications in physics. For example, the Dirac equation, i.e., the

equation of motion of a free spin 1/2 particle, such as an electron or proton, can be expressed in terms of

split-octonions (see [16, 17, 20, 21]). Further applications of split-octonions occur in electromagnetic theory

(see [7, 8, 9]), geometrodynamics (see [6]), unified quantum theories (see [3, 5, 22]), and special relativity

(see [18]).

The case of polynomial equations over an arbitrary algebra was recently considered by Illmer and Netzer

in [19], where conditions were established that guarantee the existence of a common solution to n polynomial

equations in n variables, together with an application to polynomial equations over AR.

Linear equations over matrices have been extensively studied in [1, 2, 4, 14, 23, 31], among many other

works. The principal questions addressed in these works were

• determining conditions under which a solution to a given linear equation exists;

• describing the general form of the solution.

For particular matrix equations, further information can be found in the following recent surveys:

• for the equation AXB = C, see [35];

• for the generalized Sylvester equation AX − Y B = C, see [32];

• for the system of equations AX = C and XB = D, see [33];

• for the system of equations A1XB1 = C1 and A2XB2 = C2, see [34].

1.2. Results. In this paper, we consider the linear equations ax = c, (ax)b = c, and a(bx) = c over

the split-octonion algebra O, assuming that F is algebraically closed. Note that over a division octonion

algebra, these equations can be solved easily, and for nonzero a, b, there exists a unique solution. Over an

algebraically closed field, however, the situation is drastically different. Namely, let Ωd denote the set of all

affine subspaces (i.e., flats) in O ∼= F8 of dimension 1 ≤ d ≤ 8, i.e.,

Ωd = { V + a | V ⊂ O is an F-subspace with dimV = d and a ∈ O}.

Moreover, for convenience, set Ω0 = {{a} | a ∈ O} and Ω−1 = {∅}. Given Y ∈ Ωr for some r ∈
{−1, 0, 1, . . . , 8}, we define the dimension of Y to be dimY = r.

The set X of all solutions of one of the above linear equations with nonzero a, b is either empty, consists

of a single element, or satisfies X ∈ Ωr, where

• r = 4 when we consider the equation ax = c (see Corollary 4.2);

• r ∈ {4, 5, 7} when we consider the equation (ax)b = c (see Corollary 5.2);
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• r ∈ {4, 6, 8} when we consider the equation a(bx) = c (see Corollary 6.2).

Moreover, the set X of all solutions of the general linear monomial equation w(x) = c, where w(x) is a

product of a variable x and coefficients a1, . . . , am ∈ O (see Section 7 for the definition), is either

• empty, or

• consists of a single element, or

• lies in Ωr for some 4 ≤ r ≤ 7, or

• coincides with O,

see Corollary 7.1. As a consequence, in Corollary 7.2, we show that if a linear monomial equation over

octonions with nonzero constant term has at least two solutions, then it possesses an invertible solution. We

also study how the dimension of the solution set changes under degeneration of a linear monomial equation

in Corollary 8.1.

To solve a linear equation ax = c, we consider the action of an automorphism g ∈ Aut(O) on this

equation, yielding (ga)(gx) = gc, such that ga is a canonical noninvertible octonion (see Definition 3.5).

Similarly, to solve the equation (ax)b = c (or a(bx) = c, respectively), we consider the action of an auto-

morphism g ∈ Aut(O) on the equation so that (ga, gb) is a pair of canonical noninvertible octonions (see

Definition 3.5). Hence, our solution method is based on the classification of pairs of octonions obtained by

Lopatin and Zubkov in [27] (see Theorem 3.2 below), where the split-octonion algebra O is referred to as the

octonion algebra. Note that the problem of separating Aut(O)-orbits on pairs of octonions remains open,

but closed Aut(O)-orbits in On can be distinguished by polynomial invariants (see [26], [29] and [37], for

details). We provide explicit solutions for the equations (ax)b = c and a(bx) = c with noninvertible canonical

(a, b) in Theorems 5.1 and 6.1.

In Sections 2–8, with the exception of Section 2.3, we assume that the field F is algebraically closed.

In Section 2, we explicitly define the octonion algebra O. Additional properties of octonions, together

with key notations for certain sets of octonions, are provided in Section 3. The solutions of the equations

ax = c, (ax)b = c, and a(bx) = c are studied in Sections 4, 5, and 6, respectively. Finally, in Section 7, we

investigate the solution sets of linear monomial equations, and in Section 8, we examine degenerations of

linear equations.

2. Octonions. The definitions in this section are adopted from [26].

2.1. Split-octonions. The split-octonion algebra O = O(F), also known as the split Cayley algebra, is

the vector space of all matrices

a =

(
α u

v β

)
with α, β ∈ F and u,v ∈ F3,

together with the multiplication given by the following formula:

aa′ =

(
αα′ + u · v′ αu′ + β′u− v × v′

α′v + βv′ + u× u′ ββ′ + v · u′

)
, where a′ =

(
α′ u′

v′ β′

)
,

u · v = u1v1 + u2v2 + u3v3 and u × v = (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1). For short, we denote

c1 = (1, 0, 0), c2 = (0, 1, 0), c3 = (0, 0, 1), 0 = (0, 0, 0) from F3. Consider the following basis of O:
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e1 =

(
1 0

0 0

)
, e2 =

(
0 0

0 1

)
, ui =

(
0 ci
0 0

)
, vi =

(
0 0

ci 0

)
,

for i = 1, 2, 3. The unity of O is denoted by 1O = e1 + e2. We identify octonions

α1O,

(
0 u

0 0

)
,

(
0 0

v 0

)
,

with α ∈ F, u,v ∈ F3, respectively. Note that uiuj = (−1)εijvk and vivj = (−1)εjiuk, where {i, j, k} =

{1, 2, 3} and εij is the parity of permutation

(
1 2 3

k i j

)
.

The algebra O is endowed with the linear involution

a =

(
β −u

−v α

)
,

satisfying aa′ = a′a, a norm n(a) = aa = αβ − u · v, and a nondegenerate symmetric bilinear form

q(a, a′) = n(a + a′) − n(a) − n(a′) = αβ′ + α′β − u · v′ − u′ · v. Define the linear function trace by

tr(a) = a+ a = α+ β. The subspace of traceless octonions is denoted by O0 = {a ∈ O | tr(a) = 0}, and the

affine variety of octonions with zero norm is denoted by O# = {a ∈ O |n(a) = 0}. Notice that

(2.1) tr(aa′) = tr(a′a) and n(aa′) = n(a)n(a′).

The next quadratic equation holds:

(2.2) a2 − tr(a)a+ n(a) = 0.

The algebra O is a simple alternative algebra, i.e., the following identities hold for a, b ∈ O:

(2.3) a(ab) = (aa)b, (ba)a = b(aa).

Moreover,

(2.4) a(ab) = n(a)b, (ba)a = n(a)b.

The following remark is well-known and can easily be proven.

Remark 2.1. Given an a ∈ O, one of the following cases holds:

• if n(a) 6= 0, then there exist a unique b, c ∈ O such that ba = 1O and ac = 1O; moreover, in this

case, we have b = c = a/n(a), and we denote a−1 = b = c.

• if n(a) = 0, then a does not have a left inverse as well as a right inverse.

Equalities (2.4) imply that for a 6∈ O#, we have

(2.5) a−1(ab) = b, (ba)a−1 = b.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 42, pp. 569-590, June 2026.

573 On linear equations over split-octonions

2.2. The group G2. The group Aut(O) of all automorphisms of the algebra O is the exceptional

simple group G2 = G2(F). The group G2 contains a Zariski closed subgroup SL3 = SL3(F). Namely, every

g ∈ SL3 defines an automorphism of O as follows:

a→
(

α ug

vg−T β

)
,

where g−T stands for (g−1)T and u,v ∈ F3 are considered as row vectors. For every u,v ∈ F3 define

δ1(u), δ2(v) ∈ Aut(O) as follows:

δ1(u)(a′) =

(
α′ − u · v′ (α′ − β′ − u · v′)u + u′

v′ − u′ × u β′ + u · v′

)
,

δ2(v)(a′) =

(
α′ + u′ · v u′ + v′ × v

(−α′ + β′ − u′ · v)v + v′ β′ − u′ · v

)
.

The group G2 is generated by SL3 and δ1(tui), δ2(tvi) for all t ∈ F and i = 1, 2, 3. As an example, by

straightforward calculations, we can see that

(2.6) ~ : O→ O, defined by a→
(

β −v

−u α

)
,

belongs to G2.

The action of G2 on O satisfies the following properties:

ga = ga, tr(ga) = tr(a), n(ga) = n(a), q(ga, ga′) = q(a, a′),

for all g ∈ Aut(O) and a, a′ ∈ O. Thus, G2 also acts on O0 and O#. Moreover, the group G2 acts

diagonally on the vector space On = O⊕ · · · ⊕O (n times) by g(a1, . . . , an) = (ga1, . . . , gan) for all g ∈ G2

and a1, . . . , an ∈ O.

2.3. General octonions. An octonion algebra C (or a Cayley algebra) over an arbitrary field F is a

nonassociative alternative unital algebra of dimension 8, endowed with nonsingular quadratic multiplicative

form n : C → F, which is called the norm. As above, define over C the symmetric bilinear form q(a, a′) =

n(a+a′)−n(a)−n(a′), the linear involution a = q(a, 1C)1C−a, and the linear trace tr(a) = q(a, 1C). Then,

equality (2.2) also holds for every a ∈ C, tr(a)1C = a + a and n(a)1C = aa = aa. The following lemma is

well-known.

Lemma 2.2. Assume that the field F is algebraically closed. Then, any octonion algebra C over F is

isomorphic to the split-octonion algebra OF.

Proof. If the norm n on C is isotropic, then C is isomorphic to OF.

Assume that n(a) 6= 0 for every nonzero a ∈ C. Consider some nonzero a ∈ C such that a 6= λ1C for

every λ ∈ F. Denote α = n(a) 6= 0. Then,

n(a− λ1C)1C = (a− λ1C)(a− λ1C) = aa− λ tr(a)1C + λ21C = (λ2 − λ tr(a) + α)1C.

Since F is algebraically closed, then there exists λ ∈ F such that n(a− λ1C) = 0. Since a− λ1C is nonzero,

we obtain a contradiction.
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2.4. Notations. We fix a binary relation < on the field F such that

• for each pair α, β ∈ F with α 6= β exactly one of α < β or β < α holds;

• α < 0 for every nonzero α ∈ F.

Note that we do not assume that < is transitive, and we do not assume compatibility with the field operations.

Denote by F× the set of all nonzero elements of F. We write a = (α1, . . . , α8), where αi ∈ F, for an octonion

a =

(
α1 (α2, α3, α4)

(α5, α6, α7) α8

)
∈ O.

3. Classification of octonions.

3.1. Sets of octonions. Introduce the following sets of diagonal octonions:

(D)

(
α1 0

0 α8

)
, (E) α11O, (F)

(
α1 0

0 α8

)
with α1 6= α8,

where α1, α8 ∈ F. Note that set (D) is the union of sets (E) and (F). Given a ∈ O, denote by a> the

transpose octonion of a, i.e.

a> =

(
α v

u β

)
for a =

(
α u

v β

)
.

Consider the following sets of non-diagonal octonions:

(K)

(
α1 (1, 0, 0)

0 α8

)
,

(L)

(
α1 (α2, 0, 0)

0 α8

)
with α2 6= 0,

(M)

(
α1 (0, 1, 0)

0 α8

)
,

(N)

(
α1 (1, 0, 0)

(α5, 0, 0) α8

)
with α5 6= 0,

(P)

(
α1 (1, 0, 0)

(0, 1, 0) α8

)
,

for α1, α2, α5, α8 ∈ F. Given some set (A) of octonions, we denote by

(A0) the set of octonions a ∈ O0 of set (A);

(A) the set of octonions a ∈ O of set (A) with α1 ≤ α8;

(A1) the set of octonions a ∈ O of set (A) with α1 = α8;

(A>) the set of octonions a> such that a has set (A);

(A>0 ) the set of octonions a> such that a ∈ O0 has set (A);

(A>1 ) the set of octonions a> such that a has set (A) with α1 = α8.

Note that in case charF = 2 sets (A0) and (A1) are the same.

Proposition 3.1 (Proposition 3.3 from [27]). The following set is a minimal set of representatives of

G2-orbits on O:

(E) α11O,
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(F)

(
α1 0

0 α8

)
with α1 < α8,

(K1)

(
α1 (1, 0, 0)

0 α1

)
,

where α1, α8 ∈ F.

Theorem 3.2 (Theorem 4.4 from [27]). The following set is a minimal set of representatives of G2-

orbits on O2:

(EE) (α11O, β11O),

(EF)

(
α11O,

(
β1 0

0 β8

))
with β1 < β8,

(EK1)

(
α11O,

(
β1 (1, 0, 0)

0 β1

))
,

(FD)

((
α1 0

0 α8

)
,

(
β1 0

0 β8

))
with α1 < α8,

(FK)

((
α1 0

0 α8

)
,

(
β1 (1, 0, 0)

0 β8

))
with α1 < α8,

(FK>)

((
α1 0

0 α8

)
,

(
β1 0

(1, 0, 0) β8

))
with α1 < α8,

(FN)

((
α1 0

0 α8

)
,

(
β1 (1, 0, 0)

(β5, 0, 0) β8

))
with α1 < α8 and β5 6= 0,

(FP)

((
α1 0

0 α8

)
,

(
β1 (1, 0, 0)

(0, 1, 0) β8

))
with α1 < α8,

(K1E)

((
α1 (1, 0, 0)

0 α1

)
, β11O

)
,

(K1F)

((
α1 (1, 0, 0)

0 α1

)
,

(
β1 0

0 β8

))
with β1 6= β8,

(K1L1)

((
α1 (1, 0, 0)

0 α1

)
,

(
β1 (β2, 0, 0)

0 β1

))
with β2 6= 0,

(K1L
>

)

((
α1 (1, 0, 0)

0 α1

)
,

(
β1 0

(β5, 0, 0) β8

))
with β1 ≤ β8 and β5 6= 0,

(K1M)

((
α1 (1, 0, 0)

0 α1

)
,

(
β1 (0, 1, 0)

0 β8

))
with β1 ≤ β8,

(K1M>1 )

((
α1 (1, 0, 0)

0 α1

)
,

(
β1 0

(0, 1, 0) β1

))
,

where α1, α8, β1, β2, β5, β8 ∈ F.

3.2. Pairs of octonions with zero norm. The following remark is a consequence of Proposition 3.1.

Remark 3.3. The following set is a minimal set of representatives of G2-orbits on O#:

(3.1) {0, α1e1, u1 |α1 ∈ F×}.
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Proposition 3.4. The following set is a minimal set of representatives of G2-orbits on pairs of octonions

with zero norm O2
#:

(0) (0, 0),

(I) (0, β1e1) with β1 ∈ F×,

(II) (0,u1),

(III) (α1e1, 0),

(IV) (u1, 0),

(V)

(
α1e1,

(
β1 0

0 β8

))
with β1β8 = 0 and (β1, β8) 6= (0, 0),

(VI)

(
α1e1,

(
β1 (1, 0, 0)

0 β8

))
with β1β8 = 0,

(VII)

(
α1e1,

(
β1 0

(1, 0, 0) β8

))
with β1β8 = 0,

(VIII)

(
α1e1,

(
β1 (1, 0, 0)

(β1β8, 0, 0) β8

))
with β1, β8 6= 0,

(IX)

(
α1e1,

(
β1 (1, 0, 0)

(0, 1, 0) β8

))
with β1β8 = 0,

(X)

(
u1,

(
β1 0

0 β8

))
with β1β8 = 0 and (β1, β8) 6= (0, 0),

(XI) (u1, β2u1) with β2 6= 0,

(XII)

(
u1,

(
β1 0

(β5, 0, 0) 0

))
with β5 6= 0,

(XIII)

(
u1,

(
β1 (0, 1, 0)

0 0

))
,

(XIV) (u1,v2),

where α1 ∈ F× and β1, β2, β5, β8 ∈ F.

Proof. The claim follows from Theorem 3.2 as the result of case by case consideration.

Definition 3.5. 1. The elements from set (3.1) are called canonical noninvertible octonions.

2. The pairs of elements from the formulation of Proposition 3.4 are called pairs of canonical nonin-

vertible octonions.

4. Linear equation ax = c. In this section, we consider the linear equation

(4.1) ax = c,

where a, c ∈ O are given constants, and x ∈ O is a variable. Clearly, if a /∈ O#, then equation (4.1) has the

unique solution x = a−1c. The case a ∈ O# is addressed in the following proposition.

Proposition 4.1. Let a ∈ O# be nonzero and c ∈ O. By acting with G2 on the equation ax = c, we

may assume that a is a canonical noninvertible octonion, as in Remark 3.3. Denote by X the solution set of

the equation ax = c. Then, X is nonempty if and only if one of the following cases occurs for some γi ∈ F:
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1. If a = α1e1 with α1 ∈ F× and c =

(
γ1 (γ2, γ3, γ4)

(0, 0, 0) 0

)
, the set X consists of all

x =

(
γ1/α1 (γ2/α1, γ3/α1, γ4/α1)

(x5, x6, x7) x8

)
for any xi ∈ F.

2. If a = u1 and c =

(
γ1 (γ2, 0, 0)

(0, γ6, γ7) 0

)
, the set X consists of all

x =

(
x1 (x2, γ7,−γ6)

(γ1, x6, x7) γ2

)
for any xi ∈ F.

Moreover, the equation ax = c has a solution if and only if ac = 0.

Proof. In case x is a solution for ax = c, equation (2.4) implies that 0 = n(a)x = a(ax) = ac.

Assume that ac = 0. We will show that in this case there is a solution for ax = c and case 1 or 2 from

the formulation of the proposition holds. Denote octonions c = (γ1, . . . , γ8) and x = (x1, . . . , x8), where

γj , xj ∈ F.

1. Assume that a = α1e1 with α1 ∈ F×. Then, equality ac = 0 implies that γ5 = · · · = γ8 = 0. Hence, x is

a solution for ax = c if and only if xi = γi/α1 for i = 1, . . . , 4.

2. Assume that a = u1. Then, equality ac = 0 implies that γ3 = γ4 = γ5 = γ8 = 0. Hence, x is a solution

for ax = c if and only if x3 = γ7, x4 = −γ6, x5 = γ1, x8 = γ2.

Corollary 4.2. Let a ∈ O be nonzero and c ∈ O, and let X ⊂ O denote the set of all solutions of the

equation ax = c. Then,

(a) |X| = 1 if and only if a /∈ O#;

(b) X ∈ Ω4 if and only if a ∈ O# and ac = 0;

(c) X is empty if and only if a ∈ O# and ac 6= 0.

Proof. If a /∈ O#, then a is invertible, and x = a−1c is the unique solution of ax = c by formula (2.5).

Assume a ∈ O#. Proposition 4.1 implies that either X ∈ Ω4 or X is empty. Since X is nonempty if and

only if ac = 0, the proof is complete.

5. Linear equation (ax)b = c. In this section, we consider the linear equation

(5.1) (ax)b = c,

where a, b, c ∈ O are given constants and x ∈ O is a variable. Clearly, if a /∈ O# or b /∈ O#, then solving

equation (5.1) can be reduced to solving an equation of the form a′x = b′ for some a′, b′ ∈ O (see Corollary 5.2

below for details). The case a, b ∈ O# is addressed in the following theorem.

Theorem 5.1. Let a, b ∈ O# be nonzero and c ∈ O. By acting with G2 on the equation (ax)b = c, we

may assume that (a, b) is a canonical pair of noninvertible octonions as in Proposition 3.4. Denote by X the

solution set of the equation (ax)b = c. Then, X is nonempty if and only if one of the following cases occurs

for some α1 ∈ F× and βi, γi ∈ F:
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(V) 1. For (a, b) = (α1e1, β8e2), c = γ2u1 + γ3u2 + γ4u3 with β8 6= 0, the set X consists of all

x =

(
x1 ( γ2

α1β8
, γ3
α1β8

, γ4
α1β8

)

(x5, x6, x7) x8

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1), c = γ1e1 with β1 6= 0, the set X consists of all

x =

(
γ1
α1β1

(x2, x3, x4)

(x5, x6, x7) x8

)
for any xi ∈ F.

(VI) 1. For (a, b) = (α1e1, β8e2 + u1) and

c =

(
0 (γ2,−β8γ7, β8γ6)

(0, γ6, γ7) 0

)
,

with β8 6= 0, the set X consists of all

x =

(
γ2
α1
− β8x2 (x2,− γ7

α1
, γ6α1

)

(x5, x6, x7) x8

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1 + u1) and

c =

(
β1γ2 (γ2, 0, 0)

(0, γ6, γ7) 0

)
,

the set X consists of all

x =

(
γ2
α1

(x2,− γ7
α1
, γ6α1

)

(x5, x6, x7) x8

)
for any xi ∈ F.

(VII) 1. For (a, b) = (α1e1, β8e2 + v1) and

c =

(
γ1 (β8γ1, γ3, γ4)

(0, 0, 0) 0

)
,

with β8 6= 0, the set X consists of all

x =

(
x1 ( γ1α1

, γ3
α1β8

, γ4
α1β8

)

(x5, x6, x7) x8

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1 + v1), c = γ1e1, the set X consists of all

x =

(
x1 ( γ1α1

− β1x1, x3, x4)

(x5, x6, x7) x8

)
for any xi ∈ F.

(VIII) For (a, b) = (α1e1, β1e1 + β8e2 + u1 + β1β8v1) and

c =

(
β1γ2 (γ2,−β8γ7, β8γ6)

(0, γ6, γ7) 0

)
,

with β1, β8 6= 0, the set X consists of all

x =

(
γ2
α1
− β8x2 (x2,− γ7

α1
, γ6α1

)

(x5, x6, x7) x8

)
for any xi ∈ F.
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(IX) 1. For (a, b) = (α1e1, β8e2 + u1 + v2) and

c =

(
γ1 (γ2, β8γ1, β8γ6)

(0, γ6,−γ1) 0

)
,

with β8 6= 0, the set X consists of all

x =

(
γ2
α1
− β8x2 (x2,

γ1
α1
, γ6α1

)

(x5, x6, x7) x8

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1 + u1 + v2) and

c =

(
γ1 (γ2, 0, 0)

(0, γ6,−γ1 + β1γ2) 0

)
,

the set X consists of all

x =

(
γ2
α1

(x2,
γ1−β1γ2

α1
, γ6α1

)

(x5, x6, x7) x8

)
for any xi ∈ F.

(X) 1. For (a, b) = (u1, β8e2), c = γ2u1 with β8 6= 0, the set X consists of all

x =

(
x1 (x2, x3, x4)

(x5, x6, x7) γ2
β8

)
for any xi ∈ F.

2. For (a, b) = (u1, β1e1), c = γ1e1 + γ6v2 + γ7v3 with β1 6= 0, the set X consists of all

x =

(
x1 (x2,

γ7
β1
,− γ6

β1
)

( γ1β1
, x6, x7) x8

)
for any xi ∈ F.

(XI) For (a, b) = (u1, β2u1), c = γ2u1 with β2 6= 0, the set X consists of all

x =

(
x1 (x2, x3, x4)

( γ2β2
, x6, x7) x8

)
for any xi ∈ F.

(XII) For (a, b) = (u1, β1e1 + β5v1) and

c =

(
γ1 (0, γ3, γ4)

(0, β1γ4
β5

,−β1γ3
β5

) 0

)
,

with β5 6= 0, the set X consists of all

x =

(
x1 (x2,− γ3

β5
,− γ4

β5
)

(x5, x6, x7) γ1−β1x5

β5

)
for any xi ∈ F.

(XIII) For (a, b) = (u1, β1e1 + u2) and

c =

(
β1γ3 (0, γ3, 0)

(0, β1γ8, γ7) γ8

)
,

the set X consists of all

x =

(
x1 (x2, x3,−γ8)

(γ3, x6, x7) γ7 − β1x3

)
for any xi ∈ F.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 42, pp. 569-590, June 2026.

A. Lopatin and A.N. Zubkov 580

(XIV) For (a, b) = (u1,v2), c = γ2u1, we have

x =

(
x1 (x2, γ2, x4)

(x5, x6, x7) x8

)
for any xi ∈ F.

Proof. Denote octonions c = (γ1, . . . , γ8) and x = (x1, . . . , x8), where γj , xj ∈ F. Since (a, b) is a

canonical pair of noninvertible nonzero octonions from Proposition 3.4, then one of the following ten cases

holds, where α1 ∈ F is always nonzero.

(V) We have (a, b) = (α1e1, β1e1 + β8e2) with β1β8 = 0 and (β1, β8) 6= (0, 0). Then, equation (5.1)

implies that γ5 = · · · = γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Hence, it follows from equation (5.1) that γ1 = 0, x2 = γ2/α1β8,

x3 = γ3/α1β8, x4 = γ4/α1β8.

2. Assume that β1 6= 0 and β8 = 0. Hence, it follows from equation (5.1) that γ2 = 0, γ3 = 0,

γ4 = 0, x1 = γ1/α1β1.

(VI) We have (a, b) = (α1e1, β1e1 + β8e2 + u1) with β1β8 = 0. Since β1β8 = 0, we have that one of the

next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Then, equation (5.1) implies that γ1 = 0, γ5 = 0, γ8 = 0. Hence,

it follows from equation (5.1) that x1 = (γ2/α1)− β8x2, x3 = γ3/α1β8, x4 = γ4/α1β8. Finally,

equation (5.1) implies that γ4 = β8γ6 and γ3 = −β8γ7.

2. Assume that β8 = 0. Then, equation (5.1) implies that γ3 = 0, γ4 = 0, γ5 = 0, γ8 = 0.

Hence, it follows from equation (5.1), that is, x1 = γ2/α1, x3 = −γ7/α1, x4 = γ6/α1. Finally,

equation (5.1) implies that γ1 = β1γ2.

(VII) We have (a, b) = (α1e1, β1e1 + β8e2 + v1) with β1β8 = 0. Then, equation (5.1) implies that γ5 = 0,

γ6 = 0, γ7 = 0, γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Then, equation (5.1) implies that x2 = γ2/α1β8, x3 = γ3/α1β8,

x4 = γ4/α1β8. Hence, it follows from equation (5.1) that γ2 = β8γ1.

2. Assume that β8 = 0. Hence, it follows from equation (5.1) that γ2 = 0, γ3 = 0, γ4 = 0. Then,

equation (5.1) implies that x2 = (γ1/α1)− β1x1.

(VIII) We have (a, b) =

(
α1e1,

(
β1 (1, 0, 0)

(β1β8, 0, 0) β8

))
with β1, β8 6= 0. Then, equation (5.1) implies

that γ5 = 0 and γ8 = 0. Hence, it follows from equation (5.1) that x1 = (γ2/α1)−β8x2, x3 = −γ7/α1,

x4 = γ6/α1. Finally, it follows from equation (5.1) that γ1 = β1γ2, γ3 = −β8γ7, γ4 = β8γ6.

(IX) We have (a, b) =

(
α1e1,

(
β1 (1, 0, 0)

(0, 1, 0) β8

))
with β1β8 = 0. Then, equation (5.1) implies that

γ5 = 0 and γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Then, equation (5.1) implies that x1 = (γ2/α1)−β8x2, x3 = γ1/α1,

x4 = γ6/α1. Hence, it follows from equation (5.1) that γ3 = β8γ1, γ4 = β8γ6, γ7 = −γ1.

2. Assume that β8 = 0. Hence, it follows from equation (5.1) that γ3 = 0 and γ4 = 0. Then,

equation (5.1) implies that x1 = γ2/α1, x3 = −γ7/α1 and x4 = γ6/α1. Finally, equation (5.1)

implies that γ7 = −γ1 + β1γ2.

(X) We have (a, b) = (u1, β1e1 + β8e2) with β1β8 = 0 and (β1, β8) 6= (0, 0). Then, equation (5.1) implies

that γ3 = 0, γ4 = 0, γ5 = 0, γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Hence, it follows from equation (5.1) that γ1 = 0, γ6 = 0, γ7 = 0,

x8 = γ2/β8.
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2. Assume β1 6= 0 and β8 = 0. Hence, it follows from equation (5.1) that γ2 = 0, x3 = γ7/β1,

x4 = −γ6/β1, x5 = γ1/β1.

(XI) We have (a, b) = (u1, β2u1) with β2 6= 0. Then, equation (5.1) implies that γ1 = 0, γ3 = · · · = γ8 = 0,

x5 = γ2/β2.

(XII) We have (a, b) = (u1, β1e1 + β5v1) with β5 6= 0. Then, equation (5.1) implies that γ2 = 0, γ5 = 0,

γ8 = 0. Hence, it follows from equation (5.1) that x3 = −γ3/β5, x4 = −γ4/β5, x8 = (γ1− β1x5)/β5.

Finally, it follows from equation (5.1) that γ6 = β1γ4/β5 and γ7 = −β1γ3/β5.

(XIII) We have (a, b) = (u1, β1e1 + u2). Then, equation (5.1) implies that γ2 = 0, γ4 = 0, γ5 = 0,

x4 = −γ8. Hence, it follows from equation (5.1) that x5 = γ3, x8 = γ7 − β1x3. Finally, it follows

from equation (5.1) that γ1 = β1γ3 and γ6 = β1γ8.

(XIV) We have (a, b) = (u1,v2). Then, equation (5.1) implies that γ1 = 0, x3 = γ2, γ3 = · · · = γ8 = 0.

Corollary 5.2. Given nonzero a, b ∈ O and c ∈ O, let X ⊂ O be the set of all solutions of the equation

(ax)b = c. Then, X satisfies one of the following conditions:

(a) X is empty;

(b) |X| = 1;

(c) X ∈ Ωr for some r ∈ {4, 5, 7}.

Moreover,

• each of the above cases occurs for some nonzero a, b ∈ O and c ∈ O;

• |X| = 1 if and only if a, b /∈ O#;

• X ∈ Ω4 if and only if either a /∈ O#, b ∈ O#, bc = 0, or a ∈ O#, b /∈ O#, a(cb−1) = 0;

• X ∈ Ωr for r ∈ {5, 7} if and only if a, b ∈ O# and X is nonempty.

Proof. Assume that a, b 6∈ O#. Then by (2.5), we have that x is a solution of (5.1) if and only if

x = a−1(cb−1).

Assume that a 6∈ O# and b ∈ O#. Then, x is a solution of (5.1) if and only if ax is a solution of the

equation yb = c, or equivalently, ax is a solution of bz = c, where z is a variable. By Corollary 4.2, the set

Z ⊂ O of all solutions of bz = c is either empty or Z ∈ Ω4. In the first case, X is empty. In the second

case, we consider a linear invertible map f : O → O, z → a−1z; therefore, X = f(Z) ∈ Ω4. Moreover, by

Corollary 4.2, the second case holds if and only if bc = 0. Thus, we have proven that

(5.2) if bc = 0, then X ∈ Ω4; otherwise, X is empty.

Assume that a ∈ O# and b 6∈ O#. Then, x is a solution of (5.1) if and only if ax = cb−1. Corollary 4.2

implies that

(5.3) if a(cb−1) = 0, then X ∈ Ω4; otherwise, X is empty.

If a, b ∈ O#, then Theorem 5.1 implies that X is empty or X ∈ Ωr for r ∈ {5, 7}. The required statement

is proven.
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Remark 5.3. If the equation (ax)b = c has a solution for some a, b ∈ O#, c ∈ O, then necessarily

cb = 0. However, the converse does not hold in general.

Proof. If (ax)b = c, then multiplying both sides on the right by b gives

cb = ((ax)b)b = n(b) ax = 0,

using equalities (2.4). On the other hand, for a = e1, b = u1, and c = e2, we have cb = 0, but the equation

(ax)b = c has no solution.

6. Linear equation a(bx) = c. In this section, we consider the linear equation

(6.1) a(bx) = c,

where a, b, c ∈ O are given constants and x ∈ O is a variable. Clearly, if a /∈ O# or b /∈ O#, then solving

equation (6.1) can be reduced to solving an equation of the form a′x = b′ for some a′, b′ ∈ O (see Corollary 6.2

below for details). The case a, b ∈ O# is addressed in the following theorem.

Theorem 6.1. Given a nonzero a, b ∈ O# and c ∈ O, acting by G2 on the equation a(bx) = c we can

assume that (a, b) is a canonical pair of noninvertible octonions from Proposition 3.4. Denote by X the

solution set of the equation a(bx) = c. Then, X is nonempty if and only if one of the following cases holds

for some α1 ∈ F×, βi, γi ∈ F:

(V) 1. For (a, b) = (α1e1, β8e2), c = 0 with β8 6= 0, the set X consists of all

x =

(
x1 (x2, x3, x4)

(x5, x6, x7) x8

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1) and

c =

(
γ1 (γ2, γ3, γ4)

(0, 0, 0) 0

)
,

with β1 6= 0, the set X consists of all

x =

(
γ1
α1β1

( γ2
α1β1

, γ3
α1β1

, γ4
α1β1

)

(x5, x6, x7) x8

)
for any xi ∈ F.

(VI) 1. For (a, b) = (α1e1, β8e2 + u1), c = γ1e1 + γ2u1, the set X consists of all

x =

(
x1 (x2, x3, x4)

( γ1α1
, x6, x7) γ2

α1

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1 + u1) and

c =

(
γ1 (γ2, γ3, γ4)

(0, 0, 0) 0

)
,

with β1 6= 0, the set X consists of all

x =

(
x1 (x2,

γ3
α1β1

, γ4
α1β1

)

( γ1α1
− β1x1, x6, x7) γ2

α1
− β1x2

)
for any xi ∈ F.
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(VII) 1. For (a, b) = (α1e1, β8e2 + v1), c = γ3u2 + γ4u3 the set X consists of all

x =

(
x1 (x2, x3, x4)

(x5,− γ4
α1
, γ3α1

) x8

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1 + v1) and

c =

(
γ1 (γ2, γ3, γ4)

(0, 0, 0) 0

)
,

with β1 6= 0, the set X consists of all

x =

(
γ1
α1β1

( γ2
α1β1

, x3, x4)

(x5,− γ4
α1

+ β1x4,
γ3
α1
− β1x3) x8

)
for any xi ∈ F.

(VIII) For (a, b) = (α1e1, β1e1 + β8e2 + u1 + β1β8v1) and

c =

(
γ1 (γ2, γ3, γ4)

(0, 0, 0) 0

)
,

with β1, β8 6= 0, the set X consists of all

x =

(
x1 (x2,

γ3
α1β1

− β8x7, γ4
α1β1

+ β8x6)

( γ1α1
− β1x1, x6, x7) γ2

α1
− β1x2

)
for any xi ∈ F.

(IX) 1. For (a, b) = (α1e1, β8e2 + u1 + v2) and

c =

(
γ1 (γ2, 0, γ1)

(0, 0, 0) 0

)
,

the set X consists of all

x =

(
x1 (x2, x3, x4)

( γ1α1
, x6, x7) γ2

α1
+ x7

)
for any xi ∈ F.

2. For (a, b) = (α1e1, β1e1 + u1 + v2) and

c =

(
γ1 (γ2, γ3, γ4)

(0, 0, 0) 0

)
,

with β1 6= 0, the set X consists of all

x =

(
x1 (x2,

γ3
α1β1

, γ4−γ1α1β1
+ x1)

( γ1α1
− β1x1, x6, x7) γ2

α1
− β1x2 + x7

)
for any xi ∈ F.

(X) 1. For (a, b) = (u1, β8e2), c = γ1e1 + γ2u1 with β8 6= 0, the set X consists of all

x =

(
x1 (x2, x3, x4)

( γ1β8
, x6, x7) γ2

β8

)
for any xi ∈ F.

2. For (a, b) = (u1, β1e1), c = γ6v2 + γ7v3 with β1 6= 0, the set X consists of all

x =

(
x1 (x2,

γ7
β1
,− γ6

β1
)

(x5, x6, x7) x8

)
for any xi ∈ F.
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(XI) For (a, b) = (u1, β2u1), c = 0 with β2 6= 0, the set X consists of all

x =

(
x1 (x2, x3, x4)

(x5, x6, x7) x8

)
for any xi ∈ F.

(XII) For (a, b) = (u1, β1e1 + β5v1) and

c =

(
γ1 (γ2, 0, 0)

(0, γ6, γ7) 0

)
,

with β5 6= 0, the set X consists of all

x =

(
γ1
β5

( γ2β5
, x3, x4)

(x5,
γ6+β1x4

β5
, γ7−β1x3

β5
) x8

)
for any xi ∈ F.

(XIII) For (a, b) = (u1, β1e1 + u2) and

c =

(
γ1 (0, 0, 0)

(0,−β1γ1, γ7) 0

)
,

the set X consists of all

x =

(
x1 (x2, x3, γ1)

(x5, x6, x7) γ7 − β1x3

)
for any xi ∈ F.

(XIV) For (a, b) = (u1,v2), c = γ2u1 + γ6v2, we have

x =

(
x1 (x2, γ2, x4)

(−γ6, x6, x7) x8

)
for any xi ∈ F.

Proof. Denote octonions c = (γ1, . . . , γ8) and x = (x1, . . . , x8), where γj , xj ∈ F. Since (a, b) is a

canonical pair of noninvertible nonzero octonions from Proposition 3.4, then one of the following ten cases

holds, where α1 ∈ F is always nonzero.

(V) (a, b) = (α1e1, β1e1 + β8e2) with β1β8 = 0 and (β1, β8) 6= (0, 0). Then, equation (6.1) implies that

γ5 = · · · = γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Hence, it follows from equation (6.1) that γ1 = · · · = γ4 = 0.

2. Assume that β1 6= 0 and β8 = 0. Hence, it follows from equation (6.1) that x1 = γ1/α1β1,

x2 = γ2/α1β1, x3 = γ3/α1β1, x4 = γ4/α1β1.

(VI) (a, b) = (α1e1, β1e1 +β8e2 +u1) with β1β8 = 0. Then, equation (6.1) implies that γ5 = · · · = γ8 = 0.

Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0. Hence, it follows from equation (6.1) that x5 = γ1/α1, x8 = γ2/α1, γ3 = 0,

γ4 = 0.

2. Assume that β1 6= 0 and β8 = 0. Hence, it follows from equation (6.1) that x5 = (γ1/α1)−β1x1,

x8 = (γ2/α1)− β1x2, x3 = γ3/α1β1, x4 = γ4/α1β1.

(VII) (a, b) = (α1e1, β1e1 +β8e2 +v1) with β1β8 = 0. Then, equation (6.1) implies that γ5 = · · · = γ8 = 0.

Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0. Hence, it follows from equation (6.1) that γ1 = 0, γ2 = 0, x6 = −γ4/α1,

x7 = γ3/α1.
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2. Assume that β1 6= 0 and β8 = 0. Hence, it follows from equation (6.1) that x1 = γ1/α1β1,

x2 = γ2/α1β1, x7 = (γ3/α1)− β1x3, x6 = (α1β1x4 − γ4)/α1.

(VIII) (a, b) =

(
α1e1,

(
β1 (1, 0, 0)

(β1β8, 0, 0) β8

))
with β1, β8 6= 0. Then, equation (6.1) implies that

γ5 = · · · = γ8 = 0. Hence, it follows from equation (6.1) that x3 = (γ3/α1β1) − β8x7, x4 =

(γ4/α1β1) + β8x6, x5 = (γ1/α1)− β1x1, x8 = (γ2/α1)− β1x2.

(IX) (a, b) =

(
α1e1,

(
β1 (1, 0, 0)

(0, 1, 0) β8

))
with β1β8 = 0. Then, equation (6.1) implies that γ5 =

· · · = γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0. Hence, it follows from equation (6.1) that γ3 = 0, x5 = γ1/α1, x8 = (γ2/α1) +

x7. Therefore, γ4 = γ1 by equation (6.1).

2. Assume that β1 6= 0 and β8 = 0. Hence, it follows from equation (6.1) that x3 = γ3/α1β1,

x5 = (γ1/α1)− β1x1, x8 = (γ2/α1) + x7 − β1x2. Therefore, equation (6.1) implies that

x4 =
γ4 − γ1
α1β1

+ x1.

(X) (a, b) = (u1, β1e1 + β8e2) with β1β8 = 0 and (β1, β8) 6= (0, 0). Then, equation (6.1) implies that

γ3 = 0, γ4 = 0, γ5 = 0, γ8 = 0. Since β1β8 = 0, we have that one of the next two cases holds.

1. Assume β1 = 0 and β8 6= 0. Hence, it follows from equation (6.1) that γ6 = 0, γ7 = 0,

x5 = γ1/β8, x8 = γ2/β8.

2. Assume that β1 6= 0 and β8 = 0. Hence, it follows from equation (6.1) that γ1 = 0, γ2 = 0,

x3 = γ7/β1, x4 = −γ6/β1.

(XI) (a, b) = (u1, β2u1) with β2 6= 0. Then, equation (6.1) implies that c = 0 and x is an arbitrary.

(XII) (a, b) = (u1, β1e1 + β5v1) with β5 6= 0. Then, equation (6.1) implies that γ3 = 0, γ4 = 0, γ5 = 0,

γ8 = 0. Hence, it follows from equation (6.1) that x1 = γ1/β5, x2 = γ2/β5, x6 = (γ6 + β1x4)/β5,

x7 = (γ7 − β1x3)/β5.

(XIII) (a, b) = (u1, β1e1 + u2). Then, equation (6.1) implies that γ2 = · · · = γ5 = 0, γ8 = 0. Hence, it

follows from equation (6.1) that x4 = γ1, x8 = γ7 − β1x3. Finally, γ6 = −β1γ1 by equation (6.1).

(XIV) (a, b) = (u1,v2). Then, equation (6.1) implies that γ1 = 0, γ3 = 0, γ4 = 0, γ5 = 0, γ7 = 0, γ8 = 0,

x3 = γ2, x5 = −γ6.

Corollary 6.2. Given nonzero a, b ∈ O and c ∈ O, let X ⊂ O be the set of all solutions of the equation

a(bx) = c. Then, X satisfies one of the following conditions:

(a) X is empty;

(b) |X| = 1;

(c) X ∈ Ωr for some r ∈ {4, 6};
(d) X = O.

Moreover,

• each of the above cases occurs for some nonzero a, b ∈ O and c ∈ O;

• |X| = 1 if and only if a, b /∈ O#;

• X = O if and only if b = ξ a ∈ O# for some ξ ∈ F× and c = 0.
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Proof. Assume that a, b 6∈ O#. Then, by (2.5), we have that x is a solution of equation (6.1) if and only

if x = b−1(a−1c).

Assume that a 6∈ O# and b ∈ O#. Then, x is a solution of (6.1) if and only if bx = a−1c. Corollary 4.2

implies that either X is empty or X ∈ Ω4.

Assume that a ∈ O# and b 6∈ O#. Then, x is a solution of (6.1) if and only if bx is a solution of the

equation ay = c. By Corollary 4.2, the set Y ⊂ O of all solutions of the equation ay = c is either empty or

Y ∈ Ω4. In the first case, X is empty. In the second case, X = b−1Y ∈ Ω4, since the multiplication by b−1

is the invertible linear map O→ O.

If a, b ∈ O#, then Theorem 6.1 implies that either X is empty or X ∈ Ωr for r ∈ {4, 6} or X = O.

Assume that X = O. Then, it follows from Theorem 6.1 that the G2-orbit of (a, b) contains (αe1, βe2) or

(u1, βu1) for some α, β ∈ F× and c = 0; in particular, b = ξ a for some ξ ∈ F×. Assume that b = ξ a ∈ O#

for some ξ ∈ F× and c = 0. Then, for every x ∈ O, we have a(bx) = ξa(ax) = ξ n(a)x = 0 by equalities (2.4),

i.e., X = O. The required statement is proven.

Remark 6.3. If a(bx) = c has a solution for some a, b ∈ O# and c ∈ O, then ac = 0. However, the

converse does not hold in general.

Proof. If a(bx) = c, then ac = n(a) bx = 0 by equalities (2.4). On the other hand, for a = e1, b = e2,

and c = e1, we have ac = 0, but the equation a(bx) = c has no solution.

7. Linear monomial equations. We write a1 ◦ · · · ◦ am for an arbitrary nonassociative product of

a1, . . . , am ∈ O. A multilinear monomial w = w(a1, . . . , am) is a product of the form aσ(1)◦· · ·◦aσ(m) for some

permutation σ ∈ Sm. A linear monomial equation over the octonions is an equation w(a1, . . . , am, x) = c,

where w(a1, . . . , am, x) is a multilinear monomial, x ∈ O is a variable, and c ∈ O is a constant. For example,

the equations (ax)b = c and a(bx) = c are linear monomial equations.

Corollary 7.1. Assume that a1, . . . , am ∈ O are nonzero and c ∈ O. Let X ⊂ O be the set of all

solutions of a linear monomial equation

w(a1, . . . , am, x) = c.

Then, X satisfies one of the following conditions:

(a) X is empty;

(b) |X| = 1;

(c) X ∈ Ωr for some 4 ≤ r ≤ 7;

(d) X = O.

Moreover,

• each of the above cases occurs for some linear monomial equation;

• |X| = 1 if and only if a1, . . . , am /∈ O#.

Proof. By Corollaries 5.2 and 6.2, each of the cases (a)–(d) from the formulation of the corollary hold

for some w(a1, a2, x) ∈ {(a1x)a2, a1(a2x)}. The rest of the proof we split into two parts.

1. If a1, . . . , am 6∈ O#, then applying equalities (2.5) m times, we obtain that there exists a unique solution

of the equation w(a1, . . . , am, x) = c.
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2. Assume that ai ∈ O# for some 1 ≤ i ≤ m and X is not empty, i.e., there exists x0 ∈ O such that

w(a1, . . . , am, x0) = c.

If w(a1, . . . , am, x) = · · · ◦ (aiaj) ◦ · · · for some 1 ≤ i, j ≤ m, then we can denote a′ = aiaj and consider

w(a1, . . . , am, x) as a multilinear monomial in {x, a′, ar | 1 ≤ r ≤ m, r 6= i, j}; i.e., we diminish m by one.

Note that we can assume that a′ 6= 0, since otherwise X = ∅ in case c 6= 0 and X = O in case c = 0. After

repeating this procedure several times, we can assume that

(7.1) w(x) 6= · · · ◦ (aiaj) ◦ · · · for all 1 ≤ i, j ≤ m.

Since condition (7.1) holds, we have

w(a1, . . . , am, x) = ai1 ◦ · · · ◦ air−1
◦ (airv(x)) ◦ air+1

◦ · · · ◦ ais or(7.2)

w(a1, . . . , am, x) = ai1 ◦ · · · ◦ air−1 ◦ (v(x)air ) ◦ air+1 ◦ · · · ◦ ais ,(7.3)

where

• v(x) := v(aj1 , . . . , ajt , x) is a multilinear monomial for some aj1 , . . . , ajt 6∈ O# with t ≥ 0;

• {i1, . . . , is, j1, . . . , jt} = {1, . . . ,m} and s+ t = m, 1 ≤ r ≤ s;
• air ∈ O#.

Denote by X1 ⊂ O the set of solutions of the equation airv(x) = airv(x0) and denote by X2 ⊂ O the

set of solutions of the equation v(x)air = v(x0)air . Note that X1 ⊂ X or X2 ⊂ X. Denote by Y1 ⊂ O the

set of solutions of the equation airy = airv(x0) and denote by Y2 ⊂ O the set of solutions of the equation

yair = v(x0)air , where y is a variable. Since aj1 , . . . , ajt are invertible, equalities (2.5) imply that there are

linear invertible maps fl : O → O such that fl(Yl) = Xl, where l = 1, 2. One of the following two cases

holds:

• Assume that equality (7.2) holds. Then, x0 ∈ X1 and Y1 is also not empty. Corollary 4.2 implies

that Y1 ∈ Ω4, since air ∈ O#. Applying the invertible linear map f1 to Y1, we can see that X1 ∈ Ω4.

• Assume that equality (7.3) holds. Then, x0 ∈ X2 and Y2 is also not empty. Applying the involution

: O → O to the equation yair = v(x0)air , we also obtain that Y2 ∈ Ω4. Applying the invertible

linear map f2 to Y2, we can see that X2 ∈ Ω4.

Obviously, X ∈ Ωr for some 0 ≤ r ≤ 8. Since Xl ∈ Ω4 and Xl ⊂ X for some l = 1, 2, we obtain that

r ≥ 4. The required statement is proven.

Corollary 7.2. If a linear monomial equation w(a1, . . . , am, x) = c with nonzero a1, . . . , am, c ∈ O has

at least two solutions, then it has an invertible solution.

Proof. Assume that X ⊂ O is the set of all solutions of a linear monomial equation w(a1, . . . , am, x) = c.

Since |X| > 1, there exist ai ∈ O# for some 1 ≤ i ≤ m (see Corollary 7.1). Therefore, case 2 of the proof

of Corollary 7.1 holds. Hence, we repeat the reasoning from case 2 of the proof of Corollary 7.1 and use

notations from it. One of the following two cases holds:

• Assume that equality (7.2) holds. Then, x0 ∈ X1 and Y1 is also nonempty. Since c 6= 0, we have

that airv(x0) is also nonzero. Hence, since air ∈ O#, it is easy to see that Proposition 4.1 implies

that there exists an invertible y0 ∈ Y1. Finally, f1(y0) ∈ X1 ⊂ X is invertible.
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• Assume that equality (7.3) holds. Then, x0 ∈ X2 and Y2 is also non-empty. Since c 6= 0, we have

that v(x0)air is also nonzero. Applying the involution : O→ O to the equation yair = v(x0)air , as

above, we obtain that there exists an invertible y0 ∈ Y2, since air ∈ O#. Finally, f2(y0) ∈ X2 ⊂ X

is invertible.

Remark 7.3. In the statement of Corollary 7.2, the assumption that c is nonzero is essential and cannot

be omitted.

Indeed, consider the linear equation ax = 0 with a ∈ O# nonzero. By Corollary 4.2, its solution set X

is contained in Ω4 and is therefore infinite. On the other hand, if X contained an invertible element x0, then

we would have 0 = ax0 = (ax0)x−10 = a, by equality (2.5), which contradicts the assumption a 6= 0.

Recall that an octonion a ∈ O is said to be nilpotent if an = 0 for some n > 0. Proposition 3.1,

Lemma 3.1 of [25], and equality (2.2) together imply that the following three conditions for a ∈ O are

equivalent:

(7.4) a is nilpotent ⇐⇒ tr(a) = n(a) = 0 ⇐⇒ a2 = 0.

Remark 7.4. In the statement of Corollary 7.2, a nilpotent solution cannot be considered in place of

an invertible one.

Indeed, consider the linear equation ax = a with a ∈ O# nonzero. Since aa = a a = n(a) = n(a) = 0,

Corollary 4.2 implies that the set of its solutions X is contained in Ω4 and is therefore infinite. On the

other hand, if X contained a nilpotent element x0, then we would have 0 = a · x20 = (ax0)x0 = ax0 = a, by

equality (2.3), which contradicts the assumption that a 6= 0.

8. Degenerations of linear monomial equations. Given a1, . . . , am, c ∈ O and a′1, . . . , a
′
m, c

′ ∈ O,

the linear monomial equation w(a′1, . . . , a
′
m, x) = c′ is called a degeneration of the linear monomial equation

w(a1, . . . , am, x) = c, if the Zariski closure of the G2-orbit of (a1, . . . , am, c) ∈ Om+1 contains (a′1, . . . , a
′
m, c

′).

Corollary 8.1. Let w(a′1, . . . , a
′
m, x) = c′ be a degeneration of w(a1, . . . , am, x) = c, where a1, . . . , am,

a′1, . . . , a
′
m ∈ O are nonzero. Let X ′ (X, respectively) be the set of all solutions of the first (the second,

respectively) equation. Then

(a) the first equation has a unique solution if and only if the second equation has a unique solution;

(b) in case w(a1, x) = a1x we have that dimX ≥ dimX ′;

(c) in case w(a1, a2, x) = (a1x)a2 we have that if dimX = 4 if and only if dimX ′ = 4;

(d) in case w(a1, a2, x) = a1(a2x) we have that if X = O if and only if X ′ = O.

Proof. Since n(ai) = n(a′i) for all 1 ≤ i ≤ m, then part (a) follows from Corollary 7.1, part (b) follows

from Corollary 4.2, part (c) follows from Corollary 5.2, part (d) follows from Corollary 6.2.

9. Conclusion. In this manuscript, over an algebraically closed field, we described the affine varieties

of solutions to the linear equations (ax)b = c and a(bx) = c over the algebra of split-octonions O, which

is non-division. Moreover, we showed that if a linear monomial equation over the split-octonions with a

nonzero constant term has at least two solutions, then it necessarily possesses an invertible solution.

Possible directions for further research include solving the following equations.
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• Special equations over O, such as the generalized Sylvester equation ax − yb = c, the equation

(xa)x = b, the quadratic equation x2 + ax+ b = c, and the system of equations ax = c and xb = d,

where x, y ∈ O are variables and a, b, c, d ∈ O are given constants.

• The general linear equation over O;

• Polynomial equations over split-octonions. The first step in this direction has already been made

in [25], where every polynomial equation

αnx
n + · · ·+ α1x+ a = 0,

with α1, . . . , αn ∈ F and a ∈ O, was solved over split-octonions when F is algebraically closed. This

result was later generalized to the case of an arbitrary field in [24].
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