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NETWORK PARAMETERS VIA EQUILIBRIUM MEASURES IN SCHRODINGER
RANDOM WALKS*
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Abstract. In this study, we explore the concept of equilibrium measures within the framework of Schrédinger random
walks on networks. Building on previous work, we demonstrate how these equilibrium measures can be leveraged to compute
key network parameters, such as the mean first passage time and Kemeny’s constant. By expressing these parameters in
terms of generalized inverses of the associated M-matrix, we aim to provide new insights and efficient computational tools for
network analysis, as demonstrated in the subsequent sections. The results are particularly applicable to both star and path
networks, where we offer explicit formulations for these fundamental quantities. This work highlights the potential significance
of equilibrium measures as a powerful tool for the study of complex networks.
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1. Introduction. Random walks on networks have long been a fundamental tool for modeling and
analyzing complex systems across various disciplines, including physics, biology, computer science, and the
social sciences. In contrast to traditional models, which often assume uniform transition probabilities or
simple lazy walks with a fixed probability of remaining in place, real-world phenomena frequently demand
more nuanced approaches. Schrodinger random walks provide a natural generalization of classical random
walks on weighted graphs by incorporating vertex-dependent weights and a global potential parameter while
preserving reversibility. This additional flexibility allows the modeling of heterogeneous networks in which
both edge interactions and nodal effects play a role and leads naturally to the study of symmetric M-matrices
beyond the classical graph Laplacian setting.

This study investigates how Schrodinger random walks can enhance the analysis of complex systems,
see [13]. Several models appearing in the literature can be interpreted as particular instances of Schrodinger
random walks. For example, locally biased random walks introduce node-dependent transition preferences
determined by structural quantities such as node degrees, producing transition probabilities that depend on
weights associated with each node [16]. Similarly, core-biased random walks use information about the degree
hierarchy of the network (e.g., the number of connections to nodes of higher degree) to bias the movement
of the walker. In both cases, the transition mechanism is modified through node-dependent weights, leading
to reversible dynamics that extend the classical random walk on weighted graphs [22]. These examples
illustrate how Schrodinger-type walks naturally arise when local structural information is incorporated into
the transition probabilities.

Two key parameters in the study of random walks are the mean first passage time (MFPT) and Kemeny’s
constant, which provide crucial insights into the dynamics and structure of networks. The MFPT, also known
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as the Hitting time, which measures the expected number of steps for a random walker to reach a specific node
for the first time, has been extensively studied owing to its relevance in understanding transport processes,
information diffusion, and search strategies on networks [21]. Kemeny’s constant, on the other hand, is a
global parameter that represents the expected number of steps to reach any random target node, regardless of
the starting point, and has gained increasing attention due to its applications in assessing network efficiency
and robustness [23].

Building on our previous work on discrete potential theory and M-matrices, we continue to work on a
generalized random walk model that associates transition probabilities with symmetric M-matrices. This
approach, which we term Schrédinger random walks [13], eliminates the diagonally dominant hypothesis and
provides a versatile tool for network analysis. As mentioned, our model extends the idea of biased random
walks [16, 22] by considering both varied transition probabilities and the possibility of remaining at a node,
with the lazy term treated as a function rather than a fixed parameter.

Central to our analysis is the concept of equilibrium measures, a potential theoretical topic introduced
in the context of networks by the authors in [2]. By expressing these parameters in terms of generalized
inverses of the associated M-matrix, we provide new insights and efficient computational tools for network
analysis. Notably, M-matrices serve as a generalization of the graph Laplacian, while equilibrium measures,
which have recently re-appeared in the literature as the so-called landscape function, act as an effective
potential for localization [14]. The use of generalized inverses in the study of mean first passage times and
related quantities has a substantial history in the Markov chain literature; see, for instance, Hunter [17] and
the monograph by Campbell and Meyer [11].

We hypothesize that, within the class of reversible chains arising from symmetric M-matrices, equilibrium
measures can provide a unifying and constructive framework for MFPT and Kemeny’s constant, even for
general symmetric M-matrices beyond the singular case.

Recent advancements in MFPT and Kemeny’s constant analysis have focused on their relationship with
network topology and the development of efficient computational methods [19]. The interplay between
these parameters has been a subject of particular interest. In particular, Breen et al. [9] explored their
relationship with the connectivity of graphs, providing new bounds and characterizations. Furthermore,
Breen and Kirkland [10] made significant contributions by investigating the sensitivity of Kemeny’s constant
to perturbations in the network structure.

From a computational viewpoint, equilibrium measures can be obtained by solving linear systems asso-
ciated with symmetric M-matrices, which can be interpreted variationally as energy minimization problems.
While the worst-case complexity for dense matrices remains O(n?), this formulation is designed to avoid
the explicit computation of generalized inverses and facilitate the use of efficient iterative solvers such as
conjugate gradient or multigrid methods, particularly effective for large sparse networks.

This paper is structured as follows: We begin by introducing the necessary preliminaries and notation
for Schroédinger random walks on networks. We then explore the properties of equilibrium measures and
their relationship to the generalized inverses of M-matrices. Finally, we demonstrate the application of our
method to compute the MFPT and Kemeny’s constant, providing explicit expressions for star and path
networks as illustrative examples.

This work highlights the potential significance of equilibrium measures as a powerful tool in the study of
complex networks, offering a more accurate representation of real-world systems and opening new avenues
for research in network science, statistical physics, and related fields.
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The main purpose of this work is not to extend the theory of mean first passage times or Kemeny’s
constant to arbitrary irreducible Markov chains, but rather to show that within the important class of
reversible chains arising from symmetric M-matrices, equilibrium measures offer a unifying and constructive
framework. In this setting, quantities such as mean first passage times, capacities, and Kemeny’s constant
admit explicit representations that are closely connected to discrete potential theory.

From an applied perspective, random walks and Markov processes on weighted graphs with additional
nodal structures naturally arise in network-based models for signal processing and data analysis, including
applications in biomedical signal analysis and graph-based filtering methods. Recent studies have highlighted
the relevance of weighted graph structures and diffusion-type processes in practical contexts, motivating
the development of mathematically transparent tools for extracting global network parameters from local
equilibrium properties.

2. Preliminaries. A network, or weighted graph, I' = (V, E, ¢) consists of a set V' of vertices —or nodes,
or even states—, and a set E of edges between those vertices. These sets have cardinalities |V| = n and
|E| = m. Two different vertices x,y € V are adjacent, denoted as z ~ y, if {z,y} € E. Additionally, we assign
a conductance c(x,y) > 0 to each adjacent pair of vertices, defined by the function ¢: V x V. — [0, +00),
which satisfies ¢(x,y) = c¢(y, z) and c(z,y) = 0 if and only if {z,y} ¢ E. If we denote C(V) as the set of real
functions on V, then k € C(V'), where k(z) = Z c(z,y) is the degree of x. When ¢(z,y) = 1, for any = ~ y,

ev
T is called a graph. In this case, k(z) denote: the number of states adjacent to . Throughout this study,
we focus on connected networks, ensuring that there exists a path in I' between any two different vertices
xz,y € V. Furthermore, we consider simple networks, so there are no loops and no multiple edges. A positive
function w € C(V) is called a weight if > w(z)? = 1. The set of weights on V is denoted by Q(V).
zeV

Throughout this paper, we use the usual convention that empty sums equal 0.

If we label the vertex set V = {1, 2,00, n}, then functions can be identified with vectors in R", and
operators can be identified with square n-matrices. For the reader’s convenience, matrices will be in sans
serif font, and vectors will be in either sans serif font or boldface. In particular, k = (kl, koy. .., kn)T is the
degree column vector for I'; e; is the i-th vector of the canonical basis, and w is the vector associated with
the weight w. Given a vector u, D, denotes the diagonal matrix whose diagonal entries are given by the
vector u and given a matrix X, we denote by X4 the diagonal matrix whose diagonal entries are given by the
diagonal of X. Moreover, we denote ¢;; = c(z;, ;) and A, = (c;;) as the adjacency matriz of T'. Therefore,
A. is a symmetric nonnegative matrix, and the connectedness of I" is equivalent to A. being irreducible.
Conversely, it is clear that any symmetric non-negative matrix with null diagonal entries A is the adjacency
matrix of I' = (V, ¢), where the conductance c is given by the off-diagonal entries of A.

The combinatorial Laplacian matriz for I' is the symmetric and irreducible matrix L, = Dy — A¢; that is,

kl —C12 ... —Cip
—C12 kg ... —Con
L. =
—C1n, —C2pp ... kn

More generally, we call Schrodinger matriz for T' with potential ¢ € R™ to the symmetric and irreducible
matrix of the form L. 4+ Dq. So, the combinatorial Laplacian corresponds with the Schrodinger matrix with
null potential.
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The combinatorial Laplacian matrix L. is diagonally dominant (d.d.) and hence is positive semidefinite.
Moreover, it is singular, and 0 is a simple eigenvalue whose associated eigenvector is constant, L.1 = 0, where
1 represents the all ones vector. In addition, L. is a Z-matrix and, more specifically, a M-matrix.

Recall that a symmetric matrix M € M,,(R) is called a Z-matriz if and only if its off-diagonal entries
are non-positive. Moreover, M is a symmetric M-matrix if and only if it is a positive semidefinite Z-matrix,
see [8].

Any symmetric Z-matrix is of the form D, — A where A is a symmetric nonnegative matrix with null
diagonal entries and u € R™. Therefore, any irreducible Z-matrix is of the form D, — A., where ¢ is a
conductance on V such that I' = (V,¢) is connected. Since D, — A, = L. + Dq, where q = u — k, any
irreducible Z-matrix can be seen as a Schrédinger matrix for some connected network. In particular, for a
fixed network I' = (V, ¢), the set {L. 4+ Dq : g € R"} C M, (R) describes all irreducible Z-matrices whose
off-diagonal entries are given by the conductance c.

In the sequel, we consider a fixed network I' = (V ¢), and for this reason, we omit the subindex ¢ from
the Laplacian and adjacency matrices. Therefore, L represents the combinatorial Laplacian and L + Dq the
Schrodinger matrix with potential g € R™ for I'. Clearly, when q is nonnegative, L + Dq is d.d. and hence
a M-matrix. However, since a M-matrix whose off-diagonal entries are given by the conductance c is not
necessarily d.d. to characterize this type of matrices, we must introduce some additional concepts.

Given a weight w € Q(V), we define q,,, the potential whose entries are given by (q.,); = — ,
w;

i=1,...,n.

Given a potential g, there exists a unique weight w € (V) and a unique A € R such that q = q,, + Al,
see [5, 13]. Therefore, any irreducible Z-matrix whose off-diagonal entries are given by the conductance c¢;
that is, any irreducible Schrodinger matrix for I', is of the form L 4+ Dq_4x1 = Di4q,+21 — A. In the sequel,
we denote this matrix as Ly ,,; that is,

kEi+q —ci2 ... —cin
—c12  ka+q ... —cop
(2.1) Law= ] ,
—Cin —Can .. kn + dn

were q = g, + AL, In [5], we proved that Ly, is a M-matrix if and only if A > 0, so given a complete
characterization of those M-matrices whose off-diagonal entries are given by c¢. Hereafter, we focus on such
matrices.

Thus, we set A > 0, a weight w € Q(V) and their associated potential q = q,, + Al and the matrix Ly .
Then, Ly, is symmetric, irreducible, positive semidefinite, and singular if and only if A = 0. Moreover, A
is the smallest eigenvalue of Ly, whose associated eigenvectors are multiples of w. When A = 0 and w is
constant, we recover the combinatorial Laplacian.

1 n
Observe that the diagonal entries of Ly, are k; +¢; = A+ — > ¢jw;, foranyi=1,...,n.
Wi j=1

In this paper, we consider Schridinger random walks that were introduced in [7] by some of the authors
and studied more deeply in [13]. The probability laws governing the evolution of the random walk are given
by the (one step) transition probability matriz with respect to A and w, Py, € M, (R), that is defined as
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Prw =D (A4 dww")D,,
where we denote by k, = (A + AM)w the vector whose components are (k; + g;)w;.

This definition retains the spirit of the effective resistance concerning a parameter and weight introduced
by the authors in [5]. Observe that for any i,j € V,

(2.2) (Pru)s, = (eij + Awiw;)w;
(ki + gi)wi
Therefore, in our model, the walker jumps to a neighbor with a probability depending on the value of the
conductance c;; times the factor w; representing the desired state property, but we also add the probability
depending on Aw;w;. Moreover, as we can see, the main novelty in our definition is the consideration of a
non-negative probability of remaining at vertex z;,

2
Aw;

(2.3) (Prw); =

)

ki + ¢

see Fig. 1.

FIGURE 1. An example of a Schrodinger random walk and some of the conductance parameters.

Consider now my ,, € R" defined for each z; € V as
(ki + q;)w?
(2.4) ("r/\,w)i —

_
A+ D cjwjwe
j=1

As shown in [13, Lemma 1], the transition probability matrix is Markovian, reversible, and has m

n
as a stationary distribution. We call the volume of T' the value vol(I') = A+ 3 c¢jowjwe. Observe that
=1

i+ q:)w?
vol(I) = w Tk, and (my.), = (j|(qr§w
! v

The short-term behavior of a Schrédinger random walk is modeled by the mean first passage time with
respect to A and w (M) ;o fori,j=1,....n, i+ j, which gives the expected number of time steps before

P
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the system reaches node j, if it starts at node 4. In addition, the mean recurrence time for state i, denoted
by (M/\)w>ii’ is the expected number of time steps before returning to i for the first time, for any i = 1,...,n.

If we define J as the matrix of order n with all entries equal to 1, we obtain the mean first passage time
as the solution of the following equation,

(2'5> (I - P/\,w>M)\,w =J- P)\,w(M)\,w)d-
. . 1 . . . T .
The mean recurrence time for state 7 is (7), since multiplying both sides of (2.5) by 7, ,, we obtain
T\ w i ’

0T =m} , (J = Prxw(Mrw)a) or 0T =17 — 7] (M )a-

On the other hand, Kemeny’s constant represents the time for reaching a random state j, starting from
an initial state i according to the stationary distribution. In our case, we define the Kemeny’s constant (with

respect to A and w) as the value
n

K)\M(F) = Z (MA*‘*’)ij (1l')\,w)j.

Jj=1

In the standard case, it is known that K does not depend on 4, and hence, the name Kemeny’s constant.
This is also true for Ky (I') and My ,mxw = Kxw(I)1, see [13]. There, we also tackled how to solve
Equation (2.5) using l-inverses of the considered M-matrix. In particular, the so-called Green functions
were of main interest. In this work, we approach MFPT and Kemeny’s constant with one of those 1-inverses
related to the equilibrium measure introduced in [2]. In the following, for A = 0, we drop the sub-index A in
the above parameters and call it MFPT with respect to w.

3. Green matrices and equilibrium measures. In this section, we present the concept of the
equilibrium matriz and its relation to the Green matrices. This concept is crucial for obtaining a closed
formula for the mean first passage time and Kemeny’s constant.

We consider the matrix Fy, = Ly, — Mww ", which is called the generalized Schrédinger matriz with
respect to A and w and is a symmetric and positive semidefinite matrix; that is, Fy, is an M-matrix.
Moreover, it is a singular matrix with 0 as a simple eigenvalue and w as the unique positive unitary vector
that satisfies Fy ,w = 0, see [13, p. 327]. Given these properties, our attention is directed toward determining
u € R” such that Fy ,u=f for a given f € R".

It is well known that the above equation has a solution if and only if f € w™, and the solution is unique,
except for a multiple of w. Therefore, we can define a generalized inverse of Fy,,, or 1-inverse of Fj ., as
any n-matrix, X, that provides a solution for Fy ,u = f, to any f such that w'f =0. It is well known that
there exist infinite generalized inverses of F) ,,, which are characterized by the identity

(36) F)\,wXF)\,w = Fk,w-

This implies that any generalized inverse is either invertible or has 0 as a simple eigenvalue.

The idea of generalized inverses of Fj , includes a particular type of 1-inverses. We call Green matriz
for Fy ., any matrix G, such that

(3.7) FrwG=1l-ww'.
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Because (I — ww)w = 0, there exist infinitely many Green matrices. Moreover, any Green matrix is a
1-inverse of Fy,, because Fy ,GFy ., = (I — wa)FA,w = F),w, where we have considered that w' Fxw =0
because Fy ,, is symmetric. The following lemma was presented in [6, Theorem 3.3]. We have included here

the proof for completeness.

LEMMA 3.1. If G is a I-inverse of Fy ., then G is a Green matriz if and only if w is an eigenvector of
G, that is, Gw = aw for some o € R. Moreover, the unique Green matriz satisfying w' G = 0 is symmetric
and coincides with the group inverse of Fy ,, Fﬁw,
B

Proof. If G is a Green matrix for F ., then Fy ,Gw = (| —ww ' )w = 0 and hence Gw = aw for some

a € R.

Conversely, if Fy ,GFy . = Fx ., then (Fy ,G—1)Fy, = 0. Therefore, we have that Fy ,(G"Fy ,—1) =0,
which implies that (G'Fy ,—I) = wr " for certain 7 € R™. Then, (F),G—I) = 7w’ and hence Fy ,Gw—w = 7.
If in addition, Gw = aw, the above identity implies that —w = 7 and the result follows.

In addition, there is a unique Green matrix satisfying w'G = 0. Then, Gw=0 because 0 = w ' Gw = .

On the other hand, G' is also a l-inverse because F Aw is symmetric. Moreover, G'w = 0 and hence,
G' is a Green matrix. Now, w'G' = 0 because (w'G')" = Gw = 0 and hence G = G. Moreover, it is
fulfilled that Fy G = GFy, =l —ww' and GF, ,G = G, and therefore, G = Ffw. d

In [7, 12], some of the authors established that for any j = 1,...,n there exists a unique vector Vﬁ; » ER?

such that (13 ,); =0 and (14 )i > 0 for i # j and verifies

W

, 1 e
Lywtd , =w— [I—Acapg\w} 2 i=1,...,n,
, w] w;

TV{ ., is called the capacity of V'\ {j}, and 1/1 . 1s called the equilibrium measure

where the value capi W =w
of V\ {j} with respect to A and w. In [7, Corollary 2.5], we also proved that )\capg\yw < 1. These definitions
are analogs to the classical concepts in potential theory; the interested reader can find more details and

interpretations of equilibrium measures in [3] and references therein.

In the standard case corresponding to A = 0 and w constant, the equilibrium measure was defined as
the solution of
L/ =1 — nej;
see [2]. In the literature, where the weights on the nodes are not considered, one can interpret that w; = 1
for any ¢; however, as we consider that the weights are normalized when we say that the weight is constant,

we mean w; = ——; hence, when comparing our results with the existing results in the literature for the

NG

1 . .
standard case, an extra factor of n may appear. Note that —17 = véyw.

Vn
The relationship between the equilibrium measures and the group inverse of F ,, is given by the following
lemma:

LEMMA 3.2. If foranyj=1,...,n, Vﬁ;yw denotes the equilibrium measure for node j, it is satisfied that

J
W;W ; (V,\ )z
F#* ) — %5 capl  — S AW
( /\,w)z] 1_ )\cap& " Aw w;
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Moreover, _
(F# ) - wicap} ,
Awlit 1 — caph
and hence ,
F# _ Yi p# wj(”i,w)i
( )\,w)‘ 77( )\,w)jji 5
Wj 1-— /\capA’w

Proof. Observe that (F;ﬁw)j is the unique solution of
F,\M (Fz\%w)J =€; —Wjw,
which is orthogonal to w. Moreover, for any f satisfying f € w’, u € R" is a solution of Fy ,u = f if and only

if Ly ,u = f. Hence, we consider av}  + bw, and we impose that

e —wjw = LAﬁw(auﬁ'\,w + bw) = aL)\waiw + by ww = (a+ N)w —a [1 — )\capiw} %,
j

J
. Wj wjicapy
we obtain a = ———— and b= —— 2

- . Then, the results follow. O
1— Acapd , 1— Acap} ,

In the standard case, we have that

(F#)Z_J_ = %(capj —nv),

which corresponds to the group inverse for the combinatorial Laplacian L, as given in [2, 4].

From now on, we call equilibrium matriz with respect to A and w, the matrix Ej ,, whose columns are

Wi )
Exg) =——2—v) | j=1...,n
( 7w)] 1_ Acap]}\w A,w

Using Lemma 3.2, we obtain the following result:

LEMMA 3.3. The equilibrium matriz with respect to A and w can be written in terms of Ffw in the

_ (E# Wi e#
(E/\aw>ij - (FA,w)ij - ;j(FA,w)jj’

following way

foranyi,j=1,...,n.

The following result is essential for writing the Kemeny constant in a closed form.

THEOREM 3.4. The equilibrium matriz with respect to A and w is a Green matriz for Fy .. Moreover,
Exow = —tr(Fﬁw)w, it is invertible and
1

—wl',
tr(Fjﬁw)

—1
Ez\,w = F>\7w -

where 0 =w + Fy , (Fﬁw)dw_l.
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Proof. The result in Lemma 3.3 can be written in matricial form as

Exw =F7,, — DuJ(FY,)aDy "

On the other hand,
FrwErw = Fru (F’jﬁw - DwJ(Fjﬁw)dD‘;l) ——ww'.
Hence, Ej , is a Green matrix for Fy .. Moreover,
Exow = —DuJ(FY )5 'w = —DyJ(FY,)al = —tr(FY w

Finally, from [6, Theorem 3.3 (iv)] taking 0 = w and 7 = (Fﬁw)d w™!,, we get that E, ,, is invertible since
FA#W is positive semidefinite and hence
(F{)aw™ w) =tr(F¥ ) >0,

which also implies that
1
Exl =Fy, — 7w0T,
Aw s tl’(Fﬁw)

where 6 = w + Fy ., (F{,,) ,w ™' O

Next, we provide an example of the computation of the equilibrium matrix for the star network .S,

with n 4+ 1 vertices, weight w, and parameter A > 0. Suppose that the center of the star is labeled as 0,
n

and each edge has been assigned a conductance ¢; = ¢;o, ¢ = 1,...,n. Then, if we consider ¢g = — > c;w;,
Wwo =1

1 L 1 1
we have kg + qo = —(Awg + Y, ciw;) = —(Awp + cowp) and k; + ¢; = — (Aw; + ciwo). On the other hand,
Wo i=1 wo wj;

(ko)i = Aw; + cwo, vol(S,) = A + 2cow3, and we consider the value Q(\,w) Z /\wj + P
PROPOSITION 3.5. Let S, be a star network, then the equilibrium measures with respect to A and w, for
i,j=1,...,n, i # j, are given by
2
W
R

i o= ollk); (17 2Q0 ) — cieone])
Al T N (k) (1= AQMN ) + Awiw;

w; ((kw)j(kw)i(l — AQ(\,w)) + cjwiw; (cjw; — CMJ)) .

J
1% P =
M= ), M) (1 - AQ0Nw) + ks
And for any j =1,...,n, the capacity is given by
cap , = Q(\,w),

capf\)w = Q(A, (JJ) + (Vi7w)0 <w
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Proof. From the definition of the equilibrium measure, we get that

0 (12.)i
Wi = (L/\,wVA,w) = (ki ‘Hh)(VA w) i, (k)i
7
and hence
2
0 Wi
(l//\ w) = fori=1 n
© (k)i
n ws
Moreover, cap} , = Z ﬁ =Q(\w).
i=1 \ @/l
Consider now j # 0, then wy = (L>\7w1/§; w)0 = (ko + qo)(ui )0 — CZ(Vf\ )¢ and hence
’ ’ =1 ’
(3.8) (Vi,w)o(kw)o =W +wo Z CE(Viyw)e-
=1

Suppose now i # j,

wi = (Lawt ), = =i Lo + (ki +6) (1 )i = —ai(4 o + ;(kw)i(l/i,w)u
and hence
(3.9) (W, )i(ke)i = wi + wici (v, )o-

Therefore, by substituting (3.9) in equation (3.8), we get that

n 2 J . 2 A
(Aoliotn = o 32 AT d) 5 Tl

Aw = (kw)é (kw)j
B —~ wic} Cj(%zﬂijCj(Vi,w)o)
wo + wo Zce +wo 0 ; (ko)e - (ko);
1 B cjwowj B i B B C?WOWJ‘ .
=1-2Q\w) (ko)s + <(kw)0 wo(l AQ(A\,w)) ks >(V§’w)o,
and hence
B B CjLUQOJJQ-
(Vj )0 - (1 /\Q(A,w) (kw)j ) _ wO((kw)j (1 — )\Q()\,w)) — CjWOWJZ)
Aw/B Ty Gwow;  Ake);j (1= AQ\,w)) + wiw;
S0 + J
where we have used that
SIS e — 21 20 w)
wOj:1 (ko); 77 wo &)

Substituting the obtained value into Equation (3.9), we obtain the announced value for (Vﬁ\w)z Moreover,
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for any j =1,...,n, we get that

, ‘ nooB Wl W Wl
capr:w I/Jw + [ +Z/Jw e J _ J Vﬂw
A, 0( A, )0 i (kw)i ( A, )0; (kw)i (kw)_] (kw)_j( A, )O
, we; 1 w3
= (o (0 5+ L (1-2QUw) — 0 + Q) —
Al k), wo( ) o (ko);
o % Lo D) +e0e) <
=\ - - - ,w W) — 77—,
A0\ (ka); | wo (ko);
where we have used that
Laaoow) =w +§n: wici
wo ’ 0 i—1 (ke)i

THEOREM 3.6. The equilibrium matriz with respect to A and w for the star network is given by

2
Wow; B
EUJ':_ L 5 :17"'aa
( A, )10 (kw)i(l—AQ()\,w)) for i n
ciwiw? w
E wla: — 07 - 0 =1,...
( A, )O] (1—)\Q(A,w))(kw)§ (kw)j’ fOT J ’ , 1,
2 00l — (ol )
(Exw),, = wowitw; ¢ (Ciw; — Cjwi) S for i =1,...m, i#].

I (k)ilke)F (1= AQ(A W) (kw);

Proof. According to the results of the above proposition, we get that the entries of the first column of
the equilibrium matrix are

wo wowf

11— Acapl, (Rw)s =~ (1=2Q\, w)) (k)i

(E/\vw)io =

In order to compute the rest of the columns, we need to calculate first the value

1— Xcap , =\ (Vi’W)O (wowzcv — (ko); (1= AQ(A w))) +1-2Q\,w)+ A )
e wo (Kw); 7 o ’ ’ (ko)

- (Vg\,w)o wjz J

(o (1245 1 (s )
w;(k2);

Ake)j (1 = AQ(\,w)) + wgw;’

= (1 — )\Q()\,w))

where we have kept in mind that
o /\(I/j )= Awp (ky) (1 = AQ(A,w)) + c]zwgwj — Awp (ko) (1 = AQ(\,w)) + )\cngw?
0 Awlo Ako); (1 = 2AQ(\,w)) + Gwhw;

cjwgwi (k) jA(ke); (1 = AQ(\, w)) + cwiw;
Ake); (1= AQ(N\,w)) + c?wgwj ’
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and i C Awj(ke); (1= AQ(\,w)) + Gwiw? + wo(ke)jci (1 = AQ(N,w)) — cSwiw?
wi + (K)ot = Mko); (1= AQ(w)) + Awiw;
(k)E1-2Qw))
Ako); (1 = AQ(\,w)) + Gwgw; |
Then, for any i = 1,...,n we get
(Er) — - <(kw)j(kw)z'(1 —AQ(\w)) + cjwiw; (cjwi — Ci%’))
9 (k)i k2, (1 = AQ(A\w))
W wicjwiw;(cjw; — ciwy)
T (k) (k)i(k2);(1=AQ(N W)
Analogously, we get the result for (Ej ) 0" 0

4. MFPT and Kemeny’s constant in terms of the equilibrium matrix. In this section, we use
the equilibrium matrix with respect to A and w to obtain an expression for the mean first passage time
and Kemeny’s constant that can be more easily computed in some cases. Generalized inverses have long
been used to derive expressions for mean first passage times and related quantities in finite Markov chains;
see, e.g., Hunter [17] and Campbell and Meyer [11]. In our setting, the reversible structure associated with
symmetric M-matrices allows us to rewrite these formulas in terms of equilibrium measures.

Using the generalized Schrodinger matrix with respect to A and w, in [13], we obtained the following
expression for equation (2.5)

(4.10) FrwDwuMxw =Dy, (J = Prw(Mrw)a) .-

Subsequently, we can use this last identity to obtain the following expression for the MFPT, see [13,
Proposition 2] for the proof.

PROPOSITION 4.1. Let I' be a network, then the mean first passage time matriz My ., can be written as
M= D5'GDy_J — JD5' (GDy_J)4 +voI(I‘)<D;1D;w1 —D5'GDg! + JD;lGdDgl).
In addition, for 1-inverses such that Gk, = gw, being g a constant, we obtain

Mo = vo|(r)(D;1Dk—W1 —Dg'GD! + JD;lGdD;1>.

Note that if we conveniently define matrix B = D 'GDy_, the equality (BJ); = (J(BJ)d) ~holds true,
ij
and then JD,!(GDy_J)4 = (D‘;lGDka)T. So Proposition 4.1 can be written as

My .= Dg'GDy J — (D5'GD J) " + voI(F)(D;le_wl ~D5'GD! + JD;lcdDgl).

THEOREM 4.2. Let I' be a network. Then, the mean first passage time matriz My ., can be written in
terms of the equilibrium matriz as

n Exo). Exe) i\ vo
(Ma),, :Z<M(kw)e—w(kw)z—we(kw)e( > )”> AL

— Wi Wy WiW; wi(kw)i
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where 0;; denotes the Kronecker delta. Moreover, Kemeny’s constant with respect to A and w can be expressed
as

1
kI Ey wke.
vol(T") ¢ A

Kyo()=1-

Proof. Taking into account Proposition 4.1 and the fact that Ej ,, is a Green matrix for F ,,, with null
diagonal entries, we obtain

M= Dy ExwDid = (D5 'ErwDid) "+ vol(1) (D5 1D} — D5 'ErwDy ).

1 vol(T"
Keeping in mind that the mean recurrence time for state i is (MA,W)“- = ( ) = (IE )) , it is enough to
T w),; WilKw )i

calculate (I\/I,\M) i for i # j, and then

(Mkvw)ij = (DaleNkawJ)ij - (DJIEAMDka)ji - voI(I‘) (DleA,stl)ij,
" (Ex). Exw),
where (D;lE)\waka)ij = Z w(kw)f and (D;lEA,ngl),, = Q Hence, the result for matrix

W ij Wil
6:1 ] ]

My, holds because vol(T') = wy(ky)e. To compute Kemeny'’s constant, we study the vector My ,mx o,

1
vol(T)
My wkow = Dy Ex Dy, Jkow — JD, (Ex oDy, J)akow

n
(=1

since we know that My @y, = K ()1, where 7, = kow. So, we have that

+ vol(T) (D;le_wlkww — D‘;lE,\MD‘;lkww)

= vol(T)Dg'Ex wke — J(Ex wDx, J) ke + vol(T) (1 - DJIEA,wkw)

—J(EAWDka)dkw + VO|(F)1 = (V0|(F) — kIE,\Mkw) 1.

Therefore,
1

vol(T")

Kyo(l)=1- k! Ex.wke-

0
Observe that from the relation obtained in Lemma 3.3 between the equilibrium matrix and the group

inverse, the above formula coincides with the one obtained in [13, Proposition 4] and with the formula
obtained in [24, Theorem 4] for the standard case, that is, when A = 0 and w is constant.

COROLLARY 4.3. Let I' be a network, then the mean first passage time matriz My, and Kemeny’s
constant Ky ,(I') can be written in terms of equilibrium measures as

- (3 )i (V30)j (V50)i
(Ma)y; = Z”(k“”(wm T Ncapre);) @i (1= A(capyo)e) | wi(l— A(capk,wm)’

for any i # j. Moreover,

n

_ 1 wj(ke)i(ks); / j
Kou(@) =1+ vol(T) Z 1 — A(capy o); (V)"”)i'

,j=1
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For the classical case, we have the following result, which was obtained by some of the authors in [3]

using a different approach.

COROLLARY 4.4. Let ' be a network, then the mean first passage time matriz between i and j, for i # j,

1 & .
= 7Zk5(ug+yf—uf).
"=

is given by

Moreover,
1 n
_ L
KI)=1+ o E kikjv;

i,7=1

5. MFPT and Kemeny’s constant for the star network. In this section, we specify the results
obtained previously for the star network S, see Fig. 2. We use the same notation as in Section 3.

FIGURE 2. Star network Sn. The node j is representative of each and every node in the network.

PROPOSITION 5.1. The mean first passage time with respect to A and w for a star network S, is given
fori,j=1,...,n by

M (ciw; — cjw;) (X + 2cowd)
Miw), = SRt R A (N + 2¢0) + ¢ (w2 — 1)) + =000
( A, )z] (1 o )‘Q(A7W))(kw)1kw3 (WOLU]( CO) C](WO )) wj(kw)j
(M)\,w)oj “a- AQ()\,w))kij (wow;j (A + 2¢9) + ¢j(wg — 1)) + i (ko); 1,
Aw; (1 — wd A+ 2cowd
(Maa),o = ( 0) +1, (Maw)g, = w,

0 (k)i = AQ(\,w)) wo (ke )o

Proof. The result for (M /\w)jj’ j=0,...,n follows directly from Theorem 4.2 taking into account that
(E;Hw)“. =0,7=0,...,n. Moreover, for i # j and i # 0, j # 0, from the expression for the equilibrium
matrix for the star network .S,, given in Proposition 3.6, we get

(Myo). = — wowi (K)o _ wow; (kw)o
T ke)i(1-2Q0 W) (k)i (1-2Qw))

2 wowgc[ Ciwy — Cowy;) wowgq(cng — cowj)
*Z[ DT —2Q0,w) (ko) (k

w)e(1=AQ(A\,w))

vol(Sh),

(
whcj(ciw; — cjw;) 1
k

[(kw)z(kw)?(l - /\Q(Aaw)) - ( w)
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and therefore

wo (ke
(o) = T Ay (s~ O
N { wac; B wic; } “ wic
(kw)i(l - /\Q(/\’w)) (kw)](l - /\Q(/\’ )) 1 (kw)é

2

=
wiw; _ wiw; " wec?
|:(kw)z 1=2Q\w))  (ke)j (1~ /\Q(/\ w))] Z; (ko)

(

[ wicj(ciw
(ke )i(ke)j
w kw)O( )jwi - (kw)zw]) ( ]WOCZ ( w)zwocj

(
Teith)y (=30 T k)i (ho)y (1= AQ(L W)

(k )J _( w)z(«v’] w _ B y
 (ko)ilka); (T=2Q(N, )){ 0(ku)o = A(1 = AQ(A, ))]

(1-2Q(\ w)) ko)

oo Ly,
Z )
(k

vol(S,,)

B [ wicj(ciw; —cjwi)
(ka)i( w)2 1= 2AQ(\ w)) wj(kw)j
w)jwi — (ko)iwy)

(ko) jwi = (ko)iw;)
ko);i(1 = AQ(A,w))

&
(=)

—~
Pl
S

N
(e}

—~
=

\—/z—/\

(1 - AQ(A w)) (kw)z

1
wj(kw);j

|
wgco (
(
|

vol(Sy,,)

wi(ciw; — cjwi) (A + 2¢) wicj(ciw; — cjw;) 1

(ko)i(ke); (T =AQ(A\,w)) {(kw)i(kw)?(l QW) wj(k);

_ dwb(ews = cjwi) (A + 2cowd)
C(1-2Q0 W) (ko)ike; wiko);

because (k)0 = Awo + cowp and (ky,)jwoc; — (ko )iwocj + A(ky)jwi — A(ky )iw; = 0.

vol(Sy,)

(wowj()\ + 2¢9) + ¢j(wd — 1)) +

Now, consider ¢ = 0 and j # 0. Then,

wow] wowz Cy

(Mz\w)oj = (kw) (1 _ )\Q +Z 1 —2Q(, w))

wowgcz(c]wg czwj)

(ka)j(kw)e(1 = AQ(A,w)

=1 )
- &m);ﬁj O)fg()\,w)) - wj(iw)j}vous )
(kw)oniw—j()ljg))(O)\,w)) + (kw)j(loigt\)ég(A7w)) ; aiici
' L SCim <kw>j<1i3§]é2<x,w>>] ; &Zﬂ
{(kw)g(fjw%(x,w)) N wj(iw)j}vol(sn) -1,

[1-2Q(\,w) — wi]
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that is,
(Mro)yy = ol foku)o — A (1= AQUA)]
M08 T (k) (1= 2@ W) (ko) (1= AQ(w)) T ’
1 woCj
+ e~ ton gy [0
CjWoWs; B 1 vo _

Lkw);(l ™ oy e 1
o 20.)0(.(]]' ()\UJO + Cowo) — AWSWj _ CjWoWs . 1 vo _
Sl s e el [ s pwe B UGBS
B Awow; o . (w2 (A + 2cowd) B
- (1 — AQ(A,OJ))('(W)?( 0 J(/\+2 0) + ]( 0 1)) + Wj(kw)j L.

Finally, for j =0 and ¢ # 0,
(Mys), = wow; (Ky) + Zn: wowgq Ciwe — Cpw;) 41
MJi0 T (k)i (1= AQ( /\ w) = w)e(1 = AQ(\, w))

B - wowice w; o

2 Gt —raow) i aama) e
_ Wi w —vo ) — OJ%OJ,‘ ~ LUgC%
= Tl g e kel vl = GEETRGR G 2 T,
N { wic; B wo } ~ wicy 41

(ko )i(1 —'/\Q()\,w)) 1-2Q(\w) — (kw)e
= T @) T e ~eolkado)
- (kw)z(l _ )\Q()\,w)) [WO(kw)O —-A (1 - )‘Q(/\’w))}

woC; 1 2

* o rane ~ Toagma) [ e i) 1
_ Aw; (1 —wd) 1 0

(ko)i(1 = AQ(A,w))

PROPOSITION 5.2. Kemeny’s constant for the star network, Sy, is given by

B (co + Nwd AQ(\, w) A1 —w?)?
Bno(Sn) = nt S Y100 e) ~ Ot 2e0md) (= 200N w))
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Proof. From Theorem 4.2, we must compute the quadratic form k[ Ey k., for the star.

n 2 2 n 2
T _ Wi (kw)owg Ciwi
ko Bawka = = (ko Jowo Zi:l To0Q0w) T T-Q0w) & (), "Rl

wd - w;w;Cy (CiOJj — cjwi)
1 )\QO()\M) iz_: (ko); = (n = 1)(vol(Sn) — (kw)owo)

= —%(1 —wi)+ 1 (k;go&o (1= wh — AQ(\,w))
wd "L cjw? e Cw;
100w (“; CRTRDD )

— (n = 1)vol(Sy,) — (ku)owo

_ (ko)owoA QA w) (kw)owo — (1 — 1)vol(S,)

1-AQ(\w)
, w1 =AQ(w) —ud) = (1= ) (wn(kulo = A (1= AQ(A )
1-AQ(\w)
AQ(A, A1 — w2)?
= — {(n — ].) + 1—Q)\(C2(;\J)w):| VOl(Sn) + 1—(/\6220)(\))@ - (Co + )\)L«)g,
and the result follows, keeping in mind that vol(S,) = A + 2cow?. ]

The next result encompasses the standard case (w constant and A = 0) for a star network S,, and
coincides with that obtained in [15, 18].

COROLLARY 5.3. The mean first passage time for a star network S, with respect to w is given for

i,j=1,....,n by

_ 2cowd _ B _ _
(MW)ij - wj(kw)j7 (Mw)()j - Wj(kw)j L, (M“’)io =1 (M“’)OO =2

Moreover, Kemeny’s constant is K,,(S,) =n + 7

6. MFPT and Kemeny’s constant with respect to w for a path. In this section, we consider
an n-path, P,, with vertex set {1,...,n}, conductances ¢; = ¢;j41, j = 1,...,n — 1 and arbitrary weights
w1, ...,wp; see Fig. 3. With this notation, the equilibrium measure for a n-path was computed in [6,
Proposition 5.1] for A = 0, and is given by

j—1 i—1
; Wi, 1— Wy
J — . _r
i T ZC’k+Z Ck ’
k=1 k=3
where
k
Wk = Zw?, and Ok = CrWEWE+41, k= 1, e, — 1.
(=1
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On the other hand,
(kw)i = ci—1wi—1 + ciwirg for i=2,... .n—1, (ko)1 = ciwa and (ky)n = Cr_1Wn—1-
w1 c1 UJ2- N Cj—1 U‘.]j Cj Crn—1 Wn
1 2 i n—1 n

FIGURE 3. Representation of a path P,. The node j is representative of each and every node in the network.

We can use these expressions and the results of the preceding section to compute the mean first passage
time on a path.

PROPOSITION 6.1. Let P, be a n-path, then the mean first passage time matrix is given by

j—1k—1
C
j—it2 o i<
k=i =1 F
(My,)ij = i—1n—1
. Ce . _ .
j—i+2 —  ifi>g.
Ck
k=j t=k

Proof. From Proposition 4.3, the mean first passage time matrix M,, can be written in terms of equilib-
rium measures of P, as

n yj l/g yz
Mw 1] kw — 2 2
(Mo)ij = Y wilke)e (wi + o

=1
Vj n Z 1 o
= =+ Z z+zwtz 4—+w1(k )1 4 wn (ke )n——
Wi =1 J w]
1 n
!
- sz zf—wl(k )i~ wnlke)n
K3 K3

for any i # j.

Let us compute .S, the partial sum of the above expression:

vt vl yn

Sj = Zwé Zi‘i’wl(kw)lwijj +wn(kw)nw7]]
1/]1 vy
- wa €7+Zw€ 57+w1(kw)17+wn(kw)n7
wj Wy

(=2 k=¢

jfl J 1 n—1 l— -
= Z(szrl-ce)z% + > (Co1 + Co) 22/7 Z Wk-l-canWk
=j k=j k=1
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that is,

)—1 n—1 n—1

~ W Wi (1—
> (Co- 1+C'é Q) D (s 1+CIF+012 Ck nlz

<~

“‘.f
iy

k=2 (=2 h—j 0—Ft1 k=1
j—1 k—1 n—1 n—2
= Z(l CWk)(Cl+Ck+ZZCZ>+ZWk( 1+ Ce+2 Y Cz)
k=2 k =2 t=k+1
j-1 n—1
+ Clzl Cnflz?~
k=1 k=j K

Therefore, for ¢ < j, we have that

j—1 k—1 n—2
(M), = [“‘C,W’“)(clwkmz@) L CRNEDY Ce)}
k=i k =2 k t=k+1
j—1
- E(atg-ong) nE T e
=i =1

Ju

k—1

j—1
C
- (C (Cl+c’“+220‘3))+;ci

<.

k=i
j—1k—1
= (j—1) —I—ZZZCK
k=i =1
whereas for ¢ > j, we have that
i—1 k—1
(M), = —Z[“‘CW’“)(Cﬁckacg) T (Cor 4 Cut2 Z Ce)]
—j k =2 k (=kt1
i—1 1—1 n—1
_ =Wy m) (1=Wi)
kzj(cl G, Cn1 +2k§_:j o ;c@
1—1 1 k—1 i—1 1 1—1 1 n—1
_ kJ_(k(CﬁCHQ%CZ))ijCleHijCk;Ce
1—1 1 k—1
_ _k_j%(cl+ck+2;;cg+ol—2;cg)
i—1n— 1
= (j—i +QZZ
k=j (= k

THEOREM 6.2. Kemeny’s constant with respect to w for a n-path is given by

n i—l i—1

1

Ko(P) =1+ — G+ GG+ ) (L )
Z C; i=2 ]=1 k=5 F
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. 1 " A
Proof. From Proposition 4.3, K,(I') = 1+ voI(T) ZEZ: w; (ke )i(ka); (V(j)’w)i. Then, we must compute the
. | ;
value of o= > w;(ky)i(ka);¥ -
ij=1
n Jj—1 i—1
%% 1-w,
o= Z wiwj( 07: + Z G k)>(c1 Wit + ciwir1) (¢ 1wi—1 + ¢jwir1)
i,j=1 k=i k=j
n oi—1 ,i—1
1-W
= Z <ZC ’“))(CZ-1+CZ-)(C]-1+CJ-)
i £ A k
i=1 j=1 k=j
n n 7j—1 Wk
+ Z Z (ch> (0171-&-02)(0]714-63)
i=1 j=i+1 k=1
n i—1 ,i—1
1-W
- S (TR e o
i £ A k
i=1 j=1 k=j
n il il
+ Z Z <Z Ck) (C1;1 + CZ')(CJ'71 + C])
i=1 j=1 k=j
n i1 i1
= Z . (Ci1+Ci)(Cj1+Cj)<ZCk)~
=2 j=1 k=j
n—1
Finally, the result follows by considering that vol(P,) = 2 Z C;. d
j=1

As a particular case of the above result, we recover the mean first passage time and the value of Kemeny S
constant for an n-path with constant weight and constant conductances. In this case, Cy = cywiwir1 = —
n’

k=1,...,n— 1. However, we can have C} constant without c¢; or w; being constant.

COROLLARY 6.3. Let P, be a n-path, with Cy, = C. Then, the mean first passage time matriz is given
by
G=+5—2) ifi<j
Mij =
(i—j)@n—i—j) if i>].

Moreover, Kemeny’s constant is

The above result can also be deduced from [1, Theorem 7]. In the mentioned paper, the author obtained the
mean first passage time between vertices of a tree and hence by using the value of the distances in a path,
we recover our result. There are other references that present the above result but in a different way; see,
for instance, [18, 20].

It is observed that the mean first passage time on a path varies based on the vertex positions and
direction of travel. The formula depends on whether starting vertex 4 is before or after the target vertex j in
the path. Moreover, the MFPT incorporates both the distance between vertices d(7,j) and their positions
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relative to the ends of the path. We can rewrite the formula as

d(i, j)(d(i, 1) +d(j,1)) if i<y
Mij =
d(i, j)(d(i,n) + d(j,n)) if i>j.

We can interpret this as follows: for i < j (moving forward in the path), the MFPT increases with both the
distance and the position of the vertices from the start. However, for i > j (moving backward in the path),
the MFPT increases with distance and is affected by how close the vertices are to the end of the path.

Acknowledgments. This work has been partially supported by the Spanish Research Council under
project PID2021-122501NB-100 and by the Universitat Politecnica de Catalunya under funds AGRUPS-UPC
2025.

REFERENCES

(1] R.B. Bapat. On the first passage time of a simple random walk on a tree. Statist. Probab. Lett., 81:1552-1558, 2011.
[2] E. Bendito, A. Carmona, and A.M. Encinas. Solving boundary value problems on networks using equilibrium measures. J.
Funct. Anal., 171:155-176, 2000.

(3] E. Bendito, A. Carmona, and A.M. Encinas. Equilibrium measure, Poisson kernel and effective resistance on networks. In:
V.A. Kaimanovich, K. Schmidt, and W. Woess (editors), Random Walks and Geometry. de Gruyter, Berlin, 363-376,
2004.

. Bendito, A. Carmona, and A.M. Encinas. Potential theory for Schrodinger operators on finite networks. Rev. Mat.
Iberoamericana, 21:71-818, 2005.

. Bendito, A. Carmona, A.M. Encinas, and J.M. Gesto. Characterization of symmetric M-matrices as resistive inverses.
Linear Algebra Appl., 430:1336—-1349, 2009.

. Bendito, A. Carmona, A.M. Encinas, and M. Mitjana. Generalized inverses of symmetric M-matrices. Linear Algebra
Appl., 432:2438-2454, 2010.

[7] E. Bendito, A. Carmona, A.M. Encinas, J.M., and M. Mitjana. Kirchhoff indexes of a network. Linear Algebra Appl.,

432:2278-2292, 2010.
[8] A. Berman and R.J. Plemmons. Nonnegative Matrices in the Mathematical Sciences. Classics in Applied Mathematics,
Vol 9. SIAM, Philadelphia, PA, 1994.
Breen, S. Butler, N. Day, C. DeArmond, K. Lorenzen, H. Qian, and J. Riesen. Computing Kemeny’s constant for
barbell-type graphs. Electron. J. Linear Algebra, 35:583-598, 2019.
[10] J. Breen and S. Kirkland. A structured condition number for Kemeny’s constant. STAM J. Matriz Anal. Appl., 40:1555—
1578, 2019.
[11] S. Campbell and C.D. Meyer. Generalized Inverses of Linear Transformations. Classics in Applied Mathematics, Vol 56.
SIAM, Philadelphia, PA, 2009.
[12] A. Carmona, A.M. Encinas, and M. Mitjana. Potential theory on finite networks. Electron. Notes Discrete Math., 46:113—
120, 2014.
[13] A. Carmona, A.M. Encinas, M.J. Jiménez, and A. Martin. Random Walks associated with symmetric M-matrices. Linear
Algebra Appl., 693:324-338, 2024.

[14] Filoche, M., Mayboroda, S., and Tao, T. The effective potential of an M-matrix. J. Math. Phys., 62 (2021), 041902, 15 pp.

[15] Forster, Y.-P., Gamberi, L., Tzanis, E., Vivo, P., and Annibale, A. Exact and approximate mean first passage times on

trees and other necklace structures: a local equilibrium approach. J. Phys. A-Math. Theor., 55 (2022), 115001, 33 pp.
[16] C.C. Hidalgo and A.P. Riascos. Optimal exploration of random walks with local bias on networks. Phys. Rev. E, 105:044318,
2022.

[17] J.J. Hunter. Generalized inverses and their application to applied probability problems. Linear Algebra Appl., 45:157-198,
1982.

[18] R.E. Kooji and J.L.A. Dubbeldam. Kemeny’s constant for several families of graphs and real-world networks. Discrete
Appl. Math., 285:96-107, 2020.

[19] Y. Lin and Z. Zhang. Mean first-passage time for maximal-entropy random walks on complex networks. Sci. Rep., 4:5365,
2014.

=

[4]

=

[5]

[6]

e

—

[9]



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 42, pp. 591-612, July 2026.

A. Carmona et al. 612

[20] L. Lovész. Random walks on graphs: a survey. Bolyai Soc. Math. Stud., 2:1-46, 1993.

[21] N. Masuda, M.A. Porter, and R. Lambiotte. Random walks and diffusion on networks. Phys. Rep., 716/717:1-58, 2017.

[22] R.J. Mondragén. Core-biased random walks in networks. J. Complez Netw., 6:877-886, 2018.

[23] R. Patel, P. Agharkar, and F. Bullo, Robotic surveillance and Markov Chains with minimal weighted Kemeny constant.
IEEE Trans. Autom. Control, 60:3156-3167, 2015.

[24] X. Wang, J.L.A. Dubbeldam, and P. Van Mieghem. Kemeny’s constant and the effective graph resistance. Linear Algebra
Appl., 535:231-244, 2017.



	Introduction
	Preliminaries
	Green matrices and equilibrium measures
	MFPT and Kemeny's constant in terms of the equilibrium matrix
	MFPT and Kemeny's constant for the star network
	MFPT and Kemeny's constant with respect to  for a path
	References

