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Abstract. We study the Drazin inverse of the adjacency matrix of a tree 7' through its null decomposition. This
decomposition, which partitions the vertex set of T', reveals a close connection between the Drazin inverse and the matching
and independence structures of the tree. In addition, we use a Bjerhammar-type condition for the Drazin inverse of a matrix.
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1. Introduction. Since 1977, it has been known that if T is a tree with an invertible adjacency matrix
A(T), then A(T)™!is a {—1,0, 1}-matrix; see [2]. In 1985, Godsil showed that A(T)~?! is diagonally similar
to a symmetric {0, 1}-matrix, meaning that A(T)~!
[4]. Godsil used this fact to obtain sharp bounds on the smallest positive eigenvalue of A(T) and to prove a
conjecture by Gutman: among all trees of order n with a unique perfect matching, the path P, minimizes
the smallest positive eigenvalue.

can be viewed as the adjacency matrix of a graph; see

In 1990, Pavlikova and Kre-Jediny provided a geometric description of the inverse of a nonsingular tree;
see [6]. As emphasized by Sander in [14], this is an extraordinary property, as it allows for the construction
of the inverse directly from the structure of the tree.

In 2006, Barik, Neumann, and Pati gave a combinatorial description of the inverse of bipartite graphs
with a unique perfect matching; see [10]. Additionally, in 2005, Britz, Olesky, and Van Den Driessche showed
that the Moore—Penrose inverse of any real matrix without square submatrices with more than one diagonal
entry can be expressed in terms of bipartite graphs; see [8]. In particular, Theorem 2.6 in [8] gives the
Moore—Penrose inverse of any (weighted) forest.

This article is organized as follows. In Section 2, we present the combinatorial description of the Drazin
inverse of the adjacency matrix of a tree. In Section 3, we summarize some results from [16] and [20]. In
Section 4, we show that the zero pattern of the Drazin inverse of a tree depends on its null decomposition.
In Section 5, we study some relations between the Drazin inverse of a tree and its null decomposition. In
Section 6, we prove that the combinatorial Drazin inverse and the adjacency matrix of any tree commute.
In Section 7, we show that for any tree, the combinatorial Drazin inverse is an internal pseudo-inverse of its
adjacency matrix. Finally, in Section 8, we use a Bjerhammar-type condition to prove that the combinatorial
Drazin inverse is also an external inverse of the adjacency matrix.
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2. Preliminaries. We work exclusively with simple graphs. Let G be a graph. The vertex set and
edge set of G are denoted by V(G) and E(G), respectively. If e € E(G) and e = {u, v}, we write e = uv.

Let v € V(G). The neighborhood of v, denoted by Nr(v), is the set {u € V(G) : u ~ v}, where u ~ v
means u and v are adjacent. The neighborhood of a subset S C V(G) is defined as N (S) := (U, cg N1r(v).
The closed neighborhood of a vertex v is Np[v] := Np(v) U {v}, and for a subset S C V(G), the closed
neighborhood is Np[S] := SUNp(S). If T is clear from the context, we simply write N(S) or N[S]. If H is
a subtree of T, we define Ny (v) := N(v) N V(H). We denote by deg(v), the number |N(v)].

An independent set I C V(G) is a set of pairwise nonadjacent vertices. The independence number of G,
denoted by a(G), is the maximum cardinality of an independent set. The set of all maximum independent
sets is denoted by Z(G) and its cardinality by a(G).

Given U C V(G), the subgraph of G induced by U is denoted by G[U]. The collection of connected
components of G is denoted by K(G).

Let R® denote the space of real-valued functions on V(G). For ¥ € RY and v € V(G), we write &,
instead of #(v). The canonical vector e, is defined by e,(u) =1 if u = v, and e, (u) = 0 otherwise. The null
vector is denoted by 0. The null space of G is denoted by A (@), and its dimension (nullity) is denoted by
nl(G). For trees, this null space induces a partition of the vertex set.

DEFINITION 2.1. Let T be a tree. The support of T is
Supp(T) :={v e V(T) : 3% € N(T) such that &, # 0}.

The core of T, denoted by Core(T), is defined as N(Supp(T')) — Supp(T'). The invertible part of T, denoted
by Inv(T'), is V(T') — N[Supp(T)].

By definition, we understand that the vertex set of tree T is partitioned into three pairwise disjoint
subsets: Supp(T'), Core(T), and Inv(T"). The elements of Supp(T’), Core(T'), and Inv(T') are called supported,
core, and invertible vertices, respectively. Their cardinalities are denoted by supp(T), core(T), and inv(T),
respectively.

A matching M C E(G) is a set of pairwise nonadjacent edges. Vertices incident to edges in M are
matched; otherwise, they are unmatched. The matching number u(G) is the size of a maximum matching.
The set of all maximum matchings is denoted by M(G) and its cardinality by m(G). The vertex set of a
matching is

V(M) :={v e V(G) : v is matched by M}.

Let P be a path in G and M a matching. The path P is M-alternating if its edges alternate between
matched and unmatched by M. An M-alternating path vgvy ... vgvEy1 is called:

e mm-alternating if vov; and vivE41 are matched by M;
e nn-alternating if vov1 and vivgy1 are unmatched by M;
o nm-alternating if vovy ¢ M and vipvgr, € M (and mn-alternating if the opposite holds).

The set of all mm-alternating paths with respect to M is denoted by Puym (G, M).

Let T be a tree and i,5 € V(T'). Denote by iPrj (or simply ¢Pj) the unique path between ¢ and j in T
Define:
M(T,i,j) == {M € M(T) : iPj € P (T, M)},



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 42, pp. 499-521, June 2026.

501 Null decomposition and a combinatorial-block generalized inversion of trees

and let m(T\,4,j) := |M(T\,1,j)|. Note that m(T,4,j) = 0if d(i,j) is even, where d(i, j) denotes the distance
between ¢ and j, i.e., the number of edges in iPj.
DEFINITION 2.2. Let T be a tree of order n. The combinatorial inverse of T is the matriz R(T) :=

(rij)i<i,j<n, where
m(T)

rij = (_1)Ld(i,j)/2J .

The Drazin inverse of a symmetric matrix A, see [3], is the unique matrix D satisfying
(2.1) AD =DA, ADA=A, and DAD =D.
For symmetric matrices, the Drazin inverse coincides with the Moore—Penrose and group inverses. For linear
algebra concepts not defined here, we refer to [7].

THEOREM 2.3. If T is a tree, then R(T) is the Drazin inverse of its adjacency matriz A(T).

Proof. Let A= A(T) and R = R(T). By Theorem 6.5, we have AR = RA. By Theorem 7.7, ARA = A.
Finally, by Corollary 8.13, RAR = R. Hence, R is the Drazin inverse of A. ]

Each step of this proof corresponds to a section of the article. Although this result follows from Theo-
rem 2.6 in [8], our graph-theoretic approach provides deeper insight into the interplay between matchings,
independent sets, and the linear-algebraic structure of trees. Notably, the null decomposition of a tree can be
computed in linear time [17], making this factorization practically useful. An analogous formula for weighted
trees was given in [18].

3. Matching and independence structures of trees. On trees, the decomposition given by the
null space coincides with the Gallai-Edmonds decomposition, see [13]:

Supp(T) ={v e V(T) : IM € M(T) such that v ¢ V(M)}.

DEFINITION 3.1 ([20]). The set of bond edges of a tree T, denoted by BE(T), is the set of all edges
between core vertices:
BE(T) :={uv € E(T) : u,v € Core(T)}.

DEFINITION 3.2 ([16]). The set of connection edges of T, denoted by CE(T), is the set of all edges
between a core vertexr and an invertible vertex:

CE(T) :={uv € E(T) : u € Core(T) and v € Inv(T)}.

By the Gallai-Edmonds Structure Theorem (see Theorem 3.2.1 in [13]), we have the following result.

THEOREM 3.3. If T is a tree, then

1. Supp(T) is an independent set of T;
2. T[Inv(T)] has a perfect matching;
3. the connection and bond edges are never in any maximum matching:

MNCE(T)=MNBE(T)=0 VM c M(T);

4. for any e € M where M € M(T), exactly one holds:
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(a) e € E(T [Inv(T)]);
(b) |en Core(T)| - |e N Supp(T)| = 1.

The null decomposition of trees breaks any tree into two forests: a forest of trees with unique perfect
matching and a forest of trees with unique maximum independent set. Trees with a unique perfect matching
have a nonsingular adjacency matrix, see [15]. They are called invertible trees. On the other hand, trees
with a unique maximum independent set were characterized in [5]. Here,we give another characterization

using the support.
THEOREM 3.4 ([16, 20]). Let T be a tree. The following are equivalent:

1. N[Supp(T)] = V(T);
2. o(T)=1.

A tree that satisfies any of the conditions in Theorem 3.4 is called an independent tree. Consider the
subtree Ty := T[{vs,...,v7}] from Fig. 1, N(T1) = [e5 — ez, e6 — er]; Supp(T1) = {vs,vg,v7}; a(Ty) = 3;
and N [Supp(71)] = V(T1). Thus, T} is an independent tree.

Figure 1: A tree T and its null decomposition. Support vertices are represented by red circles, core vertices
by orange circles, and invertible vertices by white squares. Connection edges are in red “snakes” and bond
edges in blue “coils”.

Let T be a tree. We define
Findep(T) :=T[N[Supp(T)]] and Fmaten(T) := T[Inv(T)].
The forest Findep(T') is called the independence forest of T, while Fiaten(T) is the invertible forest of T

The empty set is simultaneously an independence forest of T and an invertible forest of 7.

THEOREM 3.5 ([16]). Let T be a tree. Findep(T') is a forest of independent trees, and Fmatch(T) is a
forest of invertible trees.

Note that K; (the complete graph of order 1) is an independent tree. In fact, K is the only independent
tree without a core.

An independent subtree of Fingep(T) is called an independent part of T, while an invertible subtree of
Fmatch (T) is called an invertible part of T. The null forest of T'is the forest Frnun(T") := Findep (T)UFmatch ().
Each subtree of Fu(7T) is called a part of T
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For T in Fig. 1, the independent parts are Findep(T) = {51, S2, 53,51}, where S1 = T [{v1, v2,v3}];
So =T [{vg,...,v7}]; S3 =T [{vs,...,v16}]; and Sy = T [{v17,...,v21}]. Its invertible forest is Fratcn(T) =
{N1, Nao, N3}, where Ny = T [{vaa,...,v25}]; No = T [{ves,...,v29}]; and N3 = T [{vsg, vs1}]. Therefore,
Foul(T) = {S1, 52,53, S4, N1, Na, N3 }.

THEOREM 3.6 ([16]). IfT is a tree, then

Supp(T) = |J  Supp(S);
Se ]_-indep(T)
Core(T) = U Core(S);
Se findep(T)
v(T)= |J Iv({).
N e -F[natch(T)

The rank of a graph G, denoted by rk(G), is the rank of A(G).
THEOREM 3.7 ([16]). If T is a tree, then

nl(T") =supp(T) — core(T);
tk(T) =2core(T) + |V (Fmaten (1)) ];

w(T) = core(T) + W(L;h(m;
m(T)=[[  m);

S € Findep(T)
a(T) =supp(T) + w;

aT)= ] a@).

N € Fmaten(T)

Let F be a forest. We write H € F to mean H € K(F).
THEOREM 3.8 ([13]). Let T be a tree.

1. If M € M(T), then for each H € Fpun(T)
MNE(H) e M(H).
2. For each H € Frun(T), let My € M(H). Then,

U Mg em).

H € Fruu(T)

Independent subtrees without bond edges play a key role in the matching structure of trees. They were
first introduced in [5] via strong mazimum independent sets (maximum independent sets whose complements
are also independent).

THEOREM 3.9 ([5, 20]). Let T be a tree. The following are equivalent.

1. T has a unique strong maximum independent set.
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2. The distance between any two pendant vertices of T is even.
3. T is an independent tree with no bond edges.

A tree that satisfies any (and hence all) conditions in Theorem 3.9 is called an atom tree, typically
denoted by .

DEFINITION 3.10 ([20]). Let T be a tree. The forest of atom trees of T, denoted by Farom(T), is the
forest induced by the set of edges of T that belong to some but not all mazimum matchings of T.

4. Zeros of R(T). In this section, we use the structure provided by the null decomposition to charac-
terize the zero blocks of the matrix R(T).

The set of all mm-alternating paths of a graph G is

Pom(G) = |J Pum(G,M).
MeM(G)

Let P be a path in a tree T, with initial and final vertices v and v. We write M(T, P) instead of
M(T,u,v), and m(T, P) instead of m (T, u,v).

REMARK 4.1. Let T be a tree and P be a path in T. Then m(T, P) =0 if and only if P ¢ Pum (T).

LEMMA 4.2. Let G be a graph, M € M(G), and P € Py (G, M). If Q is an mm-alternating subpath
of P, then Q € Puym (G, M).

Observe that, by Theorem 3.3, the parts of T are matched independently and that none of the connection
or bond edges are used in any maximum matching of T'. Therefore, the mm-alternating property becomes a
local requirement on the different parts. The following results formalize this observation.

Let G and H be two graphs. By G N H, we denote the graph with set of vertices V(G) NV (H) and set
of edges E(G) N E(H).

LEMMA 4.3. Let T be a tree and let P be a path in T. If H € Foui(T) such that [V(PNH)| =1, then
P ¢ Pom(T).

LEMMA 4.4. Let T be a tree. The path P € Py (T) if and only if the subpaths PN H € Py, (H) for
each H € Foun(T) such that PN H # (.

Proof. Let P = vy ...v € Py (T). By Lemma 4.3, for every H € Fpun(T') such that PN H # 0, we
have V(PN H)| > 1. Let v; and v; be, respectively, the first and last vertices of P belonging to H, with
i<j.

Let M € M(T) be a maximum matching such that P € Py, (T, M). By Theorem 3.3, the edges v;v;41

and v;_1v; belong to M, and moreover, M N E(H) is a maximum matching of H. Therefore, the subpath
P N H is mm-alternating with respect to a maximum matching of H, that is, PN H € Py (H).

Conversely, assume that P is a path in T such that for every H € Fy(T) with PN H # (), the subpath
PN H belongs to Py (H). For each such H, let M (H) be a maximum matching of H with respect to which
P N H is mm-alternating.

By Theorem 3.8, the matching
M= |J MH#H),
HeFuun(T)
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is a maximum matching of T'. Since P is mm-alternating with respect to M (H) on each component H, it
follows that P is mm-alternating with respect to M in T. Hence, P € P, (T). d

Let G be a graph. By H < G, we mean that H is a subgraph of G.
LEMMA 4.5. Let S be an independent part of a tree T. If u,v € Core(S), then m(T,u,v) = 0.

Proof. Assume that the path uPv = xgz ...z, where u = 2y and v = x, is mm-alternating path with
respect to a maximum matching M in T, and clearly uPv < § < T. Since uPv is a mm-alternating path
with respect to M, we know that xozry € M and x1292 ¢ M. Furthermore, since the vertex xg is a core
vertex in 7', by Theorem 3.3, we can conclude that z; € Supp(7’). By Theorems 3.3 and 3.6, we have that
29 € Core(S). This implies that zo # z; = v, because xp_1zr € M. Applying this argument again, with
xo replaced by o, it follows that x3 € Supp(S) and x4 € Core(S), with x4 # v. We can continue in this
fashion, obtaining an infinite sequence of vertices in wPv none of which is v, which is impossible. 0

The following Lemmas, which are implicit in [16], show that it is only possible to enter or exit an
independent part (or atom tree) through core vertices.

LEMMA 4.6. Let T be a tree, and S € Findep(T'). If v € Supp(S), then Ng(v) = Nr(v).
LEMMA 4.7. Let T be a tree, and A € Farom (T). If v € Supp(A), then Ny (v) = Np(v).

Let P be a path in T. We say that P traverses a subtree H of T if the endpoints of P lie outside H,
but V(P)NV(H) # 0. If P traverses an independent part S, by Lemma 4.6 the endpoints of the subpath
P NS must be core vertices. Similarly, if P traverses an atom tree 2, then, by Lemma 4.7, the endpoints of
the subpath P N2 must be core vertices.

Figure 2: T and T'(u — v).

LEMMA 4.8. Let T be a tree, let P be a path in T, and let A be an atom tree of T. If P traverses 2,
then P ¢ Pum(T).

Proof. Assume that P € Py, (T'). Since P traverses 2, it must enter and leave 2, and hence |V (P)| > 4.
Moreover, by Lemma 4.3, |V (P)NV ()| # 1. Let P’ = PN2A = v;0;11 ...v;. By Lemma 4.7, v; and v; are core
vertices of T'. Hence, by Theorem 3.3, the edges v;_1v; and v;v;41 are in CE(T') U BE(T). Therefore, these
edges are unmatched in any maximum matching of 7. Combined with the assumption that P € Py, (T), it
follows that the subpath P’ is mm-alternating with respect to M, for a maximum matching of T'. However,
by Lemmas 4.5 and 4.7, this is impossible. Hence, P ¢ P, (T). d

COROLLARY 4.9. Let T be a tree, P be a path in T, and S be an independent part of T. If P traverses
S, then P ¢ P (T).
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We need the following notation from [16]. Let T be a tree and let u,v € V(T'). We define T(u — v) as
the subtree of T induced by the set of vertices x € V(T') such that the unique path from « to z in T' contains
the vertex v, see Fig. 2. That is,

Tu—=v)=T{zeV(T):veV(uPrz)}].

Let Hy, Hy be two parts of T, the distance between H, and Hs is
d(Hy, Hs) :=|CE(T) N E(P)|,
where P is any path between a vertex in H; and a vertex in Hs.

Let 2; and %A be two atom trees of some independent part of T', the distance between 24; and 2y is
defined as
d(24,20) := |BE(T) N E(P)],

where P is any path between a vertex in 2; and a vertex in 2. We say that 2, and 245 are adjacent atom
trees, denoted by A1 ~ 2y, if d(A1,2s) = 1.

Now we set the rules to find zero entries and zero blocks in the combinatorial Drazin inverse of any tree.

LEMMA 4.10. Let T be a tree, R(T) = (1i5)1<i,j<n be its combinatorial Drazin inverse, and i,j € V(T').
Then, r;j = 0 if (at least) one of the following statements holds:

1. if d(i,7) is even;

2. ifi,j € Core(T);

3. if there exists u € V(T') such that iu € CE(T), and j € V(T(i = u));

4. ifi € V(S1), j € V(S2), and d(S1,S2) > 2, where S1,S2 € Findep(T) are two different independent
parts of the tree T';

5. if i € V(N1) and j € V(N3), where N1, Na € Faten(T) are two different invertible parts of the
tree T';

6. ifi e V(S), j€V(N), and d(S,N) > 1, where S € Findep(T), and N € Fatcn(T);

7. 4fi € V(Ar), j € V(As), and d(1,22) > 1, where Ay, A2 € Farom(S), and S € Findep(T);

8. if there exists a part H of T such that |V (iPjN H)| = 1.

Proof. We verify each statement:
1. This follows from the definition of R(T).

2. If there exist S € Findep(T) such that i,5 € Core(S), then, by Lemma 4.5, m(T,4,j) = 0. Hence,
r;; = 0. Therefore, we can assume that ¢ and j are core vertices in different independent parts of 7". Let
iPj be the unique path in T that connects i with j. Assume that there exists a maximum matching M
such that iPj is mm-alternating with respect to M. Let S be the independent part of T" where ¢ lives. Let
u € V(P)NV(S) be the other final vertex of the subpath PN S. Let wg be the vertex immediately before
won P, and w; the vertex immediately after u. Hence, uw; € CE(T)U BE(T). Therefore, by Theorem 3.3,
uwy ¢ M. But iPj is an alternating path with respect to M, so wou € M. Hence, iPu is a mm-alternating
path in S with respect to M, which is impossible by Lemma 4.5.

3. Follow directly from Theorem 3.3.

4. — 7. The hypothesis of each of these statements implies that the path iPj traverses either an inde-
pendent part or an atom tree of T. Therefore, by Lemma 4.8 and Corollary 4.9, we have that m(T, i, j) = 0.
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8. Follow from Lemma 4.3. 0

The adjacency matrix of the tree T in Fig. 1, using the null decomposition, is

ASI A5'1 Ny
ASQ ASz N1 AS2 N3
As, As;N,
(42) A(T) AS4 AS4N1 AS4N2
Anysy Anyss Anyse  Any
AN,8s  ANss, AN,
L ANS Sa ANa J

where all the omitted blocks are zero submatrices. For any H,K € Foui(T), (An)i; = (A(T)):; for all
i,j € V(H) and (Ank)i; = (A(T));; for all ¢ € V(H),j € V(K). Moreover, by Lemma 4.10, we have that

the combinatorial Drazin inverse of 1" is

[ Rs, Rgs, N, 1
Rs, Rs,n, Rs,n,
Rs, Rs,n,
(4.3) R(T) Rg, Rs,n, Rs,nN,
Rn,s, RBRnw,s. Rn,s, R,
Rn,s; Rn,s, Ry,
L RN35'2 RNS J

where all the omitted blocks are zero submatrices. For any H, K € Foui(T), (Rag)i; = (R(T)); for all
i,j € V(H) and (Ruk)ij; = (R(T)); for all i € V(H),j € V(K).

5. R(T) and the null decomposition of T'. In this section, we show that the combinatorial Drazin
inverse of trees is essentially local in each part of the null decomposition. In order to understand this

phenomenon, we need to know more about mme-alternating paths in trees.

The next proposition is a direct consequence of Theorem 3.7 and Lemma 4.4. It shows that a path is
mm-alternating in a tree if and only if it is mm-alternating in each part of the null decomposition of the
tree.

PROPOSITION 5.1. Let T be a tree and P be a path in T. Then,

m(T,P)= ] m#EPnH) ] m©).
HG]‘_m,u(T) Se]—';ndcp (T)
HNP#0) SNP=0

Usually, we apply Proposition 5.1 with 4, j € V(H) € Fnoun(T), thus the formula takes the form
m(T,i,j) =m(H,i,j)  [[  m(S).

S€Findep(T)
SHH

Let G be a graph, U C V(G), and H = G[U]. Let X(G) be a matrix whose rows and columns are
indexed by the vertices of G. The H-induced submatrix of X(G), denoted by X (G) |4, is defined to be the
submatrix of X (G) whose rows and columns are indexed by the vertices of H.
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THEOREM 5.2. Let T be a tree and let H € Foun(T). Then,
R(H) = R(T) |}

Proof. Given i,j € V(H), by Proposition 5.1 and the fact that dr(i,5) = du (i, ), we observe that

arG.a | m(T i, 5)
T, = (=17 ==] 2220/
r(T)i = (1) m(T)
_ (71)ij m(H,z,j) HH;éSe-Findep(T) m(S)
m(T)
(—plizeny A )
m(H)
=r(H)i; 0

Consider the tree T in Fig. 1. We have that m(T) = 144 and m(S;) = 2. Following (4.3),

7
RT)|i=Rs,= |1 0 0|=|3 0 0f=R(S).
& 0 0 3 00

In order to study the null space of the combinatorial Drazin inverse of a tree, we will need versions of
the previous results for atom trees. The proofs are similar.

LEMMA 5.3. Let S be an independent tree. Then, P € Puym(S) if and only if PN A € Py (A) for all
A € Fatom (S) such that PN2AF£ ).

COROLLARY 5.4. Let S be an independent tree and P a path in S. Then,

m(S,P)=J[ m@.Pn) J[ m@).
AE Fatom (T) AE Fatom (T)
ANP#D ANP=0

Let G be a connected graph, and F and H be disjoint subgraphs of G. With P(G, F, H), we denote the
set of all paths in G between a vertex of F' and a vertex of H.

We now define the notions of “in” and “out” of a subtree with respect to another subtree, see Fig. 3.
Let U and W be subtrees of a tree T such that |V (U) N V(W)| < 1. Then,

V(U)n N ve .
Pe’P(T,U,W)

is a singleton containing the vertex that we denoted by in(U < W). If U and W are disjoint, then

N(in(U «~ W))n N v,
PeP(T,U,W)

is a singleton whose element is denoted by out(U — W). When either U = K; or W = K, we write
in(U < z) or out(z — W) instead of in(U < K;) or out(K; — W), respectively. Note that if v € U, then
in(U < v) = v. In this case, we define out(U — v) := 0.
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COROLLARY 5.5. Let T be a tree and A be an atom tree of T. Ifu € V() and v € V(T) — V(), then
m(T,u,v) = m(A, u, in(A < v)) - m(T — A, out (A — v),v),
where T — A is the forest that remains after taking away from T the atom tree 2A.
Let T be a tree and 4, j be two vertices of T' at odd distance. Then, for all v € V(iPj),
{dT(iaJ’)J _ {dT(i’U)J n \\dT(Uaj)J.
2 2 2

This will be used in the proof of Theorem 5.6. Theorem 5.6 allows us to extract information about the null
space of a tree from the null space of its atom trees.

out(U — W)

Figure 3: The in and out of subtree U with respect to the subtree W.

We need the following notation introduced in [16]. Given a graph G, let & be a vector of R%. Let H be
a subgraph of G. Then, the vector obtained when we restrict Z to the coordinates (vertices) associated with
H is denoted by #|%. The vector obtained when we lift a vector 7 € R to a vector of R is denoted by
y15. Thus, for u € V(G) — V(H), (§15)u := 0, and for v € V(H), (§15)u := Yu.

THEOREM 5.6. Let T be a tree and A be an atom tree of T. If j € V(A) and i € V(T'), then
T(T)ij = C(ia Q’[) T(m)in(ﬂu—i)j»

where

1 ,ifi e V(A),

c(i, ) == (_1)LwJ m(T — A, 4, out(2A _>Ai)) , otherwise.

ozt € oo () M3

Proof. Let v = in(2A + 4) and w = out(A — ). Assume that i € V(T) — V(2(). By Corollary 5.5, we
have
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arG.a) | m(T, i, 5)
= (=1t M 5J)
rij = (=1)t7 2 m(T)
m(m) . HQ{;&Q{ € Fatom (T) m(?l)
_ (—1)LMJ m(T—QLwJ)

= T‘(Q[)Uj. 0
HQ[;&Q[ S ]:atom(T) m(m)

For example, in T in Fig. 1, the subtree Ss is an atom tree. As we know m(7T) = 144, and m(Ss2) = 3.

Thus,
LdT(’vgz,’vs)J m(T, V29, 125) . 48 1

T(T)Uzzvs = (_1) m(T) = _m = 3’

and

dp(vao,vs) | 48 1 1
. S _1 Li] _ —_ - ——.
c(vaz, S2) - 7(52)w, 5 (=1 ’ 48 <3) 3

6. AR = RA. From now on, T denotes a tree, and if the tree T is clear from context, we just write A,
R and r;;, instead of A(T), R(T), and (R(T));;, respectively. In this section, we prove that AR = RA.

Let i,j € V(T). The (i, j)-flower of T, denoted by Fr(i,j), is
Sr(i,4) =Y rin-

v~

Note that F(¢,7) is the inner product of the row ¢ of A and the column j of R. If d(4, ) is odd, then for
each v € N(j), we have that d(i,v) is even. Hence, r;,, = 0 for all v ~ j. Therefore, §r(i, ) = 0.

(¢c) Mz € M(T,i,bi—;), but Ma ¢ M(T,i,z) for all z € N(j + 1)

Figure 4: Inclusion relation among sets of maximum matchings.

In order to understand the flowers of a given tree, we introduce the following notation. Let T be a tree
and let 4, j € V(T') be two distinct vertices. The i-far-neighborhood of j, denoted by N(j + i), is the set of
neighbors of j that are strictly further from ¢ than j is

NG+ 1) :={ue N():d(u,i) =d(i,j5) + 1}.
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The i-bystander of j, denoted by b;_;, is the unique neighbor of j that lies on the path from 4 to 5. In other
words, b;_,; satisfies: d(i,b;—,;) = d(i,j) — 1. Note that N(j) = N(j + i) U {bi-;}.

The proof of each statement in the following result is simple; see Fig. 4.

LEMMA 6.1. Let T be a tree and i,j € V(T') be such that d(i, j) is even and greater than 1. The following
statements are true:

if u,v € N (i), then M(T,i,u) N M(T,i,v) = 0);
if u,v € N(j 1), then M(T,i,u) N M(T,i,v) = 0;
if u€ N(j i), then M(T,i,u) C M(T,i,bi—;);
UuEN(jei) M(T,Lu) C M(T,i,bi_)j).

W

The set of all edges incident to the vertex i € V(T) is denoted by E;(T). Thus, E;(T) = {e € E(T) :
i € e}. We need to work with some sets of matchings associated with flowers. The set of all maximum
matchings of T using an incident edge to i is denoted by Miut (T, 7). Then,

(6.4) Mt (T,i) = {M € M(T) : M nE{(T) # 0}.

Similarly, let ¢ and j be two different vertices of the tree T, the set of all maximum matchings of T such that
they do not have any edge incident to j, but the path from 7 to b;_,; is mm-alternating in 7" with respect to
them, is denoted by Mex(T,4,5). Then,

(6.5) Mex(T,i,§) = {M € M(T) : MO E;(T) =0 AiPbi_,; € Poum(T, M)}

Let 4,5 € V(T) such that i # j. From the definition of i-bystander of j, it follows that

M(T,isbisg) = Mex(Ti, /)0 ) M(Tviv) |,

v € N(j+1)
where U denotes disjoint union. This equality is used in the second part of the proof of the following result,
where we make explicit the connections among these sets of maximum matchings and flowers.
LEMMA 6.2. Let T be a tree and i,j € V(T') be such that d(i,j) is even. Then,
Lom(T)Sr(i,i) = \Mint(T,%(‘)\,;
d(i.j .
2. m(T)Fr(i,j) = (=)' [Mex (T4, 7)1
Proof. 1. Note that by Lemma 6.1, part 1.,

m(T)Fr(iyi) =m(T) ) rio

v~

m(T,1,v
= m(r) 3

= Z \M(T,i,v)|

v~

UM(T,i,U)

v~

= {M € M(T): M N Ey(T) # 0} .




Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 42, pp. 499-521, June 2026.

AS

D.A. Jaume et al. 512

2. We first note that for all u,v € N(j < i), the numbers r;, and r;, have the same sign (—1)Ld(m”, and
Tib;_,; has the opposite sign. Thus,
( )ST { ] er
v
= ()T (T Y (DI (T, w)
v € N(j+1)
= (DU Mm@+ MTi)
v € N(ji)
d(ig) | -
:(_1)L g 1‘MGX(T7%])|' o

=

The proof of the following result follows from (6.5) and is illustrated in Fig. 5

Figure 5: ‘Mcx(Taiaj” = |MCX(T7j)i)|'

COROLLARY 6.3. Let T be a tree. For any i,j € V(T) such that i # j, |Mex(T,1,7)| = [ Mex(T, j,7)].

By Lemma 6.2 and Corollary 6.3, we have the following result.
COROLLARY 6.4. Let T be a tree, and i,5 € V(T). Then, F7(i,7) = 574, 1).

We now present the main result of this section.
THEOREM 6.5. If T is a tree, then A(T)R(T) = R(T)A(T).
Proof. By Corollary 6.4, we have

erj gT 7’ j S’T .77 Zrm -

v~ v~g

This shows that AR = (AR)'. Therefore, AR = (AR)" = RA. O
LEMMA 6.6. Let T be a tree and i,j € V(T) with i # j be such that d(i,j) is even. Then,

1. Mine(T,7) = M(T) if i € Core(T) UTnv(T);
2. Mex(T,i,5) =0 if i or j belongs to Core(T) U Inv(T);
3. Me(T,i,5) = 0 if j € Supp(N), A € Fasorn(T), and i € V(T — ).

Proof. 1. and 2. follow from the fact that all core and invertible vertices of a tree are always matched
in any maximum matching. Thus, if ¢ € Core(T) U Inv(T'), the internal maximum matchings at ¢ coincide
with all maximum matchings of T'. Similarly, if either ¢ or j is in Core(T") U Inv(T'), no external maximum
matching between them exists because they are already internally matched.
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For 3. we have that if j € Supp(2(), then b,_,; € Core(T'), and, as 2 is an atom tree of T, d(j,in(A + 7))
is odd. Hence, d(b;—;,out(A — 1)) is odd too. So in any mm-alternating path from i to b;—;, the edge
between in(2 < i) and out(2 — 4) must be matched, but this edge does not belong to any maximum

matching. O
COROLLARY 6.7. Let T be a tree, and i,j € V(T), with i # j, such that d(i,j) is even. Then,
1. §r(i,i) = 1, if i € Core(T) UTnv(T);
2. §1(i,5) =0 ifi or j is in Core(T) UInv(T);
3. Fr(i,5) =0 if i € Supp(A), A € Fatom(T), and j € V(T — ).

Consider the tree T in Fig. 1. We have that m(S;) = 2. Following (4.2), (4.3), and Theorem 5.2,
01 170 5 3 1 00
As;Rs,=|1 0 0| |3 0 o|=|0 % 1
1 002 00 0o+ 1

7. ARA = A. In this section, we prove that ARA = A. We do this in a coordinate-wise form, see
Corollary 7.2, and Lemmas 7.4 and 7.6.

PROPOSITION 7.1. Let T be a tree and i,j € V(T). Then,
(A(T)R(T)A(T));; = Y (v, j).

Proof. By Theorem 6.5, it is clear that ARA = A%2R. Hence,

(ARA i == Z Zruv

U~ vg

= deg(i i)ri; + Z Tyj-
veV(T)
d(v,i)=2
By the proof of Theorem 6.5, it is clear that

(ARA)i; = > Fr(v, 7).

vt

For example, for T in Fig. 1, we have that m(S4) = 3. Following (4.2), (4.3), and Theorems 5.2 and 6.5,

210 00 00%%—%
) 1 200 0 S?—ggg
A3 Rs,=[0 0 1 1 0 2 -1 00 o0
001 21 : 3 00 0
000 11| -+ 2 00 0
0011010 00 o0
0001 1|l01 0 0 0
hraenllne 1
01 000 00—iig
L 4 L 3 3 3

By Lemma 4.10 and Proposition 7.1, we have the following result.
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COROLLARY 7.2. Let T be a tree. Ifi,j € V(T') and d(i, j) is even, then
(A(T)R(T)A(T))i; = 0.

The following result is key in order to prove that (ARA);; = 0 when 4,5 € V(T') and d(%, j) > 3 is odd.
Its proof follows from (6.5) and is illustrated in Fig. 6.

LEMMA 7.3. Let T be a tree. If i,5 € V(T) and d(i,j) > 3 is odd, then

Mex(Toibis)l = Y [ Mex(T4,0)]

v € N(j«t)

Figure 6: M € M (T,4,b;—;) and M' = M —vj+ jbi; € Mex(T,4,v).

LEMMA 7.4. Let T be a tree. If i,5 € V(T) and d(i,j) > 3, then
(AT R(T)A(T))i; = 0.

Proof. By Corollary 7.2, we can assume that d(i,5) is odd. The sign of all flowers F(¢,v), with v €
N(j < i) is the same number,

() = (e,
while the sign of the flower §r(7,b;—;) is the opposite, namely (—1)Ld(i2’j”.
By Proposition 7.1 and Lemma 7.3,

(ARA);; = Z@T(UJ)

v~

= ZST(% U)

v~

=3rGbis)+ D>, Frliv)

v € N(i+j)
. LMJ IMex(ijabjﬁi)‘ _ [M] ‘Mex(ija U)|
v € N(i+j)
=0. O

Let v € V(T'). We define the following set

(7'6> fnt(T7 U) = M(T) - Mint(T7 11),
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see (6.4). Note that M(T) = My (T, v) U MS, (T, v) and

IM(T)| = | Ming (T, 0)| + | M, (T, 0)] .

The proof of the following result follows from (6.5), (7.6) and is illustrated in Fig. 7.
LEMMA 7.5. Let T be a tree and i,j € V(T') be such that i ~ j. Then,

‘Mlnt(T .7)| Z ‘MGX(ija ’U)| .

v € N(i+j)

Figure 7: M € M, (T, j) and M = M —iv+ij € M (T, j,v).

LEMMA 7.6. Let T be a tree, and i,5 €V (T) such that i~j. Then,
(ATYR(T)A(T))s; = 1.

Proof. Since i ~ j, for each v € N (i + j), we have d(j,v) = 2. Hence, by Proposition 7.1 and Lemmas
6.2, 7.4, and 7.5,

(ARA);; =} §r(j,v
=3rG. )+ Y, (v
vEN (i4—j)
1 ) .
- m |Mint(T7.])| + Z ‘ |Mex(Taj7v)|
VEN (i4j)
1
— 75 (Ma(T )]+ MG (T )
1
= (@) IM(T)
=1. a

By Corollary 7.2 and Lemmas 7.4, and 7.6, we have the following result.
THEOREM 7.7. Let T be a tree, then A(T)R(T)A(T) = A(T).
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8. RAR = R. In the setting of Moore—Penrose theory, Bjerhammar was the first to notice that if you
have additional information about the fundamental spaces of the matrix and its candidate for the generalized
inverse, then you do not need to check all the Moore—Penrose conditions, see [1]. In this section, we use
a Bjerhammar-type result for the Drazin inverse, which we proved in 2020. We do this because, for some
combinatorial problems, the condition DAD = D in the definition of Drazin inverse of symmetric matrices
is usually more difficult to verify than the other conditions, see (2.1).

The indezx of a square matrix A, denoted by Ind(A), is the smallest nonnegative integer k for which
R(AF) = R(A¥*1). The Drazin inverse of A, denoted by D, satisfies

AD = DA, AFt'D =A% DAD=D.

For a symmetric matrix A, we have that Ind(A) = 1. Thus, its Drazin inverse must satisfy the conditions in
(2.1). We have the following result.

THEOREM 8.1 ([19]). Let A and D be square matrices, with Ind(A) = k, such that N'(A*) = N(D) and
AD = DA. Then, A**1D = A* if and only if D*A = D.

Note that, if AD = DA, ADA = A, and y € N(D), then Ay = ADAy = A’Dy = 0. Hence,
N (D) C N(A). We have the following result.

LEMMA 8.2. Let A and D be two n X n matrices such that AD = DA and ADA = A. Then, N(D) C
N(A).

In Sections 6 and 7, we proved that RA = AR and ARA = A. Therefore, if we prove that RAR = R,
then we have proved that R is the Drazin inverse of A. It turns out if RA = AR and ARA = A, then, by
Theorem 8.1 and Lemma 8.2, it suffices to show that N(A4) C N(R). We want to prove that RZ = 0 for
Z e N(T). It is enough to work with a basis of N(T). Instead of working with an arbitrary basis, it turns
out it is more suitable to work with some special bases of N (T'), which were introduced in many articles,
see [9, 11, 12, 17, 20]. These bases are composed of special vectors, which are nonzero only on a particular
atom tree.

On a per-entry basis, we need to show that (RZ); = 0 for all ¢ € V(T); that is, the inner product of
the ith row of R(T) with Z vanishes. Since Z is nonzero only on a fixed atom tree A € Faom(T), only the
entries of the ith row of R(T') corresponding to vertices of 2l may contribute to this product. By Theorem
5.6, these entries form a scalar multiple of a row of R(2). Hence, (RZ); = 0 follow whenever Z belongs to
the null space of R(2l). Therefore, to conclude that R¥ = 0, it suffices to prove that for any atom tree 2,
we have

N(@) S N(R(A)).

In order to introduce the special bases of N'(T), we need some definitions and results from [20].
THEOREM 8.3 ([20]). Let B be an atom tree of order n. The following are equivalent:
. If v € Core(B), then deg(v) = 2.

1

2. supp(B) = core(B) + 1.
3. nl(B) = 1.
4

5. a(B) =
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An atom tree that satisfies any (and hence all) of these conditions is called a basic tree.

The basic trees were first characterized, in terms of the FOX algorithm, in [9], where they are called S,
trees.

DEFINITION 8.4. Let 2 be an atom tree and B a subtree of A. We say that B is a null basis subtree of
A if the following statements are simultaneously true.

1. If v € V(B) N Core(A), then degy(v) = 2.
2. If v € V(B) N Supp(A), then Ny (v) = Ny (v).

LEMMA 8.5 ([20]). If B is a null basis subtree of an atom tree A, then

1. Supp(B) = Supp(™A) NV (B);
2. Core(B) = Core(2A) NV (B).

PROPOSITION 8.6 ([20]). If A is an atom tree, then A is (Core(A), Supp(2))-bipartite.

Let 2 be an atom tree, B a null basis subtree of 2, and s a supported vertex of 8B. The null basis vector
associated with 8B and s, denoted by %(s;, is a vector in R*, such that for each v € V(B)

otherwise.

d(v,s)
—-1)" 2 if v € Supp(B),
B(s), := (
{0 e

In fact, the actual supported vertex chosen does not matter: if u,v € Supp(B), then either B(u) = B(v) or

%(u) = JB(U;. Therefore, we just write g, and we say that g is the null basis vector of A associated with
the null basis subtree 8.

THEOREM 8.7 ([9, 11, 12, 16, 17, 20]). Let 2 be an atom tree. There ezists a basis of N'(2) whose vectors
are all null basis vectors of .

By SBB(2), we denote an arbitrary but fixed basis of an atom tree 2 whose vectors are all basic vectors
of A. We can obtain a basis for the null space of T' from different bases of its atom subtrees, see [20]:

SBB(T):= |J SBBRI;

A e ]:atom(T)

For example, for T in Fig. 1, we have that the following atom subtrees:

o Ay =T [{v1,v9,v3}], and SBB(2;) = {ey, — €vy };

o Ay :=T [{vs,v6,v7}], and SBB(As) = {4, — €vgs €vs — €ur };

o s :=T [{vs,v9,v10}], and SBB(A3) = {€vy — €v10 }3

o Ay :=T [{v11,v12,v13}], and SBB(Ay) = {€v,, — €v15 };

o As :=T [{vi4,v15,v16}], and SBB(As) = {ey,; — €vyq }; and

o s := T [{v17,v18, V19, V20, V21 }], and SBB(Us) = {€vo — €1 + Cuyy }-
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(a) Atom tree and its subtree B (b) S-shift algorithm

Figure 8: A null basis subtree 5 and its two subtrees, B and 91, determined by w.

Let % be a null basis subtree of an atom tree 2. The core vertices of 2 divide B into two subtrees. Let
v € Core(2) and w := in(B + v). By Definition 8.4 and Lemma 8.5, the neighborhood of any supported
vertex of B is equal in both trees B and 2. Therefore, w is a core vertex of B. Let wg, w; be the two vertices
of the neighborhood of the core vertex w in 8. Then, {wg, w1} = Ng(w). Therefore, w divides B in two
subtrees: By := B(w — wp) and By := B(w — wy), see Fig. 8a. These two subtrees have “unanonymous”
matching structures, which are, in some sense, “mirrored through w”.

LEMMA 8.8. Let 2 be an atom tree, and B a null basis subtree of A. If v € Core(B) and u € Ny (v),
then B(v — u) is an atom tree satisfying

1. B(v — u) is a subatom tree of B;
2. Supp(B(v — u)) = Supp(B) NV (B(v — u));
3. Core(B(v — u)) = Core(B) NV (B(v — u)).

Note that both 98¢ and 9B, are subatom trees of 2, such that Supp(B;) = Supp(B)NV(B,), fori = 0,1,
and Supp(Bp) U Supp(B1) = Supp(B).

For £k =0,1, let

M (2,9B,0) = {(M,u) : M e M, v,u)}.
u € Supp(B)NV (By)

The proof of the following result is illustrated in Fig. 8b.
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THEOREM 8.9. Let B be a null basis subtree of an atom tree A, and v € Core(2A). Then,

‘MO(Q[’ %a U)| = |M1(QL, %7 ’U)| .

The following theorem proves that, for atom tree, the null space of the adjacency matrix and the null
space of the combinatorial inverse are the same.

THEOREM 8.10. Let 2 be an atom tree and B be a null basis vector of A associated with a null basic
subtree B. Then, B € N(R(2)).

We describe the strategy to prove the theorem. For each vertex i € V(2), we would like to prove that
the entry (R(2)B); is zero. But this entry is the inner product between the row i of R(2), denoted by
R(A);x, and the vector B. We take advantage of the fact that i breaks 9B into two subtrees with mirrored
“unanonymous” matching structures: B and B;. This also breaks the sum R(2l);. into two parts, one
for each of the subtrees By and B;. These sums, by Theorem 8.9, are equal, but of opposite sign. Hence,
(R(2) B); would be zero.

Proof. We start with some observations about B:
1. B e R,
2. If u,v € Supp(B), then B, = (=1)" = B,.
3. If w ¢ Supp(B), then B, = 0.

For i € V()
(R%)z = Z T‘w%v = Z riv%v'

veEV(A) vEV(B),
d(i,v) =1(mod 2)

We want to prove that (RB); = 0, for all i € V().
By Proposition 8.6, for u,v € V(2), d(u, v) is even if and only if either u,v € Core(2l) or u,v € Supp(2).

Case 1: i € Supp(2): if ¢ € Supp(), then r;, = 0 for all v € Supp(2). For all v € Core(A), by
observation 3, we have that 98, = 0. Therefore, for all i € Supp(2l), we have that (R95); = 0.

Case 2: i € Core(2(): the neighborhood of w = in(*B < i) in B has only two vertices: Ng(w) =
{wo, w1 }. We note that:

1. d(i,wg) = d(i,wy);
2. sgn Tiwy = SEN T, ;
3. sgnB,, = —sgn'B,,.

— —

Therefore, sgn 7w, Bw, = — SN 7w, Buw,, and this situation is translated to all supported vertices of the
corresponding subtrees B := B(w — wp), and By := B(w — wy). Thus,
e For j € By N Supp(B):

d(wo,j) —
sgnry; = (—1)7 2 sgnTi,, sgn'B; = (-1

g sgn ‘fﬁwo.
Thus, Sgn""ij%j = sgnriwogwo for all j € V(%Bg).
e For j € B, N Supp(B):

d(wy,j) d(wy,j)

sgnri; = (—1)" 2 sgn Ty, sgn%j:(—l) 2 sgn‘gwl.
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Thus, Sgnrij%j = —sgnriwogwo for all j € V(B1).

Note that for any tree T’

m(T' i, j) = [M(T,4, )|
={(M,j) : M € M(T),iPj € Puuun(T,M)}|.

The second expression has the advantage that for different j’s these sets are all disjoint. This allows us to

write
N 1 -
Tij SB]. = ngn’rij SB]. |{(M,j) M e M(T),ZP_] S Pmm(Ql, M)H
Therefore, if i € Core(2), then
(R %)z = Z Tij %]‘
d(¢,7) =1 (mod 2)
- T s
J € Supp(B)
= Z Tij %j + Z Tij %j'
J € Supp(Bo) J € Supp(B1)
Claim:
Z Tij%j:_ Z Tij%j.
J € Supp(Bo) J € Supp(B1)

Hence, if i € Core(2(), then (RB); = 0.

Proof of the claim: Each sum can be expressed as:

Z Tij%j = L Sgnrin%wO|Mo(2l,%,i)\;

JjE€Supp(Bo)
- 1 . '
, Z rijBj = _M Sgn?‘in%wo‘MﬂQl,%,z)’.
Jj€Supp(B1)
By Theorem 8.9, Mo| = ‘Ml , proving the claim. 0

We need the following result from [20].
THEOREM 8.11 ([20]). Let T be a tree. Then,

L. N(T) = @Q{e]—'amm(T) N(Ql)ﬁ;
2. SBB(T) := Uyezr,,...cr) SBB(A) 15 is a basis of N(T).

The following result follows from Lemma 8.2 and Theorems 5.6, 8.10, and 8.11.
THEOREM 8.12. Let T be a tree. Then, N(A(T)) = N(R(T)).

Finally, by Theorems 6.5, 7.7, 8.1, and 8.11, we obtain the main result of this section.
THEOREM 8.13. Let T be a tree, then R(T)A(T)R(T) = R(T).
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