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Abstract. In this study, we explore the concept of equilibrium measures within the framework of Schrödinger random

walks on networks. Building on previous work, we demonstrate how these equilibrium measures can be leveraged to compute

key network parameters, such as the mean first passage time and Kemeny’s constant. By expressing these parameters in

terms of generalized inverses of the associated M-matrix, we aim to provide new insights and efficient computational tools for

network analysis, as demonstrated in the subsequent sections. The results are particularly applicable to both star and path

networks, where we offer explicit formulations for these fundamental quantities. This work highlights the potential significance

of equilibrium measures as a powerful tool for the study of complex networks.
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1. Introduction. Random walks on networks have long been a fundamental tool for modeling and

analyzing complex systems across various disciplines, including physics, biology, computer science, and the

social sciences. In contrast to traditional models, which often assume uniform transition probabilities or

simple lazy walks with a fixed probability of remaining in place, real-world phenomena frequently demand

more nuanced approaches. Schrödinger random walks provide a natural generalization of classical random

walks on weighted graphs by incorporating vertex-dependent weights and a global potential parameter while

preserving reversibility. This additional flexibility allows the modeling of heterogeneous networks in which

both edge interactions and nodal effects play a role and leads naturally to the study of symmetric M-matrices

beyond the classical graph Laplacian setting.

This study investigates how Schrödinger random walks can enhance the analysis of complex systems,

see [13]. Several models appearing in the literature can be interpreted as particular instances of Schrödinger

random walks. For example, locally biased random walks introduce node-dependent transition preferences

determined by structural quantities such as node degrees, producing transition probabilities that depend on

weights associated with each node [16]. Similarly, core-biased random walks use information about the degree

hierarchy of the network (e.g., the number of connections to nodes of higher degree) to bias the movement

of the walker. In both cases, the transition mechanism is modified through node-dependent weights, leading

to reversible dynamics that extend the classical random walk on weighted graphs [22]. These examples

illustrate how Schrödinger-type walks naturally arise when local structural information is incorporated into

the transition probabilities.

Two key parameters in the study of random walks are the mean first passage time (MFPT) and Kemeny’s

constant, which provide crucial insights into the dynamics and structure of networks. The MFPT, also known

∗Received by the editors on October 17, 2025. Accepted for publication on June 12, 2026. Handling Editor: Vanni Noferini.

Corresponding Author: Maŕıa José Jiménez.
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as the Hitting time, which measures the expected number of steps for a random walker to reach a specific node

for the first time, has been extensively studied owing to its relevance in understanding transport processes,

information diffusion, and search strategies on networks [21]. Kemeny’s constant, on the other hand, is a

global parameter that represents the expected number of steps to reach any random target node, regardless of

the starting point, and has gained increasing attention due to its applications in assessing network efficiency

and robustness [23].

Building on our previous work on discrete potential theory and M-matrices, we continue to work on a

generalized random walk model that associates transition probabilities with symmetric M-matrices. This

approach, which we term Schrödinger random walks [13], eliminates the diagonally dominant hypothesis and

provides a versatile tool for network analysis. As mentioned, our model extends the idea of biased random

walks [16, 22] by considering both varied transition probabilities and the possibility of remaining at a node,

with the lazy term treated as a function rather than a fixed parameter.

Central to our analysis is the concept of equilibrium measures, a potential theoretical topic introduced

in the context of networks by the authors in [2]. By expressing these parameters in terms of generalized

inverses of the associated M-matrix, we provide new insights and efficient computational tools for network

analysis. Notably, M-matrices serve as a generalization of the graph Laplacian, while equilibrium measures,

which have recently re-appeared in the literature as the so-called landscape function, act as an effective

potential for localization [14]. The use of generalized inverses in the study of mean first passage times and

related quantities has a substantial history in the Markov chain literature; see, for instance, Hunter [17] and

the monograph by Campbell and Meyer [11].

We hypothesize that, within the class of reversible chains arising from symmetric M-matrices, equilibrium

measures can provide a unifying and constructive framework for MFPT and Kemeny’s constant, even for

general symmetric M-matrices beyond the singular case.

Recent advancements in MFPT and Kemeny’s constant analysis have focused on their relationship with

network topology and the development of efficient computational methods [19]. The interplay between

these parameters has been a subject of particular interest. In particular, Breen et al. [9] explored their

relationship with the connectivity of graphs, providing new bounds and characterizations. Furthermore,

Breen and Kirkland [10] made significant contributions by investigating the sensitivity of Kemeny’s constant

to perturbations in the network structure.

From a computational viewpoint, equilibrium measures can be obtained by solving linear systems asso-

ciated with symmetric M-matrices, which can be interpreted variationally as energy minimization problems.

While the worst-case complexity for dense matrices remains O(n3), this formulation is designed to avoid

the explicit computation of generalized inverses and facilitate the use of efficient iterative solvers such as

conjugate gradient or multigrid methods, particularly effective for large sparse networks.

This paper is structured as follows: We begin by introducing the necessary preliminaries and notation

for Schrödinger random walks on networks. We then explore the properties of equilibrium measures and

their relationship to the generalized inverses of M-matrices. Finally, we demonstrate the application of our

method to compute the MFPT and Kemeny’s constant, providing explicit expressions for star and path

networks as illustrative examples.

This work highlights the potential significance of equilibrium measures as a powerful tool in the study of

complex networks, offering a more accurate representation of real-world systems and opening new avenues

for research in network science, statistical physics, and related fields.
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The main purpose of this work is not to extend the theory of mean first passage times or Kemeny’s

constant to arbitrary irreducible Markov chains, but rather to show that within the important class of

reversible chains arising from symmetric M-matrices, equilibrium measures offer a unifying and constructive

framework. In this setting, quantities such as mean first passage times, capacities, and Kemeny’s constant

admit explicit representations that are closely connected to discrete potential theory.

From an applied perspective, random walks and Markov processes on weighted graphs with additional

nodal structures naturally arise in network-based models for signal processing and data analysis, including

applications in biomedical signal analysis and graph-based filtering methods. Recent studies have highlighted

the relevance of weighted graph structures and diffusion-type processes in practical contexts, motivating

the development of mathematically transparent tools for extracting global network parameters from local

equilibrium properties.

2. Preliminaries. A network, or weighted graph, Γ = (V,E, c) consists of a set V of vertices –or nodes,

or even states–, and a set E of edges between those vertices. These sets have cardinalities |V | = n and

|E| = m. Two different vertices x, y ∈ V are adjacent, denoted as x ∼ y, if {x, y} ∈ E. Additionally, we assign

a conductance c(x, y) > 0 to each adjacent pair of vertices, defined by the function c : V × V −→ [0,+∞),

which satisfies c(x, y) = c(y, x) and c(x, y) = 0 if and only if {x, y} /∈ E. If we denote C(V ) as the set of real

functions on V , then k ∈ C(V ), where k(x) =
∑
y∈V

c(x, y) is the degree of x. When c(x, y) = 1, for any x ∼ y,

Γ is called a graph. In this case, k(x) denotes the number of states adjacent to x. Throughout this study,

we focus on connected networks, ensuring that there exists a path in Γ between any two different vertices

x, y ∈ V . Furthermore, we consider simple networks, so there are no loops and no multiple edges. A positive

function ω ∈ C(V ) is called a weight if
∑
x∈V

ω(x)2 = 1. The set of weights on V is denoted by Ω(V ).

Throughout this paper, we use the usual convention that empty sums equal 0.

If we label the vertex set V =
{

1, 2, . . . , n
}

, then functions can be identified with vectors in Rn, and

operators can be identified with square n-matrices. For the reader’s convenience, matrices will be in sans

serif font, and vectors will be in either sans serif font or boldface. In particular, k =
(
k1, k2, . . . , kn

)>
is the

degree column vector for Γ, ei is the i-th vector of the canonical basis, and ωωω is the vector associated with

the weight ω. Given a vector u, Du denotes the diagonal matrix whose diagonal entries are given by the

vector u and given a matrix X, we denote by Xd the diagonal matrix whose diagonal entries are given by the

diagonal of X. Moreover, we denote cij = c(xi, xj) and Ac = (cij) as the adjacency matrix of Γ. Therefore,

Ac is a symmetric nonnegative matrix, and the connectedness of Γ is equivalent to Ac being irreducible.

Conversely, it is clear that any symmetric non-negative matrix with null diagonal entries A is the adjacency

matrix of Γ = (V, c), where the conductance c is given by the off-diagonal entries of A.

The combinatorial Laplacian matrix for Γ is the symmetric and irreducible matrix Lc = Dk−Ac; that is,

Lc =


k1 −c12 . . . −c1n
−c12 k2 . . . −c2n

...
...

. . .
...

−c1n −c2n . . . kn

 .
More generally, we call Schrödinger matrix for Γ with potential q ∈ Rn to the symmetric and irreducible

matrix of the form Lc + Dq. So, the combinatorial Laplacian corresponds with the Schrödinger matrix with

null potential.
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Á. Carmona et al. 594

The combinatorial Laplacian matrix Lc is diagonally dominant (d.d.) and hence is positive semidefinite.

Moreover, it is singular, and 0 is a simple eigenvalue whose associated eigenvector is constant, Lc1 = 0, where

1 represents the all ones vector. In addition, Lc is a Z-matrix and, more specifically, a M -matrix.

Recall that a symmetric matrix M ∈ Mn(R) is called a Z-matrix if and only if its off-diagonal entries

are non-positive. Moreover, M is a symmetric M -matrix if and only if it is a positive semidefinite Z-matrix,

see [8].

Any symmetric Z-matrix is of the form Du − A where A is a symmetric nonnegative matrix with null

diagonal entries and u ∈ Rn. Therefore, any irreducible Z-matrix is of the form Du − Ac, where c is a

conductance on V such that Γ = (V, c) is connected. Since Du − Ac = Lc + Dq, where q = u − k, any

irreducible Z-matrix can be seen as a Schrödinger matrix for some connected network. In particular, for a

fixed network Γ = (V, c), the set
{
Lc + Dq : q ∈ Rn

}
⊂ Mn(R) describes all irreducible Z-matrices whose

off-diagonal entries are given by the conductance c.

In the sequel, we consider a fixed network Γ = (V, c), and for this reason, we omit the subindex c from

the Laplacian and adjacency matrices. Therefore, L represents the combinatorial Laplacian and L + Dq the

Schrödinger matrix with potential q ∈ Rn for Γ. Clearly, when q is nonnegative, L + Dq is d.d. and hence

a M -matrix. However, since a M -matrix whose off-diagonal entries are given by the conductance c is not

necessarily d.d. to characterize this type of matrices, we must introduce some additional concepts.

Given a weight ω ∈ Ω(V ), we define qω, the potential whose entries are given by (qω)i = − (Lωωω)i
ωi

,

i = 1, . . . , n.

Given a potential q, there exists a unique weight ω ∈ Ω(V ) and a unique λ ∈ R such that q = qω + λ1,

see [5, 13]. Therefore, any irreducible Z-matrix whose off-diagonal entries are given by the conductance c;

that is, any irreducible Schrödinger matrix for Γ, is of the form L + Dqω+λ1 = Dk+qω+λ1 − A. In the sequel,

we denote this matrix as Lλ,ω; that is,

(2.1) Lλ,ω =


k1 + q1 −c12 . . . −c1n
−c12 k2 + q2 . . . −c2n

...
...

. . .
...

−c1n −c2n . . . kn + qn

 ,
were q = qω + λ1. In [5], we proved that Lλ,ω is a M -matrix if and only if λ ≥ 0, so given a complete

characterization of those M -matrices whose off-diagonal entries are given by c. Hereafter, we focus on such

matrices.

Thus, we set λ ≥ 0, a weight ω ∈ Ω(V ) and their associated potential q = qω + λ1 and the matrix Lλ,ω.

Then, Lλ,ω is symmetric, irreducible, positive semidefinite, and singular if and only if λ = 0. Moreover, λ

is the smallest eigenvalue of Lλ,ω whose associated eigenvectors are multiples of ωωω. When λ = 0 and ωωω is

constant, we recover the combinatorial Laplacian.

Observe that the diagonal entries of Lλ,ω are ki + qi = λ+
1

ωi

n∑
j=1

cijωj , for any i = 1, . . . , n.

In this paper, we consider Schrödinger random walks that were introduced in [7] by some of the authors

and studied more deeply in [13]. The probability laws governing the evolution of the random walk are given

by the (one step) transition probability matrix with respect to λ and ω, Pλ,ω ∈Mn(R), that is defined as
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Pλ,ω = D−1kω

(
A + λωωωωωω>

)
Dωωω,

where we denote by kω = (A + λI)ωωω the vector whose components are (ki + qi)ωi.

This definition retains the spirit of the effective resistance concerning a parameter and weight introduced

by the authors in [5]. Observe that for any i, j ∈ V ,

(2.2)
(
Pλ,ω

)
ij

=
( cij + λωiωj)ωj

(ki + qi)ωi
.

Therefore, in our model, the walker jumps to a neighbor with a probability depending on the value of the

conductance cij times the factor ωj representing the desired state property, but we also add the probability

depending on λωiωj . Moreover, as we can see, the main novelty in our definition is the consideration of a

non-negative probability of remaining at vertex xi,

(2.3)
(
Pλ,ω

)
ii

=
λω2

i

ki + qi
,

see Fig. 1.
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Figure 1. An example of a Schrödinger random walk and some of the conductance parameters.

Consider now πππλ,ω ∈ Rn defined for each xi ∈ V as

(2.4)
(
πππλ,ω

)
i

=
(ki + qi)ω

2
i

λ+
n∑

j,`=1

cj`ωjω`

.

As shown in [13, Lemma 1], the transition probability matrix is Markovian, reversible, and has πππλ,ω

as a stationary distribution. We call the volume of Γ the value vol(Γ) = λ +
n∑

j,`=1

cj`ωjω`. Observe that

vol(Γ) = ωωω>kω and
(
πλ,ω

)
i

=
(ki + qi)ω

2
i

vol(Γ)
.

The short-term behavior of a Schrödinger random walk is modeled by the mean first passage time with

respect to λ and ω
(
Mλ,ω

)
ij

, for i, j = 1, . . . , n, i 6= j, which gives the expected number of time steps before
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the system reaches node j, if it starts at node i. In addition, the mean recurrence time for state i, denoted

by
(
Mλ,ω

)
ii

, is the expected number of time steps before returning to i for the first time, for any i = 1, . . . , n.

If we define J as the matrix of order n with all entries equal to 1, we obtain the mean first passage time

as the solution of the following equation,

(2.5)
(
I− Pλ,ω

)
Mλ,ω = J− Pλ,ω(Mλ,ω)d.

The mean recurrence time for state i is
1(

πλ,ω
)
i

, since multiplying both sides of (2.5) by πππT
λ,ω, we obtain

0T = πππT
λ,ω (J− Pλ,ω(Mλ,ω)d) or 0T = 1T − πππT

λ,ω(Mλ,ω)d.

On the other hand, Kemeny’s constant represents the time for reaching a random state j, starting from

an initial state i according to the stationary distribution. In our case, we define the Kemeny’s constant (with

respect to λ and ω) as the value

Kλ,ω(Γ) =

n∑
j=1

(
Mλ,ω

)
ij

(
πππλ,ω

)
j
.

In the standard case, it is known that K does not depend on i, and hence, the name Kemeny’s constant.

This is also true for Kλ,ω(Γ) and Mλ,ωπππλ,ω = Kλ,ω(Γ)1, see [13]. There, we also tackled how to solve

Equation (2.5) using 1-inverses of the considered M -matrix. In particular, the so-called Green functions

were of main interest. In this work, we approach MFPT and Kemeny’s constant with one of those 1-inverses

related to the equilibrium measure introduced in [2]. In the following, for λ = 0, we drop the sub-index λ in

the above parameters and call it MFPT with respect to ω.

3. Green matrices and equilibrium measures. In this section, we present the concept of the

equilibrium matrix and its relation to the Green matrices. This concept is crucial for obtaining a closed

formula for the mean first passage time and Kemeny’s constant.

We consider the matrix Fλ,ω = Lλ,ω − λωωωωωω>, which is called the generalized Schrödinger matrix with

respect to λ and ω and is a symmetric and positive semidefinite matrix; that is, Fλ,ω is an M -matrix.

Moreover, it is a singular matrix with 0 as a simple eigenvalue and ωωω as the unique positive unitary vector

that satisfies Fλ,ωωωω = 0, see [13, p. 327]. Given these properties, our attention is directed toward determining

u ∈ Rn such that Fλ,ωu = f for a given f ∈ Rn.

It is well known that the above equation has a solution if and only if f ∈ ωωω⊥, and the solution is unique,

except for a multiple of ωωω. Therefore, we can define a generalized inverse of Fλ,ω, or 1-inverse of Fλ,ω, as

any n-matrix, X, that provides a solution for Fλ,ωu = f, to any f such that ωωω>f = 0. It is well known that

there exist infinite generalized inverses of Fλ,ω, which are characterized by the identity

(3.6) Fλ,ωXFλ,ω = Fλ,ω.

This implies that any generalized inverse is either invertible or has 0 as a simple eigenvalue.

The idea of generalized inverses of Fλ,ω includes a particular type of 1-inverses. We call Green matrix

for Fλ,ω any matrix G, such that

(3.7) Fλ,ωG = I−ωωωωωω>.
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Because (I − ωωωωωω>)ωωω = 0, there exist infinitely many Green matrices. Moreover, any Green matrix is a

1-inverse of Fλ,ω because Fλ,ωGFλ,ω = (I − ωωωωωω>)Fλ,ω = Fλ,ω, where we have considered that ωωω>Fλ,ω = 0

because Fλ,ω is symmetric. The following lemma was presented in [6, Theorem 3.3]. We have included here

the proof for completeness.

Lemma 3.1. If G is a 1-inverse of Fλ,ω, then G is a Green matrix if and only if ωωω is an eigenvector of

G, that is, Gωωω = αωωω for some α ∈ R. Moreover, the unique Green matrix satisfying ωωω>G = 0 is symmetric

and coincides with the group inverse of Fλ,ω, F#
λ,ω.

Proof. If G is a Green matrix for Fλ,ω, then Fλ,ωGωωω = (I − ωωωωωω>)ωωω = 0 and hence Gωωω = αωωω for some

α ∈ R.

Conversely, if Fλ,ωGFλ,ω = Fλ,ω, then (Fλ,ωG− I)Fλ,ω = 0. Therefore, we have that Fλ,ω(G>Fλ,ω− I) = 0,

which implies that (G>Fλ,ω−I) = ωωωτττ> for certain τττ ∈ Rn. Then, (Fλ,ωG−I) = τττωωω> and hence Fλ,ωGωωω−ωωω = τττ .

If in addition, Gωωω = αωωω, the above identity implies that −ωωω = τττ and the result follows.

In addition, there is a unique Green matrix satisfying ωωω>G = 0. Then, Gωωω=0 because 0 = ωωω>Gωωω = α.

On the other hand, G> is also a 1-inverse because Fλ,ω is symmetric. Moreover, G>ωωω = 0 and hence,

G> is a Green matrix. Now, ωωω>G> = 0 because (ωωω>G>)> = Gωωω = 0 and hence G> = G. Moreover, it is

fulfilled that Fλ,ωG = GFλ,ω = I−ωωωωωω> and GFλ,ωG = G, and therefore, G = F#
λ,ω.

In [7, 12], some of the authors established that for any j = 1, . . . , n there exists a unique vector νjλ,ω ∈ Rn

such that (νjλ,ω)j = 0 and (νjλ,ω)i > 0 for i 6= j and verifies

Lλ,ων
j
λ,ω = ωωω −

[
1− λcapjλ,ω

] ej
ωj
, j = 1, . . . , n,

where the value capjλ,ω = ωωω>νjλ,ω is called the capacity of V \ {j}, and νjλ,ω is called the equilibrium measure

of V \ {j} with respect to λ and ω. In [7, Corollary 2.5], we also proved that λcapjλ,ω < 1. These definitions

are analogs to the classical concepts in potential theory; the interested reader can find more details and

interpretations of equilibrium measures in [3] and references therein.

In the standard case corresponding to λ = 0 and ω constant, the equilibrium measure was defined as

the solution of

Lνj = 1− nej ;

see [2]. In the literature, where the weights on the nodes are not considered, one can interpret that ωi = 1

for any i; however, as we consider that the weights are normalized when we say that the weight is constant,

we mean ωi =
1√
n

; hence, when comparing our results with the existing results in the literature for the

standard case, an extra factor of n may appear. Note that
1√
n
νj = νj0,ω.

The relationship between the equilibrium measures and the group inverse of Fλ,ω is given by the following

lemma:

Lemma 3.2. If for any j = 1, . . . , n, νjλ,ω denotes the equilibrium measure for node j, it is satisfied that

(
F#
λ,ω

)
ij

=
ωiωj

1− λcapjλ,ω

[
capjλ,ω −

(νjλ,ω)i

ωi

]
.
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Moreover, (
F#
λ,ω

)
ii

=
ω2
i cap

i
λ,ω

1− λcapiλ,ω
,

and hence (
F#
λ,ω

)
ji

=
ωi
ωj

(
F#
λ,ω

)
jj
−

ωj(ν
j
λ,ω)i

1− λcapjλ,ω
.

Proof. Observe that
(
F#
λ,ω

)
j

is the unique solution of

Fλ,ω
(
F#
λ,ω

)
j

= ej − ωjωωω,

which is orthogonal to ωωω. Moreover, for any f satisfying f ∈ ωωω⊥, u ∈ Rn is a solution of Fλ,ωu = f if and only

if Lλ,ωu = f. Hence, we consider aνjλ,ω + bωωω, and we impose that

ej − ωjωωω = Lλ,ω(aνjλ,ω + bωωω) = aLλ,ων
j
λ,ω + bLλ,ωωωω = (a+ λb)ωωω − a

[
1− λcapjλ,ω

] ej
ωj
,

we obtain a =
ωj

1− λcapjλ,ω
and b =

ωjcap
j
λ,ω

1− λcapjλ,ω
. Then, the results follow.

In the standard case, we have that (
F#
)
ij

=
1

n2
(
capj − nνji

)
,

which corresponds to the group inverse for the combinatorial Laplacian L, as given in [2, 4].

From now on, we call equilibrium matrix with respect to λ and ω, the matrix Eλ,ω whose columns are(
Eλ,ω

)
j

= − ωj

1− λcapjλ,ω
νjλ,ω, j = 1 . . . , n.

Using Lemma 3.2, we obtain the following result:

Lemma 3.3. The equilibrium matrix with respect to λ and ω can be written in terms of F#
λ,ω in the

following way (
Eλ,ω

)
ij

=
(
F#
λ,ω

)
ij
− ωi
ωj

(
F#
λ,ω

)
jj
,

for any i, j = 1, . . . , n.

The following result is essential for writing the Kemeny constant in a closed form.

Theorem 3.4. The equilibrium matrix with respect to λ and ω is a Green matrix for Fλ,ω. Moreover,

Eλ,ωωωω = −tr(F#
λ,ω)ωωω, it is invertible and

E−1λ,ω = Fλ,ω −
1

tr(F#
λ,ω)

ωωωθθθ>,

where θθθ = ωωω + Fλ,ω
(
F#
λ,ω

)
d
ωωω−1.
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Proof. The result in Lemma 3.3 can be written in matricial form as

Eλ,ω = F#
λ,ω − DωωωJ(F#

λ,ω)dD
−1
ωωω .

On the other hand,

Fλ,ωEλ,ω = Fλ,ω
(
F#
λ,ω − DωωωJ(F#

λ,ω)dD
−1
ωωω

)
= I−ωωωωωω>.

Hence, Eλ,ω is a Green matrix for Fλ,ω. Moreover,

Eλ,ωωωω = −DωωωJ(F#
λ,ω)dD

−1
ωωω ωωω = −DωωωJ(F#

λ,ω)d1 = −tr(F#
λ,ω)ωωω.

Finally, from [6, Theorem 3.3 (iv)] taking σ = ωωω and τττ = (F#
λ,ω)dωωω

−1,, we get that Eλ,ω is invertible since

F#
λ,ω is positive semidefinite and hence

〈(F#
λ,ω)dωωω

−1,ωωω〉 = tr(F#
λ,ω) > 0,

which also implies that

E−1λ,ω = Fλ,ω −
1

tr(F#
λ,ω)

ωωωθθθ>,

where θθθ = ωωω + Fλ,ω
(
F#
λ,ω

)
d
ωωω−1.

Next, we provide an example of the computation of the equilibrium matrix for the star network Sn,

with n + 1 vertices, weight ω, and parameter λ ≥ 0. Suppose that the center of the star is labeled as 0,

and each edge has been assigned a conductance ci = ci0, i = 1, . . . , n. Then, if we consider c0 =
1

ω0

n∑
i=1

ciωi,

we have k0 + q0 =
1

ω0
(λω0 +

n∑
i=1

ciωi) =
1

ω0
(λω0 + c0ω0) and ki + qi =

1

ωi
(λωi + ciω0). On the other hand,

(kω)i = λωi + ciω0, vol(Sn) = λ+ 2c0ω
2
0 , and we consider the value Q(λ, ω) =

n∑
j=1

ω3
j

λωj + cjω0
.

Proposition 3.5. Let Sn be a star network, then the equilibrium measures with respect to λ and ω, for

i, j = 1, . . . , n, i 6= j, are given by

(ν0λ,ω)i =
ω2
i

(kω)i
,

(νjλ,ω)0 =
ω0

(
(kω)j

(
1− λQ(λ, ω))− cjω0ω

2
j

)
λ(kω)j(1− λQ(λ, ω)) + c2jω

2
0ωj

,

(νjλ,ω)i =
ωi

(kω)i

(
(kω)j(kω)i

(
1− λQ(λ, ω)) + cjω

2
0ωj(cjωi − ciωj)

λ(kω)j(1− λQ(λ, ω)) + c2jω
2
0ωj

)
.

And for any j = 1, . . . , n, the capacity is given by

cap0λ,ω = Q(λ, ω),

capjλ,ω = Q(λ, ω) + (νjλ,ω)0

(
1

ω0

(
1− λQ(λ, ω)

)
−
ω2
j cj

(kω)j

)
−

ω3
j

(kω)j
.
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Proof. From the definition of the equilibrium measure, we get that

ωi =
(
Lλ,ων

0
λ,ω

)
i

= (ki + qi)
(
ν0λ,ω

)
i

=
(ν0λ,ω)i

ωi
(kω)i,

and hence (
ν0λ,ω

)
i

=
ω2
i

(kω)i
, for i = 1, . . . , n.

Moreover, cap0λ,ω =

n∑
i=1

ω3
i

(kω)i
= Q(λ, ω).

Consider now j 6= 0, then ω0 =
(
Lλ,ων

j
λ,ω

)
0

= (k0 + q0)(νjλ,ω)0 −
n∑̀
=1

c`(ν
j
λ,ω)` and hence

(3.8)
(
νjλ,ω

)
0
(kω)0 = ω2

0 + ω0

n∑
`=1

c`(ν
j
λ,ω)`.

Suppose now i 6= j,

ωi =
(
Lλ,ων

j
λ,ω

)
i

= −ci(νjλ,ω)0 + (ki + qi)(ν
j
λ,ω)i = −ci(νjλ,ω)0 +

1

ωi
(kω)i(ν

j
λ,ω)i,

and hence

(3.9) (νjλ,ω)i(kω)i = ω2
i + ωici(ν

j
λ,ω)0.

Therefore, by substituting (3.9) in equation (3.8), we get that

(
νjλ,ω

)
0
(kω)0 = ω2

0 + ω0

n∑
`=1

c`
(
ω2
` + ω`c`

(
νjλ,ω

)
0

)
(kω)`

− ω0

cj
(
ω2
j + ωjcj

(
νjλ,ω

)
0

)
(kω)j

= ω2
0 + ω0

n∑
`=1

c`
ω2
`

(kω)`
+ ω0

(
νjλ,ω

)
0

n∑
`=1

ω`c
2
`

(kω)`
− ω0

cj
(
ω2
j + ωjcj

(
νjλ,ω

)
0

)
(kω)j

= 1− λQ(λ, ω)−
cjω0ω

2
j

(kω)j
+

(
(kω)0 −

λ

ω0
(1− λQ(λ, ω))−

c2jω0ωj

(kω)j

)
(νjλ,ω)0,

and hence

(νjλ,ω)0 =

(
1− λQ(λ, ω)−

cjω0ω
2
j

(kω)j

)
λ

ω0
(1− λQ(λ, ω)) +

c2jω0ωj

(kω)j

=
ω0

(
(kω)j

(
1− λQ(λ, ω))− cjω0ω

2
j

)
λ(kω)j(1− λQ(λ, ω)) + c2jω

2
0ωj

,

where we have used that

ω0

n∑
j=1

ωjc
2
j

(kω)j
= (kω)0 −

λ

ω0
(1− λQ(λ, ω)).

Substituting the obtained value into Equation (3.9), we obtain the announced value for (νjλ,ω)i. Moreover,
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for any j = 1, . . . , n, we get that

capjλ,ω = ω0(νjλ,ω)0 +

n∑
i=1

ω3
i

(kω)i
+ (νjλ,ω)0

n∑
i=1

ω2
i ci

(kω)i
−

ω3
j

(kω)j
−
ω2
j cj

(kω)j
(νjλ,ω)0

= (νjλ,ω)0

(
ω0 −

ω2
j cj

(kω)j
+

1

ω0

(
1− λQ(λ, ω)

)
− ω0

)
+Q(λ, ω)−

ω3
j

(kω)j

= (νjλ,ω)0

(
−
ω2
j cj

(kω)j
+

1

ω0

(
1− λQ(λ, ω)

))
+Q(λ, ω)−

ω3
j

(kω)j
,

where we have used that

1

ω0

(
1− λQ(λ, ω)

)
= ω0 +

n∑
i=1

ω2
i ci

(kω)i
.

Theorem 3.6. The equilibrium matrix with respect to λ and ω for the star network is given by

(
Eλ,ω

)
i0

= − ω0ω
2
i

(kω)i
(
1− λQ(λ, ω)

) , for i = 1, . . . , n,

(
Eλ,ω

)
0j

=
cjω

2
0ω

2
j

(1− λQ(λ, ω))(kω)2j
− ω0

(kω)j
, for j = 1, . . . , n,

(
Eλ,ω

)
ij

=
ω2
0ωiωjcj(ciωj − cjωi)

(kω)i(kω)2j (1− λQ(λ, ω))
− ωi

(kω)j
, for i, j = 1, . . . , n, i 6= j.

Proof. According to the results of the above proposition, we get that the entries of the first column of

the equilibrium matrix are

(
Eλ,ω

)
i0

= − ω0

1− λcap0λ,ω

(
ν0λ,ω

)
i

= − ω0ω
2
i

(1− λQ(λ, ω))(kω)i
.

In order to compute the rest of the columns, we need to calculate first the value

1− λcapjλ,ω = λ

(
νjλ,ω

)
0

ω0(kω)j

(
ω0ω

2
j cj − (kω)j

(
1− λQ(λ, ω)

))
+ 1− λQ(λ, ω) + λ

ω3
j

(kω)j

=
(
1− λQ(λ, ω)

)(
1− λ

(
νjλ,ω

)
0

ω0

)
+ λ

ω2
j

(kω)j

(
ωj +

(
νjλ,ω

)
0
cj

)
=
(
1− λQ(λ, ω)

) ωj(k
2
ω)j

λ(kω)j(1− λQ(λ, ω)) + c2jω
2
0ωj

,

where we have kept in mind that

ω0 − λ
(
νjλ,ω

)
0

=
λω0(kω)j(1− λQ(λ, ω)) + c2jω

3
0ωj − λω0(kω)j

(
1− λQ(λ, ω)) + λcjω

2
0ω

2
j

λ(kω)j(1− λQ(λ, ω)) + c2jω
2
0ωj

=
cjω

2
0ωj(kω)jλ(kω)j(1− λQ(λ, ω)) + c2jω

2
0ωj

λ(kω)j(1− λQ(λ, ω)) + c2jω
2
0ωj

,
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and

ωj +
(
νjλ,ω

)
0
cj =

λωj(kω)j(1− λQ(λ, ω)) + c2jω
2
0ω

2
j + ω0(kω)jcj

(
1− λQ(λ, ω))− c2jω2

0ω
2
j

λ(kω)j(1− λQ(λ, ω)) + c2jω
2
0ωj

=
(kω)2j (1− λQ(λ, ω))

λ(kω)j(1− λQ(λ, ω)) + c2jω
2
0ωj

.

Then, for any i = 1, . . . , n we get

(
Eλ,ω

)
ij

= − ωi
(kω)i

(
(kω)j(kω)i

(
1− λQ(λ, ω)) + cjω

2
0ωj(cjωi − ciωj)

k2ωj
(1− λQ(λ, ω))

)

= − ωi
(kω)j

− ω2
0cjωiωj(cjωi − ciωj)

(kω)i(k2ω)j(1− λQ(λ, ω))
.

Analogously, we get the result for
(
Eλ,ω

)
0j
.

4. MFPT and Kemeny’s constant in terms of the equilibrium matrix. In this section, we use

the equilibrium matrix with respect to λ and ω to obtain an expression for the mean first passage time

and Kemeny’s constant that can be more easily computed in some cases. Generalized inverses have long

been used to derive expressions for mean first passage times and related quantities in finite Markov chains;

see, e.g., Hunter [17] and Campbell and Meyer [11]. In our setting, the reversible structure associated with

symmetric M-matrices allows us to rewrite these formulas in terms of equilibrium measures.

Using the generalized Schrödinger matrix with respect to λ and ω, in [13], we obtained the following

expression for equation (2.5)

(4.10) Fλ,ωDωωωMλ,ω = Dkω (J− Pλ,ω(Mλ,ω)d) .

Subsequently, we can use this last identity to obtain the following expression for the MFPT, see [13,

Proposition 2] for the proof.

Proposition 4.1. Let Γ be a network, then the mean first passage time matrix Mλ,ω can be written as

Mλ,ω= D−1ωωω GDkωJ− JD−1ωωω (GDkωJ)d + vol(Γ)
(
D−1ωωω D−1kω

− D−1ωωω GD−1ωωω + JD−1ωωω GdD
−1
ωωω

)
.

In addition, for 1-inverses such that Gkω = gωωω, being g a constant, we obtain

Mλ,ω = vol(Γ)
(
D−1ωωω D−1kω

− D−1ωωω GD−1ωωω + JD−1ωωω GdD
−1
ωωω

)
.

Note that if we conveniently define matrix B = D−1ωωω GDkω , the equality
(
BJ
)>
ij

=
(
J
(
BJ
)
d

)
ij

holds true,

and then JD−1ωωω (GDkωJ)d =
(
D−1ωωω GDkωJ

)>
. So Proposition 4.1 can be written as

Mλ,ω= D−1ωωω GDkωJ−
(
D−1ωωω GDkωJ

)>
+ vol(Γ)

(
D−1ωωω D−1kω

− D−1ωωω GD−1ωωω + JD−1ωωω GdD
−1
ωωω

)
.

Theorem 4.2. Let Γ be a network. Then, the mean first passage time matrix Mλ,ω can be written in

terms of the equilibrium matrix as

(
Mλ,ω

)
ij

=

n∑
`=1

((
Eλ,ω

)
i`

ωi
(kω)` −

(
Eλ,ω

)
j`

ωj
(kω)` − ω`(kω)`

(
Eλ,ω

)
ij

ωiωj

)
+

vol(Γ)

ωi(kω)i
δij ,
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where δij denotes the Kronecker delta. Moreover, Kemeny’s constant with respect to λ and ω can be expressed

as

Kλ,ω(Γ) = 1− 1

vol(Γ)
k>ωEλ,ωkω.

Proof. Taking into account Proposition 4.1 and the fact that Eλ,ω is a Green matrix for Fλ,ω, with null

diagonal entries, we obtain

Mλ,ω= D−1ωωω Eλ,ωDkωJ−
(
D−1ωωω Eλ,ωDkωJ

)>
+ vol(Γ)

(
D−1ωωω D−1kω

− D−1ωωω Eλ,ωD
−1
ωωω

)
.

Keeping in mind that the mean recurrence time for state i is
(
Mλ,ω

)
ii

=
1(

πλ,ω
)
i

=
vol(Γ)

ωi(kω)i
, it is enough to

calculate
(
Mλ,ω

)
ij

, for i 6= j, and then(
Mλ,ω

)
ij

=
(
D−1ωωω Eλ,ωDkωJ

)
ij
−
(
D−1ωωω Eλ,ωDkωJ

)
ji
− vol(Γ)

(
D−1ωωω Eλ,ωD

−1
ωωω

)
ij
,

where
(
D−1ωωω Eλ,ωDkωJ

)
ij

=

n∑
`=1

(
Eλ,ω

)
i`

ωi
(kω)` and

(
D−1ωωω Eλ,ωD

−1
ωωω

)
ij

=

(
Eλ,ω

)
ij

ωiωj
. Hence, the result for matrix

Mλ,ω holds because vol(Γ) =
n∑̀
=1

ω`(kω)`. To compute Kemeny’s constant, we study the vector Mλ,ωπππλ,ω,

since we know that Mλ,ωπππλ,ω = Kλ,ω(Γ)1, where πππλ,ω =
1

vol(Γ)
kωωωω. So, we have that

Mλ,ωkωωωω = D−1ωωω Eλ,ωDkωJkωω − JD−1ωωω (Eλ,ωDkωJ)dkωω

+ vol(Γ)
(
D−1ωωω D−1kω

kωω − D−1ωωω Eλ,ωD
−1
ωωω kωω

)
= vol(Γ)D−1ωωω Eλ,ωkω − J(Eλ,ωDkωJ)dkω + vol(Γ)

(
1− D−1ωωω Eλ,ωkω

)
= −J(Eλ,ωDkωJ)dkω + vol(Γ)1 =

(
vol(Γ)− k>ωEλ,ωkω

)
1.

Therefore,

Kλ,ω(Γ) = 1− 1

vol(Γ)
k>ωEλ,ωkω.

Observe that from the relation obtained in Lemma 3.3 between the equilibrium matrix and the group

inverse, the above formula coincides with the one obtained in [13, Proposition 4] and with the formula

obtained in [24, Theorem 4] for the standard case, that is, when λ = 0 and ω is constant.

Corollary 4.3. Let Γ be a network, then the mean first passage time matrix Mλ,ω, and Kemeny’s

constant Kλ,ω(Γ) can be written in terms of equilibrium measures as

(
Mλ,ω

)
ij

=

n∑
`=1

ω`(kω)`

(
(νjλ,ω)i

ωi(1− λ(capλ,ω)j)
+

(ν`λ,ω)j

ωj(1− λ(capλ,ω)`)
−

(ν`λ,ω)i

ωi(1− λ(capλ,ω)`)

)
,

for any i 6= j. Moreover,

Kλ,ω(Γ) = 1 +
1

vol(Γ)

n∑
i,j=1

ωj(kω)i(kω)j
1− λ(capλ,ω)j

(
νjλ,ω

)
i
.
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For the classical case, we have the following result, which was obtained by some of the authors in [3]

using a different approach.

Corollary 4.4. Let Γ be a network, then the mean first passage time matrix between i and j, for i 6= j,

is given by

Mij =
1

n

n∑
`=1

k`

(
νji + ν`j − ν`i

)
.

Moreover,

K(Γ) = 1 +
1

2m

n∑
i,j=1

kikjν
j
i .

5. MFPT and Kemeny’s constant for the star network. In this section, we specify the results

obtained previously for the star network Sn, see Fig. 2. We use the same notation as in Section 3.

1

2

3

0

j

nc1

c2

c3
cj

cn−1

ω1

ω2

ω3

ωj

ωn

λω
0ω

j λω2
j

λω
1
ω2

Figure 2. Star network Sn. The node j is representative of each and every node in the network.

Proposition 5.1. The mean first passage time with respect to λ and ω for a star network Sn is given

for i, j = 1, . . . , n by(
Mλ,ω

)
ij

=
λω2

0(ciωj − cjωi)(
1− λQ(λ, ω)

)
(kω)ikω

2
j

(
ω0ωj(λ+ 2c0) + cj(ω

2
0 − 1)

)
+

(λ+ 2c0ω
2
0)

ωj(kω)j
,

(
Mλ,ω

)
0j

=
λω0ωj

(1− λQ(λ, ω))k2ωj

(ω0ωj(λ+ 2c0) + cj(ω
2
0 − 1)) +

(λ+ 2c0ω
2
0)

ωj(kω)j
− 1,

(
Mλ,ω

)
i0

=
λωi(1− ω2

0)

(kω)i(1− λQ(λ, ω))
+ 1,

(
Mλ,ω

)
00

=
(λ+ 2c0ω

2
0)

ω0(kω)0
.

Proof. The result for
(
Mλ,ω

)
jj
, j = 0, . . . , n follows directly from Theorem 4.2 taking into account that(

Eλ,ω
)
ii

= 0, i = 0, . . . , n. Moreover, for i 6= j and i 6= 0, j 6= 0, from the expression for the equilibrium

matrix for the star network Sn given in Proposition 3.6, we get(
Mλ,ω

)
ij

= − ω0ωi(kω)0

(kω)i
(
1− λQ(λ, ω)

) − ω0ωj(kω)0

(kω)j
(
1− λQ(λ, ω)

)
+

n∑
`=1

[
ω2
0ω`c`(ciω` − c`ωi)

(kω)i(kω)`(1− λQ(λ, ω))
− ω2

0ω`c`(cjω` − c`ωj)
(kω)j(kω)`(1− λQ(λ, ω))

]
−
[

ω2
0cj(ciωj − cjωi)

(kω)i(kω)2j (1− λQ(λ, ω))
− 1

ωj(kω)j

]
vol(Sn),
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and therefore(
Mλ,ω

)
ij

= − ω0(kω)0
(kω)i(kω)j(1− λQ(λ, ω))

((kω)jωi − (kω)iωj)

+

[
ω2
0ci

(kω)i(1− λQ(λ, ω))
− ω2

0cj
(kω)j(1− λQ(λ, ω))

] n∑
`=1

ω2
` c`

(kω)`

−
[

ω2
0ωi

(kω)i(1− λQ(λ, ω))
− ω2

0ωj
(kω)j(1− λQ(λ, ω))

] n∑
`=1

ω`c
2
`

(kω)`

−
[

ω2
0cj(ciωj − cjωi)

(kω)i(kω)2j (1− λQ(λ, ω))
− 1

ωj(kω)j

]
vol(Sn)

= −ω0(kω)0((kω)jωi − (kω)iωj)

(kω)i(kω)j(1− λQ(λ, ω))
+

(kω)jω0ci − (kω)iω0cj
(kω)i(kω)j(1− λQ(λ, ω))

[
1− λQ(λ, ω)− ω2

0

]
− (kω)jωi − (kω)iωj

(kω)i(kω)j(1− λQ(λ, ω))

[
ω0(kω)0 − λ (1− λQ(λ, ω))

]
−
[

ω2
0cj(ciωj − cjωi)

(kω)i(kω)2j (1− λQ(λ, ω))
− 1

ωj(kω)j

]
vol(Sn)

= −ω0(kω)0((kω)jωi − (kω)iωj)

(kω)i(kω)j(1− λQ(λ, ω))
− ω2

0c0 ((kω)jωi − (kω)iωj)

(kω)i(kω)j(1− λQ(λ, ω))

−
[

ω2
0cj(ciωj − cjωi)

(kω)i(kω)2j (1− λQ(λ, ω))
− 1

ωj(kω)j

]
vol(Sn)

=
ω3
0(ciωj − cjωi)(λ+ 2c0)

(kω)i(kω)j(1− λQ(λ, ω))
−
[

ω2
0cj(ciωj − cjωi)

(kω)i(kω)2j (1− λQ(λ, ω))
− 1

ωj(kω)j

]
vol(Sn)

=
λω2

0(ciωj − cjωi)(
1− λQ(λ, ω)

)
(kω)ikω

2
j

(
ω0ωj(λ+ 2c0) + cj(ω

2
0 − 1)

)
+

(λ+ 2c0ω
2
0)

ωj(kω)j
,

because (kω)0 = λω0 + c0ω0 and (kω)jω0ci − (kω)iω0cj + λ(kω)jωi − λ(kω)iωj = 0.

Now, consider i = 0 and j 6= 0. Then,

(
Mλ,ω

)
0j

=
ω0ωj(kω)0

(kω)j
(
1− λQ(λ, ω)

) +

n∑
`=1

ω0ω
2
` c`

(kω)`
(
1− λQ(λ, ω)

)
−

n∑
`=1

ω2
0ω`c`(cjω` − c`ωj)

(kω)j(kω)`(1− λQ(λ, ω))
− 1

−
[

cjω0ωj
(kω)2j (1− λQ(λ, ω))

− 1

ωj(kω)j

]
vol(Sn)

=
ω0ωj(kω)0

(kω)j
(
1− λQ(λ, ω)

) +
ω2
0ωj

(kω)j(1− λQ(λ, ω))

n∑
`=1

ω`c
2
`

(kω)`

+

[
ω0

1− λQ(λ, ω)
− ω2

0cj
(kω)j(1− λQ(λ, ω))

] n∑
`=1

ω2
` c`

(kω)`

−
[

cjω0ωj
(kω)2j (1− λQ(λ, ω))

− 1

ωj(kω)j

]
vol(Sn)− 1,



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 42, pp. 591-612, July 2026.
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that is,

(
Mλ,ω

)
0j

=
ω0ωj(kω)0

(kω)j
(
1− λQ(λ, ω)

) +
ωj

(kω)j(1− λQ(λ, ω))
[ω0(kω)0 − λ (1− λQ(λ, ω))]

+

[
1

1− λQ(λ, ω)
− ω0cj

(kω)j(1− λQ(λ, ω))

] [
1− λQ(λ, ω)− ω2

0

]
−

[
cjω0ωj

(kω)2j (1− λQ(λ, ω))
− 1

ωj(kω)j

]
vol(Sn)− 1

=
2ω0ωj(λω0 + c0ω0)− λω2

0ωj
(kω)j(1− λQ(λ, ω))

−
[

cjω0ωj
(kω)2j (1− λQ(λ, ω))

− 1

ωj(kω)j

]
vol(Sn)− 1

=
λω0ωj

(1− λQ(λ, ω))(kω)2j
(ω0ωj(λ+ 2c0) + cj(ω

2
0 − 1)) +

(λ+ 2c0ω
2
0)

ωj(kω)j
− 1.

Finally, for j = 0 and i 6= 0,

(
Mλ,ω

)
i0

= − ω0ωi(kω)0

(kω)i
(
1− λQ(λ, ω)

) +

n∑
`=1

ω2
0ω`c`(ciω` − c`ωi)

(kω)i(kω)`(1− λQ(λ, ω))
+ 1

−
n∑
`=1

ω0ω
2
` c`

(kω)`
(
1− λQ(λ, ω)

) +
ωi

(kω)i(1− λQ(λ, ω))
vol(Sn)

= − ωi

(kω)i
(
1− λQ(λ, ω)

) (ω0(kω)0 − vol(Sn))− ω2
0ωi

(kω)i(1− λQ(λ, ω))

n∑
`=1

ω`c
2
`

(kω)`

+

[
ω2
0ci

(kω)i(1− λQ(λ, ω))
− ω0

1− λQ(λ, ω)

] n∑
`=1

ω2
` c`

(kω)`
+ 1

=
ωi

(kω)i
(
1− λQ(λ, ω)

) (λ+ 2c0ω
2
0 − ω0(kω)0)

− ωi
(kω)i(1− λQ(λ, ω))

[ω0(kω)0 − λ (1− λQ(λ, ω))]

+

[
ω0ci

(kω)i(1− λQ(λ, ω))
− 1

1− λQ(λ, ω)

] [
1− λQ(λ, ω)− ω2

0

]
+ 1

=
λωi(1− ω2

0)

(kω)i(1− λQ(λ, ω))
+ 1.

Proposition 5.2. Kemeny’s constant for the star network, Sn, is given by

Kλ,ω(Sn) = n+
(c0 + λ)ω2

0

λ+ 2c0ω2
0

+
λQ(λ, ω)

1− λQ(λ, ω)
− λ(1− ω2

0)2

(λ+ 2c0ω2
0)(1− λQ(λ, ω))

.
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Proof. From Theorem 4.2, we must compute the quadratic form k>ωEλ,ωkω for the star.

k>ωEλ,ωkω = −(kω)0ω0

n∑
i=1

ω2
i

1− λQ(λ, ω)
+

(kω)0ω
2
0

1− λQ(λ, ω)

n∑
i=1

ciω
2
i

(kω)i
− n(kω)0ω0

+
ω2
0

1− λQ(λ, ω)

n∑
i,j=1

ωiωjcj(ciωj − cjωi)
(kω)j

− (n− 1)(vol(Sn)− (kω)0ω0)

= − (kω)0ω0

1− λQ(λ, ω)
(1− ω2

0) +
(kω)0ω0

1− λQ(λ, ω)
(1− ω2

0 − λQ(λ, ω))

+
ω2
0

1− λQ(λ, ω)

(
c0ω0

n∑
j=1

cjω
2
j

(kω)j
− (1− ω2

0)

n∑
j=1

c2jωj

(kω)j

)
− (n− 1)vol(Sn)− (kω)0ω0

= − (kω)0ω0λQ(λ, ω)

1− λQ(λ, ω)
− (kω)0ω0 − (n− 1)vol(Sn)

+
ω2
0c0(1− λQ(λ, ω)− ω2

0)− (1− ω2
0)
(
ω0(kω)0 − λ (1− λQ(λ, ω))

)
1− λQ(λ, ω)

= −
[
(n− 1) +

λQ(λ, ω)

1− λQ(λ, ω)

]
vol(Sn) +

λ(1− ω2
0)2

1− λQ(λ, ω)
− (c0 + λ)ω2

0 ,

and the result follows, keeping in mind that vol(Sn) = λ+ 2c0ω
2
0 .

The next result encompasses the standard case (ω constant and λ = 0) for a star network Sn and

coincides with that obtained in [15, 18].

Corollary 5.3. The mean first passage time for a star network Sn with respect to ω is given for

i, j = 1, . . . , n by

(
Mω

)
ij

=
2c0ω

2
0

ωj(kω)j
,
(
Mω

)
0j

=
2c0ω

2
0

ωj(kω)j
− 1,

(
Mω

)
i0

= 1,
(
Mω

)
00

= 2.

Moreover, Kemeny’s constant is Kω(Sn) = n+
1

2
.

6. MFPT and Kemeny’s constant with respect to ω for a path. In this section, we consider

an n-path, Pn, with vertex set {1, . . . , n}, conductances cj = cjj+1, j = 1, . . . , n − 1 and arbitrary weights

ω1, . . . , ωn; see Fig. 3. With this notation, the equilibrium measure for a n-path was computed in [6,

Proposition 5.1] for λ = 0, and is given by

νji = ωi

j−1∑
k=i

Wk

Ck
+

i−1∑
k=j

1−Wk

Ck

 ,

where

Wk =

k∑
`=1

ω2
` , and Ck = ckωkωk+1, k = 1, . . . , n− 1.
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On the other hand,

(kω)i = ci−1ωi−1 + ciωi+1 for i = 2, . . . , n− 1, (kω)1 = c1ω2 and (kω)n = cn−1ωn−1.

2 j n

ω2 ωj ωn

1

ω1

n− 1

cjcj−1 cn−1c1

Figure 3. Representation of a path Pn. The node j is representative of each and every node in the network.

We can use these expressions and the results of the preceding section to compute the mean first passage

time on a path.

Proposition 6.1. Let Pn be a n-path, then the mean first passage time matrix is given by

(Mω)ij =


j − i+ 2

j−1∑
k=i

k−1∑
`=1

C`
Ck

if i < j,

j − i+ 2

i−1∑
k=j

n−1∑
`=k

C`
Ck

if i > j.

Proof. From Proposition 4.3, the mean first passage time matrix Mω can be written in terms of equilib-

rium measures of Pn as

(Mω)ij =

n∑
`=1

ω`(kω)`

(
νji
ωi

+
ν`j
ωj
− ν`i
ωi

)

=
νji
ωi

n∑
`=1

ω`(kω)` +

n−1∑
`=2

ω`(kω)`
ν`j
ωj

+ ω1(kω)1
ν1j
ωj

+ ωn(kω)n
νnj
ωj

−
n−1∑
`=2

ω`(kω)`
ν`i
ωi
− ω1(kω)1

ν1i
ωi
− ωn(kω)n

νni
ωi
,

for any i 6= j.

Let us compute Sj , the partial sum of the above expression:

Sj =

n−1∑
`=2

ω`(kω)`
ν`j
ωj

+ ω1(kω)1
ν1j
ωj

+ ωn(kω)n
νnj
ωj

=

j−1∑
`=2

ω`(kω)`
ν`j
ωj

+

n−1∑
`=j

ω`(kω)`
ν`j
ωj

+ ω1(kω)1
ν1j
ωj

+ ωn(kω)n
νnj
ωj

=

j−1∑
`=2

(C`−1 + C`)

j−1∑
k=`

(1−Wk)

Ck
+

n−1∑
`=j

(C`−1 + C`)

`−1∑
k=j

Wk

Ck
+ C1

j−1∑
k=1

1−Wk

Ck
+ Cn−1

n−1∑
k=j

Wk

Ck
,



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 42, pp. 591-612, July 2026.

609 Network parameters via equilibrium measures in Schrödinger random walks

that is,

Sj =

j−1∑
k=2

k∑
`=2

(C`−1 + C`)
(1−Wk)

Ck
+

n−1∑
k=j

n−1∑
`=k+1

(C`−1 + C`)
Wk

Ck
+ C1

j−1∑
k=1

(1−Wk)

Ck
+ Cn−1

n−1∑
k=j

Wk

Ck

=

j−1∑
k=2

(1−Wk)

Ck

(
C1 + Ck + 2

k−1∑
`=2

C`

)
+

n−1∑
k=j

Wk

Ck

(
Cn−1 + Ck + 2

n−2∑
`=k+1

C`

)

+ C1

j−1∑
k=1

1−Wk

Ck
+ Cn−1

n−1∑
k=j

Wk

Ck
.

Therefore, for i < j, we have that

(
Mω

)
ij

=

j−1∑
k=i

[
(1−Wk)

Ck

(
C1 + Ck + 2

k−1∑
`=2

C`

)
− Wk

Ck

(
Cn−1 + Ck + 2

n−2∑
`=k+1

C`

)]

+

j−1∑
k=i

(
C1

(1−Wk)

Ck
− Cn−1

Wk

Ck

)
+ 2

j−1∑
k=i

Wk

Ck

n−1∑
`=1

C`

=

j−1∑
k=i

(
1

Ck

(
C1 + Ck + 2

k−1∑
`=2

C`

))
+

j−1∑
k=i

C1

Ck

= (j − i) + 2

j−1∑
k=i

k−1∑
`=1

C`
Ck

,

whereas for i > j, we have that

(
Mω

)
ij

= −
i−1∑
k=j

[
(1−Wk)

Ck

(
C1 + Ck + 2

k−1∑
`=2

C`

)
− Wk

Ck

(
Cn−1 + Ck + 2

n−2∑
`=k+1

C`

)]

−
i−1∑
k=j

(
C1

(1−Wk)

Ck
− Cn−1

Wk

Ck

)
+ 2

i−1∑
k=j

(1−Wk)

Ck

n−1∑
`=1

C`

= −
i−1∑
k=j

(
1

Ck

(
C1 + Ck + 2

k−1∑
`=2

C`

))
−

i−1∑
k=j

C1
1

Ck
+ 2

i−1∑
k=j

1

Ck

n−1∑
`=1

C`

= −
i−1∑
k=j

1

Ck

(
C1 + Ck + 2

k−1∑
`=2

C` + C1 − 2

n−1∑
`=1

C`

)

= (j − i) + 2

i−1∑
k=j

n−1∑
`=k

C`
Ck

.

Theorem 6.2. Kemeny’s constant with respect to ω for a n-path is given by

Kω(Pn) = 1 +
1

2
n−1∑
j=1

Cj

n∑
i=2

i−1∑
j=1

(Ci−1 + Ci)(Cj−1 + Cj)

( i−1∑
k=j

1

Ck

)
.
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Proof. From Proposition 4.3, Kω(Γ) = 1 +
1

vol(Γ)

n∑
i,j=1

ωj(kω)i(kω)j
(
νj0,ω

)
i
. Then, we must compute the

value of α =

n∑
i,j=1

ωj(kω)i(kω)jν
j
i .

α =

n∑
i,j=1

ωiωj

( j−1∑
k=i

Wk

Ck
+

i−1∑
k=j

(1−Wk)

Ck

)
(ci−1ωi−1 + ciωi+1)(cj−1ωj−1 + cjωj+1)

=

n∑
i=1

i−1∑
j=1

( i−1∑
k=j

(1−Wk)

Ck

)
(Ci−1 + Ci)(Cj−1 + Cj)

+

n∑
i=1

n∑
j=i+1

( j−1∑
k=i

Wk

Ck

)
(Ci−1 + Ci)(Cj−1 + Cj)

=

n∑
i=1

i−1∑
j=1

( i−1∑
k=j

1−Wk

Ck

)
(Ci−1 + Ci)(Cj−1 + Cj)

+

n∑
i=1

i−1∑
j=1

( i−1∑
k=j

Wk

Ck

)
(Ci−1 + Ci)(Cj−1 + Cj)

=

n∑
i=2

i−1∑
j=1

(Ci−1 + Ci)(Cj−1 + Cj)

( i−1∑
k=j

1

Ck

)
.

Finally, the result follows by considering that vol(Pn) = 2

n−1∑
j=1

Cj .

As a particular case of the above result, we recover the mean first passage time and the value of Kemeny’s

constant for an n-path with constant weight and constant conductances. In this case, Ck = ckωkωk+1 =
c

n
,

k = 1, . . . , n− 1. However, we can have Ck constant without ck or ωk being constant.

Corollary 6.3. Let Pn be a n-path, with Ck = C. Then, the mean first passage time matrix is given

by

Mij =


(j − i)(i+ j − 2) if i < j

(i− j)(2n− i− j) if i > j.

Moreover, Kemeny’s constant is

K(Pn) =
1

3
n2 − 2

3
n+

3

2
.

The above result can also be deduced from [1, Theorem 7]. In the mentioned paper, the author obtained the

mean first passage time between vertices of a tree and hence by using the value of the distances in a path,

we recover our result. There are other references that present the above result but in a different way; see,

for instance, [18, 20].

It is observed that the mean first passage time on a path varies based on the vertex positions and

direction of travel. The formula depends on whether starting vertex i is before or after the target vertex j in

the path. Moreover, the MFPT incorporates both the distance between vertices d(i, j) and their positions
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relative to the ends of the path. We can rewrite the formula as

Mij =


d(i, j)

(
d(i, 1) + d(j, 1)

)
if i < j

d(i, j)
(
d(i, n) + d(j, n)

)
if i > j.

We can interpret this as follows: for i < j (moving forward in the path), the MFPT increases with both the

distance and the position of the vertices from the start. However, for i > j (moving backward in the path),

the MFPT increases with distance and is affected by how close the vertices are to the end of the path.
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