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GENERALIZATIONS OF BRAUER’S EIGENVALUE
LOCALIZATION THEOREM*
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Abstract. New eigenvalue inclusion regions are given by establishing the necessary and suf-
ficient conditions for two classes of nonsingular matrices, named double aj-matrices and double
ag-matrices. These results are generalizations of Brauer’s eigenvalue localization theorem and im-
provements over the results in [L. Cvetkovié, V. Kosti¢, R. Bru, and F. Pedroche. A simple gener-
alization of Gersgorin’s theorem. Adv. Comput. Math., 35:271-280, 2011.].
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1. Introduction. Let C™*" denote the collection of all n X n complex matrices
and N = {1,2,...,n}. For a matrix A = [a;;] € C"*", we denote, for any i,j,k € N,

ri=Ylal, ci = lawil,

ki ki

FZ(A) = {Z eC: |Z - aii| < Ti}7
Li(A)={z€C: |z —ay| <min{r;,c;}},

H={ieN:r,>¢}, L={ie N :r<c},

I'ij(A) ={z€C: |z —au|(c; —rj) + |z — aj;|(ri — ;) < ¢jry —erji € H,j € LY

ri

—a I N
Fi,j(A)Z{ZE(C: ‘Z au‘ <Z aj]|> o Sl,iGH\{k:ck:O},

C; Cj

je L\{k:r,=0}},
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Kij(A) ={z € C: |z — aillz — ajj| < rirj}

and

Ki;(A) ={z€C: |z —ail||z — a;;| < min{ryr;,cic;}}.

Eigenvalue localization has been a hot topic in matrix theory and its applications.
Many researchers have obtained lots of eigenvalue inclusion regions; for details, see
[1]-[7], [9]-[13]. We first recall the very well known eigenvalue localization theorem
of Gerggorin [6].

THEOREM 1.1. [6] Let A = [a;;] € C**" and o(A) be the spectrum of A. Then

o(A) CT(A) = | Ti(4A).

iEN

Here, I'(A) is called the Gersgorin set of A. Recently, L. Cvetkovi¢ et al. [4]
gave the following two eigenvalue inclusion regions by the characterizations of two

class of nonsingular H-matrices, and proved that these two regions stay within the
set T(A) N T(AT), where AT is the transpose of A.

THEOREM 1.2. [4, Theorem 6] Let A = [a;;] € C"*", n > 2. Then

o(4) C Ai(4) =T(A4) [ JT(4),

where T(A) = | Ti(A) and T(A) = U Ti,(A).
iEN i€H jEL

THEOREM 1.3. [4, Theorem 7] Let A = [a;;] € C"*™, n > 2. Then

where ['(A) = -g\r T;(A) and T'(A) = ‘eHU'e[: fz] (A).

In [1], Brauer obtained the following eigenvalue localization theorem.
THEOREM 1.4. [1] Let A = [a;;] € C**", n > 2. Then

s(A)cKA) = [J KA.

L,jEN, i#]

The set K(A) is called the Brauer set of A, and IC; ;(A) is called the (i, j)-th
Brauer Cassini oval. It is well known that K(A) C T'(A) (see [12, 13]). Since A and
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its transpose A have the same spectrum, we have that o(A4) = o(AT) C K(AT) C
I'(AT), and thus, 0(A) C (K(A)NK(AT)) C (T(A) NT(AT)).

We now let
(1.1) Kay= | KA.

1,JEN,iF]

Note that ICM(A) = K:jﬂ;(A), ICM(A) = K:jJ'(A), ’Ci,j (A) g ICZ‘J(A) and I@i’j(A) g
Kij(AT) for i, j € N, i # j. These show that K(A) C K(A) and K(A) C K(AT), and
thus,

K(A) C (IC(A) ﬂ/C(AT)) .

An interesting problem arises: whether IC(A) includes all eigenvalues of A or not?
The following example provides a negative answer.

EXAMPLE 1.5. Let

By calculation, we get

o(A) = {~0.1149, 2.2541, 3.8608},
Ki2(A)={z€C:|z—1||]z—2| <2},

Kis(A)={z€C:|z—1]]z—3| <3}
and
Kos(A)={2€C:|z—-2|]z—3| < 1}.

Obviously, —0.1149 ¢ K(A) = (K1,2(A) UK1,3(A) UK2,3(4)).

In this paper, we also focus on the subject of eigenvalue localization. In Section 2,
we establish necessary and sufficient conditions for two classes of nonsingular matrices,
named double aq-matrices and double ap-matrices. In Section 3, new regions K;(A)
and K2(A) including all the eigenvalues of A are obtained, which include K(A) and
stay within the set (A) N K(AT). Specially, we compare the new eigenvalue inclusion
region Ko(A) with A4;(A) in Theorem 1.2 (Theorem 6 of [4]) and A3(A) in Theorem
1.3 (Theorem 7 of [4]), and prove K2(A) C A;(A4) and K3(A4) C Ay(A).
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2. Necessary and sufficient conditions of double «a;-matrices and dou-
ble as-matrices. In this section, double a;-matrices and double as-matrices are
presented. And their characterizations are given.

DEFINITION 2.1. A matrix A = [a;;] € C**™ is said to be a double a;-matriz, if
there is a € [0, 1] such that for all i, j € N, i # j,

laii||aj;| > ariry + (1 — a)cicy.

DEFINITION 2.2. A matrix A = [a;;] € C"*™ is said to be a double ay-matriz, if
there is @ € [0, 1] such that for all i, j € N, i # j,

(2.1) |ailag;] > (riry)*(cic;)' .

As shown in [8], double ap-matrices are nonsingular. And moreover, from the
generalized arithmetic-geometric mean inequality:

aa+ (1 —a)b>a®p'

where a,b > 0 and 0 < a < 1, we easily get that double a;-matrices are also nonsin-
gular.

Now we establish necessary and sufficient conditions for double a;-matrices and
double as-matrices, respectively. First, some notations are given. For a matrix A =
[a;j] € C™*™, n > 2, we denote

R:{(Z7j) 1Ty >CZ'C]'7 7174], i, jGN},
C={(i,j) : cic; > rirj, 1 # j, i, j € N},

E={(i,7) :mrj = cicj, i # 4, 1, j € N}
Note here that (i,5) € R (C or £) implies (j,7) € R (C or &, respectively).

THEOREM 2.3. A matriz A = [a;;] € C"*",n > 2, is a double as-matriz if and
only if the following two conditions hold:

(i) lais||aj;| > min{ryr;, cic;} for alli,j € N, i # j.

(ii) logrir; % > logemen e for (i,7) € R\{(l,k) : ¢ic, = 0}, and
CiCj T mm nmn

TmTn

(m,n) € C\{(l,k) : ryry, = 0}.
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Proof. Firstly, suppose that A is a double as-matrix. Then there is a € [0, 1]
such that

laiil|ag;] > (rirj)®(cic;)' "

for all i, j € N, i # j. Condition (i) follows from the fact
(rirj)*(cic;)' = > min{r;7;, cicj}.

Now, for (i,7) € R\{(l, k) : cijcx, = 0}, we have

«
laiillags| (W‘a) '
CiCj CiCj
Note that 7;7; > c;cj, taking the logarithm of the above inequality for the base

% > 1, and using the monotonicity, we obtain that
iCj

logries |aii||a;;] S
cicj Cicj

Similarly, for (m,n) € C\{(l, k) : r;r, = 0}, we obtain that

cmen _ Cmn < a.
@ || G|

log

Thus, condition (ii) holds.

Conversely, suppose that the conditions (i) and (ii) hold. For each (i,5) € &,
condition (i) directly implies inequality (2.1). And for (¢, j) € R such that c;c; = 0, or
(m,n) € C such that r,,r, = 0, inequality (2.1) follows immediately. Thus, it remains
to prove that inequality (2.1) holds for all (i,5) € (R\{(l,k) : cicx, = 0})U(C\{(, k) :
TITEe = 0})

For each (7,7) € R\{(l,k) : cicy = 0}, we have r;r; > ¢;c;, which, from condition

(i), leads to |asil|ajj| > cic;. Using the properties of the log function for the base
greater than one, we obtain

(2.2) logrir; laiillags| > 0.
cicj CZ‘C]‘

Similarly, for each (m,n) € C\{(l, k) : mirr = 0}, we have

(2.3) log emen Cmn 1.

™mTn

A || Gnn|

From inequalities (2.2), (2.3) and condition (ii), we have that there is « such that,
for each (4,7) € R\{(l,k) : cicx, = 0} and each (m,n) € C\{(I, k) : ryri, = 0},

(2.4) max {0710gc7nen M} < a < min {logﬁ M7 1} .

TmTn |\ Qmym Ann ‘

cicj CiCj
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From the left inequality and right inequality of inequality (2.4), we get, respectively,
that for each (i,7) € R\{(l,k) : ¢jcx, = 0},

a
lasiag| _ (rirs
CiCj CiCj

and for each (m,n) € C\{(l,k) : ry7x, = 0},

(e}
CmCn CmCn
> (
‘ Ammnn | TmTm

Thus, the proof is completed. O

Similar to the proof of Theorem 2.3, we can obtain the following necessary and
sufficient conditions for double a1-matrices, and its proof is omitted.

THEOREM 2.4. A matriz A = [a;;] € C"*™,n > 2, is a double o -matriz if and
only if the following two conditions hold:

(1) lasilla;;| > min{r;r;, cic;} for alli,j € N, i # j.

son |aiillajjl—cic; Crm Cn—|Amm||@nn| ..
(ii) ey T for all (i,j) € R, and all (m,n) € C.
3. Eigenvalue localizations. By the necessary and sufficient conditions of dou-
ble ap-matrices and double as-matrices in Section 2, we give two new eigenvalue
inclusion regions.

THEOREM 3.1. Let A = [a;5] € C*™, n > 2, and o(A) be the spectrum of A.
Then

(3.1) 7(A) C Ka(4) = K(A) | JK(A),

where K(A) is given by (1.1), K(A) = U Kijmm(A) and
(i,5)ER,(m,n)eC
A — il |\ — aj;] (A S —p am|)l°gimi2

CiCj CmCp,

(1,7) € R\{(l,k) : cjer, = 0}, (m,n) € C\{(I,k) : ryry = 0}}.

<

]Ci,j,m,n(A) = {Z cC: <1

— )

Proof. For any A\ € o(A), AI — A is singular. Note that the moduli of every
off-diagonal entry of A\ — A is the same as A. Hence, the sets R and C for the matrix
Al — A remain the same. If A ¢ K5(A), then AT — A satisfies conditions (i) and (ii)
of Theorem 2.3, hence A\I — A is a double as-matrix, which implies that A\ — A is
nonsingular. This is a contradiction. Hence, A € K3(A), that is, 0(A4) C Ko(A). O
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REMARK 3.2. (i) From the original definition of double ap-matrices, we can
derive directly the following eigenvalue inclusion region (see [9]):

(3.2) Kq2(A) = m U {z€C:|z—aillz — ajj| < (rirj)a(cicj)l_a} .
0<a<lijeN,i#j
Obviously, the form of K3(A) obtained in (3.1) is much more convenient than that in
(3.2).
(ii) Since K2(A) = K2(AT), we have that K2(A) C (K(A) NK(AT)).

Similar to the proof of Theorem 3.1, we can obtain easily the following eigenvalue
localization theorem.

THEOREM 3.3. Let A = [a;;] € C**", n > 2, and o(A) be the spectrum of A.
Then

a(A) C Ki(4) = K(4) | JK(A),

where K(A) is given by (1.1), K(A) = U Kijmmn(A) and
(i,4)€R,(m,n)eC

Kijmmn(A) ={z € C X —ai||A — ajj|(cmen — TmTn) + [A — @mm ||\ — ann|(rir;

—¢i¢j) < CmCnTiTj — CiCjTmTn, (1,J) € R, (m,n) € C}.

Similar to Remark 3.2, we also obtain that K1(A4) C (K(A4) NK(AT)). Next, we
compare Ky(A) in Theorem 3.1 with A;(A) in Theorem 1.2 (Theorem 6 of [4]) and
Az(A) in Theorem 1.3 (Theorem 7 of [4]).

THEOREM 3.4. Let A = [a;;] € C"*™, n > 2. And A3(A) and K2(A) are defined
in Theorems 1.3, and 3.1, respectively. Then

K2(4) € Az(A).

Proof. We prove Ko(A) C Az(A). Equivalently, we prove that if z ¢ A5(A), then
z ¢ KCa(A). In fact, if z ¢ Ay(A), from Theorem 1.3, we have that for any ¢ € N,

(3.3) |z — ai;| > min{r, ¢},

and for i € H\{k : ¢, =0} and j € L\{k : r, = 0},

» ol (mel)5 ¥
C; Cj
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From Theorems 5 and 7 of [4], inequalities (3.3) and (3.4) imply that for any ¢ € N,
2 = aii > (1) (e:) '~
for some « € [0, 1]. Hence, for any 4,j € N and ¢ # j, we have
|2 = aiillz — gl > (ri)*(ci) = (r)*(¢;) ™% = (rirg)*(eic;)

for some « € [0, 1]. This implies that zI — A is a double ag-matrix. From Theorem
2.3, the following two inequalities hold:

(3.5) |z — ail|z — aj;| > min{r;r;, cc;}
for all i,j € N, i # j, and

|z — aul|z — aj;] CmCn

(3.6) logrir; > log emen
cics cicj T |2 = Qmn |2 — @nn|

for (i,7) € R\{(l,k) : ¢ic, = 0}, and (m,n) € C\{(l,k) : ryrpy = 0}. Moveover,
inequality (3.6) is written equivalently as

|2 — auillz — aj] (lz — Az — aml|>1°giﬂm% e

CiCj CmCn

> 1.

(3.7)
Hence, from inequalities (3.5) and (3.7), z ¢ K(A) and z ¢ K(A), that is, z ¢ Ko(A).
The proof is completed. O

LEMMA 3.5. Let A = [a;;] € C™*™, n > 2. And A1(A) and A2(A) are defined
in Theorems 1.2, and 1.3, respectively. Then

Ax(A) C Ay (A).

Proof. Similar to the proof of Theorem 3.4 and from the fact that if
|z —ay| >ar;+ (1 —a)e, i €N
for some « € [0, 1], then
|z — ay| > r?ci_a,
we can easily get that if z ¢ A;(A), then z ¢ As(A), that is, As(A) C A1 (A). O

From Theorem 3.4 and Lemma 3.5, we have easily the following result.

COROLLARY 3.6. Let A = [a;;] € C**™, n > 2. And A1(A4) and K2(A) are
defined in Theorems 1.2 and 3.1, respectively. Then

Ka(A) C AL (A).
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Similar to the proof of Lemma 3.5, we can establish easily the following compar-
ison result.

THEOREM 3.7. Let A = [a;;] € C™*™, n > 2. And K1(A) and K2(A) are defined
in Theorems 3.3, and 3.1, respectively. Then

K2(4) € K1(A).

REMARK 3.8. In Theorem 3.7, it is proved that K2(A) C K1(A). However, K2(A)
is determined with more difficultly than /C;(A4) because it is difficult to compute

exactly 10g emen —2 in some cases.
Tmrn CiCj
EXAMPLE 3.9. Let

1 05 05 0
1 -1 05 0
05 0 v 0.05
01 0 01z =1

A:

The eigenvalue inclusion regions of Theorems 1.2, 1.3, 1.4, 3.3 and 3.1 are given,
respectively, by Figs. 3.1, 3.2, 3.3, 3.8 and 3.9. And K(A), K(A) and K(A) are shown
in Figs. 3.5, 3.6 and 3.7, respectively. Note that the exact eigenvalues are plotted
with asterisks. As we can see, K(A) fails to capture all the eigenvalues of A, so, the
necessity of K(A) or K(A) is evident. Also, it is easy to see that Ky (A) C Ay (A),
Ka2(A) C Ax(A) C A1(A) and K2(A) C K1(A) C (K(A)NK(AT)). This example
shows that the two new eigenvalue inclusion regions are smaller than the intersection
of the Brauer sets of a matrix and its transpose, and the region of Theorem 3.1 is
smaller than those of Theorem 6 and Theorem 7 in [4].

15

05

05

5

Fic. 3.1. A1(A) Fic. 3.2. A2(A)



Electronic Journal of Linear Algebra 1SSN 1081-3810
A publication of the International Linear Algebra Society E L A
Volume 22, pp. 1168-1178, December 2011
Generalizations of Brauer’s Eigenvalue Localization Theorem 1177

2 2

15 15

4 Lt { L
05 05

0 * W 0 . *

0.5 -05

4 1

1.5 1.5

22 5 1 05 0 05 1 15 > 22 15 1 05 0 05 1 15 >

Fic. 3.3. K(A) Fic. 3.4. K(AT)

FiG. 3.5. K(A) FiG. 3.6. K(A) Fic. 3.7. K(A)

-15 15
2, 2
FiG. 3.8. K1(A) = K(A)JK(A) FiG. 3.9. K2(A) = K(A) U K(4)
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